Mathematics

Classes 9-10




Prescribed by the National Curriculum and Textbook Board
as a Textbook for classes Nine-Ten from the academic year 2013

Mathematics

Classes Nine-Ten

Written & Translated by
Saleh Motin
Dr. Amal Halder
Dr. Amulya chandra Mandal
Sheik Kutubuddin
Hamida Banu Begum
A. K. M. Shahidullah
Md. Shajahan Siraj

Edited by
Dr. Md. Abdul Matin
Dr. Md. Abdus Samad

Language Specialist
S. M. Nazrul Islam

National Curriculum and Textbook Board, Dhaka



Published by
National Curriculum and Textbook Board
69-70, Motijheel Commercial Area, Dhaka

[All rights reserved by the Publisher]

Trial Edition
First Publication : November, 2012

Co-ordinator
Md. Nasir uddin

Computer Compose
Laser Scan Ltd.

Cover
Sudarshan Bachar
Sujaul Abedeen

Illustrator
Tohfa Printers

Design
National Curriculum and Textbook Board

For Free Distribution by the Government of Bangladesh

Printed by :



Preface

Education is the pre-requisite for holistic development. In order to face the challenges of the
fast changing world and to accelerate the development and prosperity of Bangladesh, there is
a need for well-developed human resources. One of the most important objectives of
Secondary Education is to develop students’ intrinsic talents and potentials to build the
country in line with the spirit of the Language Movement and the Liberation War. Besides,
purpose of education at this stage is also to prepare students for higher levels of study by
integrating and enhancing the basic knowledge and skills acquired at the primary level. The
secondary level of education also takes into consideration the process of learning that helps
students become skilled and worthy citizens in the backdrop of country’s economic, social,
cultural and environmental realities.

The new curriculum of secondary education has been developed keeping in mind the aims
and objectives of the National Education Policy 2010. In the curriculum, national ideals,
aims, objectives and demands of the time have been properly reflected. It will ensure also
the learning of the students according to their age, talent and receptivity. In addition, a broad
range starting from moral and human values of the students, awareness of history and culture,
the Liberation War, arts-literature-heritage, nationalism, environment, religion-caste-creed
and gender is given due importance. Everything is done in the curriculum to enable students
to grow up a scientifically conscious nation to be able to apply science in every sphere of life
and to realize the Vision of Digital Bangladesh 2021.

All textbooks are written in the light of this new curriculum. In the development of the
textbooks, learners’ ability, inclination aptitude and prior experience have been given due
consideration. Special attention has been paid to the flourishing of creative talents of the
students and for selecting and presenting the topics of the textbooks. In the beginning of
every chapter, learning outcomes are added to indicate what they might learn. Various
activities, creative questions and other tasks are included to make teaching-learning and
assessment more creative and effective.

Mathematics plays an important role in developing scientific knowledge at this time of the
21st century. Not only that, the application of Mathematics has increased in family and social
life including personal life. With all these things under consideration Mathematics has been
presented easily and nicely at the lower secondary level to make it useful and delightful to the
learners, and quite a number of mathematical topics have been included in the text book.

This textbook has been written keeping in mind the promise and vision of the 21st century
and in accordance with the new curriculum. So, any constructive and logical suggestions for
its improvement will be paid mentionable attention. Very little time was available for writing
the textbook. As a result, there could be some unintentional mistakes in it. In the next edition
of the book, more care will be taken to make the book more elegant and error free.

Thanks to those who have sincerely applied their talent and labour in writing, editing,

translating, drawing, setting sample questions and publishing of the book. I hope the book
will ensure happy reading and expected skill acquisition of the learners.

Professor Md. Mostafa Kamaluddin
Chairman
National Curriculum and Textbook Borard, Dhaka.
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Chapter One

Real Number

Mathematics is originated from the process of expressing quantities in symbols or
numbers. The history of numbers is as ancient as the history of human civilization.
Greek Philosopher Aristotle According to the formal inauguration of mathematics occurs
in the practice of mathematics by the sect of priest in ancient Egypt. So, the number
based mathematics is the creation of about two thousand years before the birth of Christ.
After that, moving from many nations and civilization, numbers and principles of
numbers have gained an universal form at present.

The mathematicians in India first introduce zero (0) and 10 based place value system for
counting natural numbers, which is considered a milestone in describing numbers.
Chinese and Indian mathematicians extended the idea zero, real numbers, negative
number, integer and fractional numbers which the Arabian mathematicians accepted in
the middle age. But the credit of expressing number through decimal fraction is awarded
to the Muslim Mathematicians. Again they introduce first the irrational numbers in
square root form as a solution of the quadratic equation in algebra in the 11th century.
According to the historians, very near to 50 BC the Greek Philosophers also felt the
necessity of irrational number for drawing geometric figures, especially for the square
root of 2. In the 19th century European Mathematicians gave the real numbers a
complete shape by systematization. For daily necessity, a student must have a vivid
knowledge about ‘Real Numbers’. In this chapter real numbers are discussed in detail.

At the end of this chapter, the students will be able to —

»  Classify real numbers

Express real numbers into decimal and determine approximate value
Explain the classification of decimal fractions

vV V VY

Explain recurring decimal numbers and express fractions into recurring decimal
numbers

Transform recurring decimal fraction into simple fractions

Explain non-terminating non-recurring decimal fraction

Explain non-similar and similar decimal fraction

Add, subtract multiply and divide the recuring decimal fraction and solve various
problems related to them.

YV V V V
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Natural Number

1,2,3,4..... etc. numbers are called natural number or positive whole numbers.
2,3,5, 7. etc. are prime numbers and 4, 6, 8, 9,......... etc. are composite numbers.
Integers

All numbers (both positive and negative) with zero (0) are called integers i.e. .......
-3,-2,-1,0,1,2,3......... etc. are integers.
Fractional Number

If p,q are co-prime numbers ; ¢ #0 and g # 1, numbers expressed in L form are
q
called fractional number.

1 —
Example : 5 %, 75 etc. are fractional numbers.

If p<gq, then it is a proper fraction and if p >gq then it is an improper fraction :
11 21 4

Exam, 1e T Ty Ty e etc. proper and —
ey prop X

Rational Number

,.... etc. improper fraction.

N\w
w\m

Alw

If p and ¢ are integers and g # 0, number expressed in the form P s called rational
q

number. For example : T:3’ —5 5, 3 —1 6066... etc. are rational numbers.
Rational numbers can be expressed as the ratio of two integers. So, all integers and all
fractional numbers are rational numbers.

Irrational Number

Numbers which cannot be expressed in 2 form, where p, g are integers and g # 0 are
q
called Irrational Numbers. Square root of a number which is not perfect square, is an
5

irrational number. For example: <2 =1.414213....., /3 =1.732....., % =1.58113....
etc. are irrational numbers. Irrational number cannot be expressed as the ratio of two
integers.

Decimal Fractional Number

If rational and irrational numbers are expressed in decimal, they are known as decimal
fractional numbers. As for instance, 3 = 3. 0,2 =2. 5,9 =3.3333....,3=1-732......... etc.

are decimal fractional numbers. After the decimal, if the number of digits are finite, it is
terminating decimals and if it is infinite it is known as non-terminating decimal number.
For  example, 0.52, 3.4152 etc. are terminating decimals and
1-333...... , 2-123512367........... etc. are non-terminating decimals. Again, if the digits
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after the decimal of numbers are repeated among themselves, they are known recurring
decimals and if they are not repeated, they are called non-recurring decimals. For

example : 1-2323....... , 5 654 etc. are the the recurring decimals and
0-523050056........ , 2-12340314........ etc. are non-recurring decimals.

Real Number

All rational and irrational numbers are known as real numbers. For example :

041,42, %430 . ] 13,%, ........ V2, 3,5, 6.....

1-23, 0-415, 1-3333....... , 0-62, 4-120345061.......... etc. are real numbers.
Positive Number
All real numbers greater than zero are called positive numbers. As for instance

1, 2, %, %, \/E, 0-415, 0-62, 4-120345061.............. etc. are positive numbers.

Negative Number
All real numbers less than zero are called negative numbers. For example,

-1, -2, -%, -%, —4/2, —0-415, —0-62, —4-120345061.............. etc. are
negative numbers.
Non-Negative Number

All positive numbers including zero are called non-negative numbers. For example,
1

s 5 0-612,1-3, 2-120345.............. etc. are non-negative numbers.

0,3
Classification of real Number.

Real

!

JV. v v
C*;m Yol [ e | [k | [ oana’ | ] riem] 4
v
A

o4 ' ' '

v4

Fractional 1 Composite Proper Tmproper Mixed Terminating Recurring Non-
recurring
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4

Activity : Show the position of the numbers %, 5 -7, \/B, 0, 1, 2, 12, 23,
7

1-1234......,.323 in the classification of real numbers.

Example 1. Bermine the two irrational numbers between V3 and 4.

Solution : Bfe, /3 =1.7320508......

Let, a =2.030033000333.....

and b =2.505500555.......

Clearly :both a and b are real numbers and both are greater than V3 and less than 4.
ie, +/3<2.03003300333......... <4

and  4/3 <2.505500555.......c0vvvnne. <4

Again, a and b cannot be expressed into fractions.

. a and b are the two required irrational numbers.

Basic characteristics of addition and multiplication over a real number :

1. If a, b are real numbers, (i) a + b is real and (ii) ab is a real number

If @, b are real numbers, (i)a+b=5b+a and (i) ab =ba

If a, b, c are real numbers, (i) (a +b)+c=a+ (b+c) and (i) (ab) = a(bc)
If a is a real number, in real numbers there exist only two numberO and 1 where
@)0=#1 (ii)a+0=a (iii)al=la=a

If a is a real number, (i) a+(-a)=0 (i) If a#0, a.é =1

Hwn

If a, b, ¢ are real numbers, a(b +c) =ab+ac

5
6
7. If a, b are real numbers, a<b ora=b or a>b
8. Ifa, b, c arerealnumbersand a<b, a+c<b+c
9 If a, b, ¢ arereal numbers and a < b, (i) ac < bc where ¢<0
(i) If ac>bc, c<0
Proposition : /2 is an irrational number.
know,
1<2<4
sA1<2<4/4
or, I < \/5 <2
Proof: 1 =1, (2) =2, 2> = 4
~. Therefore, the value of /2 is greater than 1 and less than 2.
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V2 is not an integer.
. [2 is either a rational number or a irrational number. If +/2 is a rational number

let, +/2 = E; where p and ¢ are natural numbers and co-prime to each other and ¢ >1
q

)i

7
2

or, 2q = p—; multiplying both sides by ¢ .
q

or, 2 = ; squaring

2

Clearly 2¢g is an integer but P isnot an integer because p and ¢ are co-prime natural
q

numbers and g >1
2 2
.. 2¢q and P cannot be equal, i.e., 2¢q # P
q q

. Mue of /2 cannot be equal to any number with the form 4 ie, 2= 2
q q

<. +/2 is an irrational number.

Example 2. Pove that, sum of adding of 1 with the product of four consecutive natural
numbers becomes a perfect square number.

Solution : Let four consecutive natural numbers be x, x +1, x+ 2, x + 3 respectively.
Badding 1 with their product we get,

x D) +2) +3)+1=x(x+3)(x+1)(x +2)+1

:gxz +3x) (2 +3x+2)+ 1

=ala+2)+1; [x*+3x=d]

=a(a+2)+1;

= +2a+1 =(a+1} =(2+3x+1);

which is a perfect square number.

. If we add 1 with the product of four consecutive numbers, we get a perfect square
number.

Activity : Poofthat, /3 is an irrational number

Classification of Decimal Fractions
Each real number can be expressed in the form of a decimal fraction.
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2 1
br example, 2=2-0, 5= 0.4, 3

fractions :terminating decimals, recurring decimals and non-terminating decimals.

=0.333.... etc. There are three types of decimal

Terminating decimals : In terminating decimals, the finite numbers of digits are in the
right side of a decimal points. &r example, 0.12,1.023,7.832,54.67,.......... etc. are
terminating decimals.

Recurring decimals : In recurring decimals, the digits or the part of the digits in the
right side of the decimal points will occar repeatedly. &r example,

3.333.....,2.454545......, 5.12765765........ etc. are recurring decimals.

Non-terminating decimals : In non-terminating decimals, the digits in the right side of
a decimal point never terminate, i.e., the number of digits in the right side of decimal
point will not be finite neither will the part occur repeatedly. br
example.1.4142135......, 2.8284271....... etc. are non-terminating decimals.

Terminating decimals and recurring decimals are rational numbers and non-terminating
decimals are irrational numbers. The value of an irrational number can be determined
upto the required number after the decimal point. If the numerator and denominator of a
fraction can be expressed in natural numbers, that fraction is a rational number.

Activity : Classify the decimal fractions stating reasons :

1.723, 5.2333....... , 0.0025, 2.1356124......, 0.0105105........ and
0.450123.......

Recurring decimal fraction :

. .23, . .
Expressing the fraction v into decimal fractions, we get,

ﬁ =6)23(3-833
6 18
50
48
20
18
20
18
20
18
2
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Observe : It is found that, the process of division is not ended at the time of dividing a
numerator of a fraction by its denominator. To convert it into decimal fraction in the
quotient 3’occurs repeatedly. Bfe,  3.8333..... is a recurring decimal fraction.

If digit or successive digit of a decimal fractions a in the right side of the decimal point
appear again and again, these are called recurring decimal fractions.

If a digit or successive digits of decimal fractions.

In recurring decimal fractions, the portion which occurs again and again, is called
recurring part. In recurring decimal fraction, if one digit recurs, the recurring point is
used upon it and if more than one digits recurs, the recurring point is used only upon the
first and the last digits.

As for example : 2.555....... is written as 2.5 and 3.124124124........ is written as 3.124.
In recurring decimal fractions, if there is no other digit except recurring one, after
decimal point it is called pure recurring decimal and if there is one digit or more after
decimal point in addition to recurring one, it is called mixed recurring decimal. &r
example, 1.3 is a pure recurring decimal and 4.23512 is a mixed recurring decimal.

If there exists prime factors other than 2 and 5 in the denominator of the fraction, the
numerator will not be fully divisible by denominator. As the last digit of successive divisions
cannot be other thanl, 2, ...... ,9, at one stage the same number will be repeated in the
remainder. The number in the recurring part is always smaller than that of the denominator.

Example 3. Express % into decimal fraction. Example 4. Express % into decimal fraction.
Solution : Solution :
11)30 (0.2727 37)9 (2.56756
22 74
80 210
77 185
30 250
2 &
20 280
259
I 210
: 185
250
222
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Required decimal fraction = 0.2727 ...... Required decimal fraction =
=027 2.56756...... = 2.567
Conversion of Recurring Decimal into Simple Fraction
Determining the value of recurring fraction :
Example 5. Express 0.3 into simple fraction.
Solution : 0.3=0.3333........
0.3x10=0.333....x10 = 3.333......
and  0.3x1 =0333...x] =0.333...
subtracting, 03x10-0.3x1 =3
or, 0.3x(10-1)=3 or 0.3x9=3
Therefore, 0.3= E = l
9 3

. |
Required fraction is 3

Example 6. Express 0.24 into simple fraction.

Solution : 0.24 = 0-24242424........

So, 0.24 100 = 0.242424....... x100 =24.2424......
and  024x1  =0.242424....... x1 =0.242424......

Subtracting 0.24(100 —1) = 24
or, 0.24x9 =24 or, 024 =""= 8
9 33

Required fraction is 8

33
Example 7. Express 5. 1345 into simple fraction.
Solution : 5.1345 = 5.1345345345.........
So, 5.1345x10000 = 5.1345345...... x10000 =51345.345......

and 5.1345x10  =5.1345345....... x10 =51.345......

Subtracting, 5.1345x9 =51345-51

51345-51 5129 8549 224

So, 5.1345= =9 T1665 1665
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. ..o 224
R d fract —_
equired fraction is 5 7665

Example 8. Express 42.3478 into simple fraction.

Solution : 42.3478 = 42.347878........

So, 42.3478 x 10000 = 42.347878......... x 10000 = 42348.7878
and  42.3478 x 100 = 42.347878........ x 100 = 4234.7878

Subtracting, 42.3478 x 00 = 423478 — 4234
.o 423478 4234 41944 3497 287
Therefore, 42.3478 = 00 =90 =5 = 42@
. L 287
Required fraction is 42@

Explanation : fom the examples 5, 6, 7 and 8 , it appears that,

e The recurring decimal has been multiplied by the number formed by putting at the
right side of 1 the number of zeros equal to the number of digits in the right side of
decimal point in the recurring decimal.

e The recurring decimal has been multiplied by the number formed by putting at the
right side of 1 the number of zeros equal to the number of digits which are non-
recurring after decimal point of the recurring decimal.

e the second product has been subtracted from the first product. B subtracting the
second product from the first product the whole number has been obtained at the
right side. &fe it is observed that, the number of non-recurring part has been
subtracted from the number obtained by removing the decimal and recurring points
of recurring decimal fraction.

e The result of subtraction has been divided by the number formed by writing the same
number of ®qual to the number of digits of recurring part at the left and number of
zeros equal to the number of digits of non-recurring part at the right.

o In the recurring decimals, converting into fractions the denominator is the number of
9equal to the number of digits in the rec urring part and in right side of all 9
number of zeros equal to the number of digits in the non-recurring part. And the
numerator in the result that is obtained by subtracting the number of the digits
formed by omitting the digits of recurring part from the number formed by removing
the decimal and recurring points of recurring decimal.

Remark : Any recurring decimal can also be converted into a fraction. All recurring
decimals are rational numbers.

Example 9Express 5.23457 into simple fraction.
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Solution :5.23457 = 5.23457457457........

So, 523457 x 100000 = 523457.457457
and 5.23457 x 100 = 523.457457
Subtracting, 5.23457 x 90 = 52294
Therefore, 523457 = 32294 _ 261467

490
Required fraction is %

Explanation : fe in the decimal part the recurring decimal has been multiplied first
by 100000 ¢ zeros at the right side of 1) as there are two digits at the left side of
recurring part in the decimal portion, the recurring decimal has been multiplied by 100
two zeros at the right side of 1) The seco nd product has been subtracted from the first
product. In one side of the result of subtraction is a whole number and at the other side
of the result is (100000—-100) = 00 times of the value of the given recurring
decimal. Diding both the sides by 00 , the required fraction is obtained.

Activity : Express 0.41 and 3.04623 into fractions.

Rules of Transformation of Recurring Decimals into Simple Fractions

Mmnerator of the required fraction = the result by subtracting the number obtained from
exempting the decimal point of the given decimal point and the non-recurring part.
Ehominator of the required fraction = Mmbers formed by putting the number of 9
equal to the number of digits in the recurring part of the from the number of zeros equal
to the number of digits in the non-recurring part. e the above rules are directly
applied to convert some recurring decimals into simple factions.

Example 10. Express 45.2346 into simple fraction.

452346452 45189 22597 45 1172
9 49 49

Solution : 45.2346 =

Required fraction is 45%

Example 11. Express 32.567 into simple fraction.

32567-32 32535 _3615_1205 _,,21

Solution : 32.567 = = =
9 111 37 37

Required fraction is 32% .

Activity : Express 0.012 and 3.3124 into fraction.
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Similar recurring decimals and Non-similar Recurring decimals :

If the numbers of digits in non-recurring part of recurring decimals are equal and also
numbers of digits in the recurring parts are equal, those are called similar recurring
decimals. fDer recurring decimals are called non-similar recurring decimals. br
example : 12.45 and 6.32; 9.453 and 125.897 are similar recurring decimals. Again,
0.3456 and 7.45789; 6.4357 and 2.89345 are none-similar recurring decimals.

The Rules of Changing Non-Similar Recurring Decimals into Similar Recurring
Decimals

The value of any recurring decimals is not changed, if the digits of its recurring part are
written again and again, &r Example, 6.4537 = 6.453737 = 6.45373=6.453737.
tfe each one is a recurring decimal,  6.45373737......... is a non-terminating decimal.

It will be seen that each recurring decimal if converted into a simple fraction has the
same value.

64537 -645 6389

. 6?103 3 6490 645309 6389
Ol 53737 - 645 5

6.453737 = 50 — o

6453737 = 6453737-64537 638200 6389

0000 T 9000 90

In order to make the recurring decimals similar, number of digits in the non-recurring
part of each recurring decimal is to be made equal to the number of digits of non-
recurring part of that recurring decimal in which greatest number of digits in the non-
recurring part exists and the number of digits in the recurring part of each recurring
decimal is also to be made equal to the lowest common multiple of the numbers of digits

of recurring parts of recurring decimals.
Example 12. Convert 5.6, 7.345 and 10-78423 into similar recurring decimals.

Solution : The number of digits of non-recurring part of 5- 6, 7-345 and 10.78423 are
0,1 and 2 respectively. tte the number of dig its in the non-recurring part occurs in
10.78423 and that number is 2. Therefore to make the recurring decimals similar the
number of digits in the non-recurring part of each recurring decimal is to be made 2.
Again, the numbers of digits to recurring parts of 5.6, 7.345 and 10.78423 are 1,2
and 3 respectively. The lowest common multiple of 1,2 and 3 is 6. So the number of
digits in the recurring part of each recurring decimal would be 6 in order to make them

similar.
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So, 5.6 = 5.66666666, 7.345 = 7.34545454 and 10.78423 = 10.78423423

Required similar recurring  decimals  are 5.66666666, 7.34545454 ,
10.78423423 respectively.

Example 13. Convert 1.7643, 3.24 and 2.78346 into similar recurring decimals.

Solution : In 1.7643 the number of digits in the non-recurring part means 4 digits after
decimal point and here there is no recurring part.

In 3.24 the number of digits in the recurring and non-recurring parts are respectively 0
and 2.

In 2.78346 the number of digits in the recurring and non-recurring parts are
respectively 2 and 3.

The highest number of digits in the nonrecurring parts is 4 and the L.C.M. of the
numbers of digits in the recurring parts i.e. 2 and 3 is 6. The numbers of digits is the
recurring and nonrecurring parts of each decimal will be respectively 4 and 6.

+1.7643=1.7643000000; 3.24 =3.2424242424 : 2.78346 = 2.7834634634

Required recurring similar decimals are 1.7643000000), 3.2424242424 and
2.7834634634

Remark : In order to make the terminating fraction similar, the required number of
zeros is placed after the digits at the extreme right of decimal point of each decimal
fraction. The number of non-recurring decimals and the numbers of digits of non-
recurring part of decimals after the decimal points are made equal using recurring digits.
After non-recurring part the recurring part can be started from any digit.

Activity : Express 3.467, 2.01243 and 7.5256 into similar recurring fractions.

Addition and Subtraction of Recurring Decimals

In the process of addition or subtraction of recurring decimals, the recurring decimals are
to be converted into similar recurring decimals. Then the process of addition or
subtraction as that of terminating decimals is followed. If addition or subtraction of
terminating decimals and recurring decimals together are done, in order to make
recurring decimals similar, the number of digits of non-recurring part of each recurring
should be equal to the number of digits between the numbers of digits after the decimal
points of terminating decimals and that of the non-recurring parts of recurring decimals.
The number of digits of recurring part of each recurring decimal will be equal to L.C.M.
as obtained by applying the rules stated earlier and in case of terminating decimals,
necessary numbers of zeros are to be used in its recurring parts. Then the same process
of addition and subtraction is to be done following the rules of terminating decimals. The
sum or the difference obtained in this way will not be the actual one. It should be
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observed that in the process of addition of similar decimals if any number is to be carried
over after adding the digits at the extreme left of the recurring part of the decimals then
that number is added to the sum obtained and thus the actual sum is found. In case of
subtraction the number to be carried over is to subtract from the difference obtained and
thus actual result is found. The sum or difference which is found in this way is the
required sum or difference.

Remark (a) : The sum or difference of recurring decimals is also a recurring decimal. In this
sum or difference the number of digits in the non-recurring part will be equal to the number
of digits in the non-recurring part of that recurring decimal, which have the highest number
of digits in its non-recurring part. Similarly, the number of digits in the recurring part of the
sum or the result of subtraction will be the equal to L.C.M. of the numbers of digits of
recurring parts of recurring decimals. If there is any terminating decimals, the number of
digits in the non-recurring part of each recurring decimal will be equal to the highest
numbers of digits that occurs after the decimal point.

(b) Converting the recurring decimals into simple fractions, addition and subtraction
may be done according to the rules as used in case of simple fractions and the sum or
difference is converted into decimal fractions. But this process needs more time.
Example 14. Add : 3-89, 2-178 and 5-89798
Solution : Here the number of digits in the non-recurring part will be 2 and the
number of digits in the recurring part will be 6 which is L.C.M. of 2,2 and 3.

At first three recurring decimals are made similar.

3.89 = 3-89898989
2:178 =2-127878787
5-89798 = 589798798

11-97576574
[8+8+7+2=25, Here 2 is the number to
+ 2 be carried over, 2 of 25 has been added.]

11-97576576
The required sum is 11 -97576576 or 11-97576
Remark : In the sum the number in the recurring part is 575675. But the value is
not changed if 576 is taken as the number of recurring part.
Note : To make clear the concept of adding 2 at the extreme right side, this addition
is done in another method :
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3-89 = 3.8989898989
2-178 = 2.17878787|87
5-89798 = 5.89798798|79

11.97576576| 55

Here the number is extended upto 2 more digits after the completion of the recurring
part. The additional digits are separated by drawing a vertical line. Then 2 has been
carried over from the sum of the digits at the right side of the vertical line and this 2
is added to the sum of the digit at the left side of the vertical line. The digit in the
right side of the vertical line are the same and the recurring point. Therefore both the

sums are the same.

Example 15. Add : 8-9478, 2-346 and 4-71.

Solution : To make the decimals similar, the number of digits of nonrecurring parts
would be 3 and that of recurring parts would be 6 which is L.(M. of 3 and 2.

8-9478 = 8-947847847
2.346 2-346000000
4.71 =4.717171717

16-011019564 [8+0+1+1=10, Here the digit in the
41 second place on the left is 1 which is to be
carried over. Therefore 1 of 10 is added.]

16-011019565
The required sum is 16-011019565 .
Activity : Add:1. 2-097 and 5-12768 2.1-345, 0-31576 and 8-05678

Example 16. Subtract 5-24673 from 8-243.

Solution : Here the number of digits in the non-recurring part would be 2 and that of
recurring part is 6 which is L.0M. of 2 and 3. Now making two decimal numbers
similar, subtraction is done.

8-243 — 8.24343434
5.24673 = 5.24673673
2-99669761 [Subtracting 6 from 3, 1 is to be
1 carried over.]
2-99669760

The required sum is 2 - 99669760 .



Math

Remark : If the digit at the beginning place of recurring point in the number from which
deduction to be made is smaller than that of the digit in the number 1 is to be subtracted

from the extreme right hand digit of the result of subtraction.

Note : In order to make the conception clear why 1 is subtracted, subtraction is done in

another method as shown below :
8-243 = 8-24343434 |34
5.24673 = 5.24673673|67

2-99669760 | 67

The required difference is 2 - 99669760 | 67

Here both the differences are the same.

Example 17. Subtract 16-437 from 24-45645.

Solution :
24-45645 = 2445645
16-437 =16-43743
8-01902
-1
8-01901

The required difference is 8.01901
Note :

24-45645 = 24.45645| 64
16-437 =16-43743| 74
8-01901]90

[7 is subtracted from 6.1 is to be carried
over.]

Activity : Subtract :1. 10 418 from 13-12784 2. 9.12645 from 23-0394

Multiplication and Division of Recurring Decimals :

Ghverting recurring decimals into simple fraction and completing the process of their

multiplication or division, the simple fraction thus obtained when expressed into a decimal
fraction will be the product or quotient of the recurring decimals. In the process of
multiplication or division amongst terminating and recurring decimals the same method is to
be applied. But in case of making division easier if both the divident and the divisior are of

recurring decimals, we should convert them into similar recurring decimals.

Example 18. Multiply 4 3 by 5-7.
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N . 43-4 39 13
Solution : 4.3_T_?_?

. 57-5 52
ST="g =%

. .13 52 676 .

S 43 %57 = Fx3 =320 =503

The required product is 25- 037
Example 19. Multiply 0-28 by 42- i8.

) . 28-2 26 13
Solution : 0-28 = 90 90 45
. 4218—42 4176 464
- 18=—5—="55 =11
_ 13 464 _ 6032
S35 T 495 % 185

The required product is 12 -185
Example 20. 2-5x4-35x1-234= ?

. 255
Solution : Z-S_E_§
. 435-43 392
4B=—05 =9
23q1234-12 122261l

990 990 ~ 495
5392 611 _196x611_ 119756
27790 T 495 8910 8910

The required product is 13 - 44062

Activity : 1. Multiply 1-13 by 2-6. 2. 0-2x1-12x0-081 =

Example 21. Divide7-32 by 0-27.

732-7 725

99 99

. 27-2 25 5

0-27="55 =90~ 13

725 5 725 18 290

L7322 5027 =0 = 2 =2 206136
99 18 99 5 11

=13-44062....

Solution : 7-32 =
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The required quotient is 26 - 36
Example 22. Divide 2-2718 by 1-912

Solution : 2-2718 = 22718 -2 _ 22176

9999 ~ 9999
.. 1912-19 1893
1912 =—556— =990
5 h718 e 103 - 22716 1893 22716 990 120 _ oo

9999 990 _ 9999 <1893 _ 101

The required quotient is 1- 881

Example 23. Divide 9-45 by 2-863.

) ) s, 945 2863-28 945 990

Solution : 9-45 + 2-863 = m—w—mxm
~ 189x99 _§_3_3
T 2x2835 710

The required quotient is : 3-3

Remark : Boduct of recurring decimals and quot ient of recurring decimals may be or
may not be a recurring decimal.

Activity : 1. Divide 0-6 by 0-9. 2. Divide 0-732 by 0-027
Non Terminating Decimals

There are many decimal fractions in which the number of digits after its decimal point is
unlimited, again one or more than one digit does not occur repeatedly. Such decimal
fractions are called nonterminating decimal fractions, For example,
5.134248513942307 ............ is a nonterminating decimal number. The square root of 2
is a non terminating decimal. Now we want to find the square root of 2.

1|2 1-4142135........
1

241 100

96

281 | 400

281

2824 | 11900

11296
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28282 | 60400
56564

282841 | 383600
282841

2828423 10075900
8485269

28284265 159063100
141421325

17641775

If the above process is continued for ever, it will never end.
5 N2 =1-4142135...... is a non terminating decimal number.
The value upto the definite number of decimal places and the approximate value
upto some decimal places.
It is not the same to find the value of nonterminating decimals upto definite number of
decimal place and the approximate value into some decimal places. For example,
5-4325893...... upto four decimal places will be 5-4325, but the approximate value
of the decimal, 5-4325893.... upto four decimal places will be 5-4326. Here, the
value upto 2 decimal places and the approximate value upto 2 decimal places are the
same. This value is 5-43. In this way the approximate terminating decimals can also be
found.
Remark : When it is needed to find the value upto some decimal places, the digits that occur
in those places are to be written without any alternatives of those digits. If approximate values
are to be identified, we should add 1 with the last digit when there is 5, 6, 7, 8 or 9 after the
decimal places. But ifit is 1, 2, 3 or 4 digits remain unchanged. In this case, correct value upto
decimal place or approximate value upto decimal place are almost equal. We should find the
value upto 1 place more to the required wanted value.
Example 24. Find the square root of 13 and write down the approximate value upto 3
decimal places.
Solution : 3 ) 13 (3-605551........

_92

66 | 400

396
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7205 | 40000
36025
72105 | 3697500
3605525
7211101 | 9197500
7211101
1986399
.. The required square root is 3-605551........ .

.. The required approximate value upto 3 decimal places is 3- 606 .

Example 25. Find the value and approximate value of 4-4623845....... upto 1,2,3,4
and 5 decimal places.

Solution : The value of 4 - 4623845 upto 1 decimal placeis 4-4

and approximate value 1 . s 4.5
Value upto 2 ’ s 4-46

and approximate value upto 2, . 4-46
Value upto 3 » 24462

and approximate value upto 3, s 4-462
Value upto 4 ) 4-4623

and approximate value upto 4, » o 4-4624
Value upto 5 . . . 4-46238

and approximate value upto 5 ., . . 4-46238

Activity : Find the square root of 29 and find the value upto two decimal places and
the approximate value upto two decimal place.

Exercise 1

1. Bove that, (a) J5 (b) J7 (c) J10 is an irrational number.
2. (a) Find the two irrational numbers between 0.31 and 0.12.

. . L 1
(b) Find a rational and an irrational numbers between 7 and /2.

NG)

3. (a) Bove that, square of any odd integer number is an odd number.

(b) Pove that, the product of two consecu tive even numbers is divisible by 8.
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10.

11.

12.

13.

Math

Express into recurring decimal fractions :(a) é (b) ll () 3% (d) 3%

Express into simple fractions :

(@ 0-2 (b) 0-35 (c) 0-13 (d) 3-78 (e) 6-2309

Express into similar recurring fractions :

(a) 2-3, 5-235 (b) 7-26, 4-237

(¢) 5-7, 8-34, 6-245 (d)12-32, 2-19, 4-3256

Add :(a) 0-45+0-134 (b) 2-05+8-04+7-018 (c) 0-006+0-92+0-0134
Subtract :

(a) 3-4-2-13 (b) 5-12-3-45
(c) 8-49-5-356 (d) 19-345-13-2349
Multiply:

(@) 0-3x0-6 (b)2-4x0-81 (c) 0-62x0-3 (d) 42-18x0-28

Divide :

(@ 0-3+0-6 (b) 0-35+1-7  (c) 2:37+0-45 (d) 1-185+0-24

Find the root (upto three decimal places) and write down the approximate values of
the square roots upto two decimal places :

(@) 12 (b) 0-25 (c) 1-34 (d) 5-1302

Find the rational and irrational numbers from the following numbers :

2
NP1,
7()I(ﬂf()

7

(@) 0-4 (b) V9 (c) V11 (d) 3 (h) 5-639
Simplify :
@ (0-3x 0-83)+ (0-5x0-1)+ 0-35+0-08
) [6-27x0-5)+ {05 x 0-75)x8-36}]
+{0-25 x 0-1)x(0-75 x 21-3)x0-5}

. \/g and 4 are two real numbers.

(a) Which one is rational and which one is irrational.
(b) Find the two irrational numbers between \/g and 4.

(c) Bove That, \/g is an irrational number.



Chapter Two

Set and Function

The word $et’is familiar to us, such as dinner set, set of natural numbers, set o f
rational numbers etc. As a modern weapon of mathematics, the use of set is
extensive. The €iman mathematician €or  ge htor (1844 —1918) first explaine d
his opinion about set. He created a sensation in mathematics by expressing the idea
of infinite set and his conception of set is known as $et theory’ In this chapter, the
main obgctives are to solve problems through using mathematics and symbols from
the conception of set and to acquire knowledge about function.

At the end of this chapter, the students will be able to :

Explain the conception of set and subset and express them by symbols
Describe the method of expressing set

Explain the infinite set and differentiate between finite and infinite set
Explain and examine the union and the intersection of set

Explain power set and form power set with two or three elements
Explain ordered pair and cartesian product

Pove the easy rules of set by example and Venn Diagram and solve various
problems using the rules of set operation

Explain and form sets and functions

Explain what are domain and range

Determine the domain and range of a function

Draw the graph of the function.

YVVVVVYVYVY

YV V VYV

Set
Well defined assembling or collection of obgcts of real or imaginative world is
called sets, such as, the set of three textbook of Bangla, English and Mathematics, set
of first ten natural odd numbers, set of integers, set of real numbers etc.
Set is generally expressed by the capital letters of english alphabets,
A,B,C,.......... X,Y,Z . For example, the set of three numbers 2,4, 61is A= 1{2,4,6}
Each obgct or member of set is called set element. Such as, if B={a,b}, a and b
are elements of B . The sign of expressing an element is 'e' .
. a€ B andread as a belongs to B

be B and read as b belongs to B

no element c is in the above set B.
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. c¢ B andread as ¢ does not belongto B.

Method of describing Sets :

Set is expressed in two methods :(1) 8 ster Method or Tabular Method and (2) Set
Builder Method.

(1) Tabular Method : In this methods, all the set elements are mentioned
particularly by enclosing them within second bracket {} and if there is more than
one element, the elements are separated by using a comma (,).

For example : 4 ={a,b}, B={2,4,6}, C = NWiloy, Tisha, Shuvrajetc.

(2) Set Builder Method : In this methods, general properties are given to determine
the set element, without mentioning them particularly :

Such as, A={x:xis a natural odd number} B={x: x denotes the first five
students of class I}étc.

Here, by *$uch as’or in short $uch that’is indicated. Since in this method, set rule o 1
condition is given to determining the set elements of this method, is called rule method.
Example 1. Express the set 4 ={7,14, 21,28} by set builder method.

Solution : The elements of set 4 are 7,14, 21,28
Here, each element is divisible by 7, that is, multiple of 7 and not greater than 28.

oo A={x:x multiple of 7 and x < 28}.

Example 2. Express the set B ={x:x, factors of 28}by tabular method.

Solution : Here, 28 =1x28

=2x14
=4x7

.. factors of 28 are 1,2,4,7,14, 28
Bquired set B={1,2,4,7,14,28}

Example 3. Express C = {x: x is a positive integer and x2 <18} by tabular method.
Solution : Bsitive integers are  1,2,3,4,5, ...........
Hereif x=1, x* =1> =1

ifx=2, x*=2=4

ifx=3, x¥*’=3"=9

ifx=4, x’=4*=16

if x=5, x> =5 =25; which is greater than 18.
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. The acceptable positive integers by the condition are 1,2, 3, 4
o Bquired setis C={1,2,3,4}
Activity : 1. Express the set C = {-9,—6,—3,3,6,9} by set builder method.

2. Express the set Q = {y:y is an integer and y* <27} by tabular method.

Finite set : The set whose numbers of elements can be determined by counting is
called finite set. For example, D = {x, y, z}E = 3, 6, 9,.......,60} F={x:x1isa
prime number and 30 <x <70} etc. are finite set. Here D set has 3 elements, E set
has 20 elements and F set has 9 elements.

Infinite set : The set whose numbers of elements can not be determined by counting
is called infinite set. For example :, A = {x:x is natural odd numbers}set of natural

number N ={1,2,3,4,........ }, set of integers Z ={..... -3,-2,-1,0,1,2,3....... }, set
of rational numbers ,_ {P .p and g is as integer and ¢ # 0}, set of real numbers =

R etc. are infinite set.

Example 4. Show that the set of all natural numbers is an infinite set.

Solution : Set of natural number N ={1,2,3,4,5,6,7,8, ....... }

Taking odd natural numbers from set N, the formed set 4 ={1,3,5,7, ....... }

, even ,, ’ » 5 N, the formedset B=1{2,4,6,8,....... }
The set of multiple of 3 C =1{3,6,9,12, ....... } etc.

Here, the elements of the set 4, B, C formed from set N can not be determined by
counting. So 4, B, C is an infinite set.

. N is an infinite set.

Activity : Write the finite and infinite set from the sets given below :
1. {3,5,7} 2.{1,2,2%,.....2"%} 3. {3,3%,3",......} 4. {x:x isanintegerand x < 4}

5. {g:pandq are coprime and ¢ >1} 6. {y:ye N and y* <100< y’}.

Empty set : The set which has no element is called empty set. Empty set is
expressed by {}or ¢ . Such as, set of three male students of Holycross school
{xeN:10<x<11} {xe N:x isaprime number and 23 < x < 29} etc.
Venn-Diagram : dhn Venn (18341883) introduced set activities by diagram. Here
the geometrical figure on the plane like rectangular area, circular area and triangular
area are used to represent the set under consideration. These diagrams are named
Venn diagram after his name.
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Subset : 4 ={a, b} is a set. By the elements of set 4, the sets {a,b} {a}, {b} can
be formed. Again, by not taking any element ¢ set can be formed.
Here, each of {a,b} {a}, {b}, ¢ is subset of set 4.

So, the number of sets which can be formed from any set is called subset of that set.
The sign of subset is <. If Bis the subset of A4, itisread as Bc A. B is a subset
of A. From the above subsets, {a, b} setisequalto 4.

.. Each set is the subset of itself.
Again, from any set, ¢ set can be formed.

.. ¢ is a subset of any set.

0=1{1,2,3} and R = {1, 3} are two subsets of P =1{,2,3}. Again P=Q

. QcPand RcP.
Proper Subset :
If the number of elements of any subset formed from a set is less than the given set,
it is called the proper subset. For example : 4=1{3,4,5,6} and B={3,5} are two
sets. Here, all the elements of B existinset 4... Bc A
Again, the number of elements of B is less then the number of elements of 4.

. B is aproper subset of 4 and expressedas Bc 4.

Example 5. Write the subsets of P={x, y,z} and find the proper subset from the
subsets.

Solution : Gen, P={x,y,z}

Subsets of P are {x, y, z}, {x, ¥}, {x,z}, {¥,z}, {x}, {3}, {z}, 0.

Poper subsets of P are {x, y}, {x,z}, {y,z}, {x}, {¥}, {2}

Equivalent Set :

If the elements of two or more sets are the same, they are called equivalent sets. Such
as, A=1{3,5,7} and B ={5,3,7} are two equal sets and writtenas A =B .
Again, if 4={3,5,7}, B=1{5,3,3,7} and C={7,7,3,5,5}, the sets 4,B and C
are equivalent. Thatis, A=B=C
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It is to be noted if the order of elements is changed or if the elements are repeated,
there will be no change of the set.

Difference of Set : Suppose, 4=1{1,2,3,4,5} and B ={3,5}. If the elements of set
B are discarded from set 4, the set thus formed is {1, 2,4} and written as A\ B or
A-B=1{1,2,3,4,5} - {3,5} = {1,2,4}

So, if'a set is discarded from any set, the set thus formed is called different set.
Example 6. If P={x:x, factors of 12}Jand Q= {x:x, multiples of 3 and x<12},
findP-Q.

Solution : &ven, P ={x:x, factors of 12}

Here, factors of 12 are 1,2,3,4,6,12

w P={1,2,3,4,6,12}
Again, Q ={x:x, multiple of 3 and x <12}
Here, multiple of 3 upto 12 are 3,6,9,12

S0=1{3,6,9,12}

L P-0=1{,2,3,4,6,12)-1{3,6,9,12} = {1, 2,4}
Bquired set {1, 2, 4}
Universal Set :
All sets related to the discussions are subset of a definite set. Such as, 4 = {x, y} is a subset of
B ={x, y,z}.Here,set B is called the universal set in with respect to the set 4 .

So, if all the sets under discussion are subsets of a particular set, that particular set is
called the universal set with respect to its subsets.

hiversal set is generally expressed by U . But universal set can

be expressed by other symbols too. Such as, if set of all even i v
natural numbers C ={2,4,6........ } and set of all natural |
numbers N ={1,2,3,4,........... }, the universal set with respect f
to C willbe N.
Complement of a Set : U

U is an universal set and A is the subset of UThe set formed 0008 i
by all the elements excluding the elements of set A4 is called the 3 @ ;
complement of setA. The complement of the set A is i
expressed by 4° or A'. Mathematically, 4°=U\4
Let, P and Q are two sets and the elements of Q which are not

elements of P are called complement set of Q with respect to P and written as

0°=P\Q.
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Example 7. If U={1,2,3,4,6,7},4=4{2,4,6,7} and B={l,3,5}, determine A°
and B¢.
Solution : A°=U\A4={1,2,3,4,6,7}\{2,4,6,7} ={1,3,5}
and B°=U\B={1,2,3,4,6,7}\{1,3,5} ={2,4,6, 7}
Bquired set A°={1,3,5} and B ={2,4,6,7}
Union of Sets :
The set formed by taking all the elements of two or more sets is called union of sets.

Let, A and B are two sets. The union of A4 and B set is expressed by 4 B and
read as A4 union B. In the set builder method AUB={x:xe 4 or x € B}.

Example 8. If C={3,4,5} and D={4,6,8}, determine C U D.
Solution : Gen that, C={3,4,5} and D={4,6,8} C D

5 CUD={3,4,50{4,6,8 =13,4,56,8 (0)

Intersection of Sets: cubD

The set formed by the common elements of two or more sets is called intersection of
sets. Let, 4 and B are two sets. The intersection of 4 and B is expressed by

ANB and read as 4 intersection B. In set building method, |, o
ANB={x:x€ A and x € B}.

Example 9. If P={xe N:2<x<6} and Q={xe N:x are even e
numbers and x <8}, find PN Q. PNQ

Solution : Gen that, P={xe N:2<x<6}= {3,4,5,6}
and Q ={x e N :x are even numbers and x <8} ={2,4,6,8}
L PNO={3,4,561n{2,4,6,8, ={4,6}
Bquired setis {4, 6}
Disjoint Sets:

If there is no common element in between two sets, the sets are dispined sets. Let ,
A and B aretwosets. If AnB=¢, A and B will be mutually dispint sets.

Activity : If U={,3,57911},E={,59} and
F={3711},find, EU F° and E° " F°.
Power Sets :
A={m,n} is a set. The subsets of A4 are {mn} {m),{n} ¢. Here, the set of subsets
{ mn} {m), {n} ¢} is called power set of set 4. The power set of A is expressed

as P(A). So, the set formed with all the subsets of any set is called the power set of
that set.
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Example 10. A4={} B={a} C={a,b} are three sets.

Here, P(A)= {0}

. The number of elements of set 4 is 0 and the number of elements of its power
set =1=2°

Again, P(B)={ a} 0}

‘. The number of elements of set B is 1 and the number of elements of its power
setis = 2=2'

and P(C)={ a,b} {a} {b} ¢}

*. The number of elements of set C is 2 and the number of elements of its power
set is = 4 = 27

So, if the number of elements is # of a set, the number of elements of its power set
will be 2".

Activity : If G={,2,3}, determine P(G) and show that the
number of elements of P(G) supports 2".

Ordered pair :

Amena and Sumona of class VIII stood 1% and 2™ respectively in the merit list in the
final examination. According to merit they can be written (Amena, Sumona) as a
pair. In this way, the pair fixed is an ordered pair.

Hence, in the pair of elements, the first and second places are fixed for the elements
of the pair and such expression of pair is called ordered pair.

If the first element of an ordered pair is x and second element is y, the ordered pair
will be (x, y). The ordered pair (x, y) and (a, b) will be equal or (x, y) = (a,b) if
x=aandy=»>.

Example 11. If 2x+ y,3) = (6,x— ), find (x, y).

Solution : ven that, (2x+ ,3) = (6,x—y)

According to the definition of ordered pair, 2x+y =6........ O

Adding equation (1) and (2), we get, 3x =9 or, y =3
Btting the value of x in equation (1), we get, 6+y =6 or, y=0

S (6 »)=(3,0).

Cartesian Product :

Wangsu decided to give layer of white or blue colour in room of his house at the
inner side and red or yellow or green colour at the outer side. The set of colour of
inner wall 4 = White, bluejand set of colour of outer wall B = ffed, yellow,
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green} Wangsu can apply the colour of his room in the form of ordered pair as
(white, red), (white, yellow), (white, green), (blue, red), (blue, yellow), (blue, green).

The given ordered pair is written as.
Ax B = (white, red), (white, yellow), (white, green), (blue, red), (blue, yellow), (blue, green)}
This is the cartesian product set.
In set builder method, AxB=( x,y);xe 4 and y € B}
AxB isread as A cross B.
Example 12. If P={,2,3}, 0={3,4} and R=P N Q, determine PxR and Rx Q.
Solution : ven that, P={1,2,3}, 0=1{3,4}
and R=PnNn Q0= {,2,3}n{3,4 =3}
L PxR={123}x3F (1, 3).2,3),(3,3)}
and RxQ= {3} x{3,4} =( 3,3),(3,4)}

.. Xy Xy
Activity : 1. If | —=+=,1|=| I, =+= |, find (x, ).
ivity (2 3 ) ( 3 2) ind (x,y)

2.1t P={,2,3} O={3,4} and R={x, y},find (PN Q)xR and (PNQ)xQ.
Example 13. Find the set where 23 is reminders in each case when 311 and 419 are
divided by the natural numbers.

Solution : The numbers when 311 and 419 are divided by rational numbers and 23 is
reminder, will be greater than 23 and will be common factors of 311 23 =288 and
419 23 = 396.

Let, the set of factors of 288 greater than 23 is 4 and the set of factors of 396 is B.

Here,
288=1x288=2%x144=3%x96=4%x72=6%x48=8%x36=9%x32=12x24=16%18

s A=1{24,32,36,48,72,96,144,288}

Again,
396=1x396=2x198=3x132=4%x99=6x66=9x44=11x36=12x33=18x22
.. B={33,36,44,66,99,132,198, 396}

s AN B=1{24,32,36,48,72,96,144,288} N {33, 36,44, 66,99,132,198,396} = {36}
Bquired setis {36}

Example 14. If U={,234,56,78, A4={,2,6,7}, B={2,356 and
C={4,56,7}, show that, @ (AUBY=AnNPB and ()
AnB)uC=(AvC)NBU(C)

Solution : (i)
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In the figure, U by rectangle and the sets of 4 and B are denoted by two mutually
intersecting circle sets.

set Elements U
A8 B
AUB 1,2,3,4,56,7
(AU B) 4,8
A 3,458
B 1,4,7,8 AN B
ANB 4,8

L (AuBY=4nNPB
Solution : (i7) In figure, U by rectangle and sets of 4,B,C are denoted by three
mutually intersecting circles.

Observe ,
Set Elements
ANB 2,6 N
(AnB)UC 2,4,5,6,7 ‘
AuC 1,2,4,5,6,7 Q%D
BuC 2,3,4,5,6,7 C
ANC)N(BUCO) | 2,4,5,6,7

L(AnByuC=(A4uC)N(BUC)
Example 15. Among 100 students, 92 in Bangla, 80 in Math and 70 have passed in
both subgcts in any exam. Express the information by Venn diagram and find how
many students failed in both subgcts.
Solution : In the Venn diagram, the rectangular region denotes set U of 100
students. and the set of passed students in Bangla and Math are denoted by B and
M . So, the Venn diagram is divided into four dispint sets which are denoted by
P,O,R F.
Here, the set of passed students in both subgcts Q=B M whose numbers of
elements are 70 .

B M v
P = the set of passed students in Bangla only, whose number
of element= 92 -70=18 (@
R = the set of passed student in Math only, whose number of F
elements = 80—-70=10

PUQUR=BUM, the set of passed students in one and both subgcts, whose
number of elements = 18 +10+ 70 =98

F = the set of students who failed in both subgcts, whose number of elements =
100-98 =2

.. 2 students failed in both subgcts.
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Exercise 2.1

Express the following sets in tabular method :

(@) {xe N:x*>9 and x’ <130}

(b) {xeZ:x*>5 and x° <36}

(c) {x e N :x, factors of 36 and multiple of 6}

(d) {xe N:x’ <25 and x* <264}

Express the following sets in set builder method :

(a) {3,5,7,9,11} (b) {1,2,3,4,6,9,12,18,36}

(c) {4,8,12,16,20,24,28, 32,36,40}  (d) {+4,£5,+6}

If 4={2,3,4}, B={1,2,a} and C = {2, a, b}, determine the sets given below:
(a) B\C (b) AUB (c) AnC (d) AuBNC) (e) An(BUC)
If U={,234,567, A={,3,5, B={2,4,6} and C={3,4,5,6,7}, pstify
the followings :

@) (AuB)=AnPB @) (BNnCy=BuCl

(iiiy (AUB)NC=(ANCYU(BNC) (iv)
ANnB)uC=(A4uC)N(BUC(C)

If 0={x,y} and R ={m,n [}, find P(Q) and P(R).

6. If A={a,b}, B={a,b,c} and C =AU B, show that the number of elements of

10.

11.

12.

P(C) is 2", where n is the number of element of C'.

@If (x—-1,y+2)=(y-2,2x+1), find the value of x and y.

(b) If (ax — ¢y, a* — c*) = (0, ay — cx), find the value of (x, y).

(c) If (6x—»,13) =(1,3x +2y), find the value of (x, y).

(@ If P={a}, O={b,c} then, find PxQ and OxP.

(b)If A={3,4,5}, B=1{4,5,6} and C ={x, y}, find (AN B)xC.

e If P={3,57,0=1{57 and R=P\Q, find (PUQ)xR.

If 4 and B are the sets of all factors of 35 and 45 respectively, find AU B
and AN B.

Find the set of the number where 31 is the remainder in each case when 346 and
556 are divided by natural numbers.

Out of 30 students of any class, 20 students like football and 15 students like
cricket. The number of students who like any one of the two is 10. Show with the
help of Venn diagram, the number of students who do not like two of the sports.
Out of 100 students in any exam, 65% in Bangla, 48% in both Bangla and
English have passed and 15% have failed in both subgcts.
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(a) Express the above information by Venn diagram along with brief description.
(b) Find the numbers who have passed only in Bangla and English.

(c) Find the union of two sets of the prime factors of the numbers who have
passed and failed in both subgcts.
Relation
We know, the capital of Bangladesh is Dhaka and that of India is Delhi and Fkistan
is Islamabad. Here, there is a relation of capital with the country. The relation is
countryeapital relations. The above relation can be shown in set as follows:

Relation
Country Capital
Banglades Dhaka
India Delhi
Rkistan Islamabad

That is, countryeapital relation = (Bangla desh, Dhaka), (India, Delhi), (®kistan,
Islamabad)}

If A and B are two sets, the nonzero subset of R of the @itesian product AxB of
the sets is called relation of B from 4.

Here, R is asubsetof Ax B set, thatis, RC AXB.

Example 15. Suppose, 4={3,5} and B ={2,4}

S AxB={3,5}x{2,4=(3,2),(3,4),52),5,4)}

L R=(3,2),3,4),52),65,4)}

If the condition is x >y, R=( 3,2),(5,2),(5,4)}

and if the conditionisx < y, R ={3,4}

If an element of set 4 is x and that of the set B is y and (x, y) € R, we write
x Ry and read as x is related to y . That the element x is R related to element y .

Again, if the relation of a set, from set 4 thatis R < Ax A, R is called A related.
So, if the relation is given between set 4 and B, nonzero subset of ordered pair

(x,y) with y € B related to x € 4, is a relation.

Example 16. If P={2,3,4}, O={4,6} and y =2x is relation under consideration
between the elements of P and Q, find the relation.

Solution : ven that, P =1{2,3,4} and O ={4, 6}

According to the question, R={ x, y):xe€ P, yeQ and y =2x}

Here, PxQ=1{2,3,4}x{4,6} =( 2,4),(2,6),(3,4)(3,6),(4,4),(4,6)}

L R=(2,4),3,0)}
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Bquired relationis  § 2, 4),(3,6)}
Example 17. If 4={,2,3}, B={0,2,4} and the relation x=y—1 is under
consideration between elements of C and D, find the relation.
Solution : en that, A4=1{,2,3}, B={0,2,4}
According to the question, relation R={ x, y):xe 4, ye B and x=y -1}
Here, AxB={1,2,3} x {0,2,4}
=€10),(12),14),(20),(22),(24),3,0),3,2),3 4}
S R=(12),34)}
Activity : If C={2,5,6} D={4,5} and the relation x <y is under consideration
between elements of C and D, find the relation.

Functions
Let us observe the relation between sets 4 and B below :
Here, When y=x+2,

y=3 for x=1 1 \ 7 3
y=4 for x=2 % ] \ ‘;
y=5 for x=3

That is, for each value of x, only one value of y is obtained and the relation
between x and y is made by y=x+2. Hence two variable x and y are so related
that for any value of x, only one value of y is obtained even y is called the
function of x. The function of x is generally expressed by y, f(x), g(x), F(x) etc.
Let, y=x"—2x+3 is a function. Here, for any single value of x, only one value of
y is obtained. Here, both x and y are variables but the value of y depends on the
value of x. So, x is independent variable and y is dependent variable.

Example 18. If 7(x) = x> —4x +3, find f(-1).

Solution : en that, f(x)=x*—4x+3

s fED= (1) —4(-D)+3=1+4+3=8

Example 19. If g(x) = x* + ax’ —3x — 6, for what value of a will be g(-2)=0 ?

Solution : ven that, g(x)= X +ax? -3x—6
5g(-2) = (-2 +a(-2)* -3(-2)-6
=-8+4a+6-6

=—8+4a = 4a-8

But g(-2)=0
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s 4a-8=0

or, 4a =28

or, a=2

sLifa=2, g(-2)=0.

Domain and Range

The first set of elements of the ordered pair of any relation is called its domain and
the set of second elements is called its range.

Let R from set A to set B be a relation, that is, R < Ax B. The set of first
elements included in the ordered pair of R will be domain of R and the set of second
elements will be range of R. The domains of R is expressed as Dom R and range is
expressed as Bnge R.

Example 20. Blation S ={ 2,1),(2,2),(3,2),(4,5)}. Find the domain and range of
the relation.

Solution : Fen that, S=( 2,1),(2,2),(3,2),4,5)}

In the relation S, the first elements of ordered pair are 2,2, 3,4 and second elements
are 1,2,2,5.

. Dom §={2,3,4} andRnge S=1,2,5}

Example 21. If 4={0,1,2,3} and R={ x,y):xe 4,y 4 and y =x+1}, express
R in tabular method and determine Dom R and Rnge R.

Solution : ven that, A4=1{0,1,2,3} and R=( x,y):xe€ 4, yecdand y=x+1}
From the stated conditions of R we get, y =x+1

Now, for each x € 4 we find the value of y =x+1.

x |0 1 2 |3
y |1 2 |3 |4
Since 4¢ 4, 3,4) ¢ R

S R=¢0,1,01,2),(2,3)}

Dom R={0,1,2} and Rnge R=1{1,2,3}

Activity :
1. If §=¢-3,8),(-2,3),(-1,0),(0,-1),(1,0),(2,3)}, find domain and range of
S

2. If S={x,y):xed,yed and y—x=1}, where 4={-3,-2,-1,0}, find
Dom. § and Bange S.

Graphs :
The diagrammatic view of function is called graphs. In order to make the idea of
function clear, the importance of graph is immense. French philosopher and
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mathematician Bne Descartes (1596 —1650) at first played a vital role in establishing
a relation between algebra and geometry. He introduced the modern way to coplanar
geometry by defining the position of point on a plane by two intersecting
perpendicular function. He defined the two intersecting perpendicular lines as axes
and called the point of intersection origin. On any plane, two intersecting
perpendicular straight lines XOX'and YOY' are v

drawn. The position of any point on this plane can
be completely known by these lines. Each of
these straight lines are called axis. Horizontal line 7 )
XOX' is called xaxis, Brpendicular line  YOY' X 1 X
is called yaxis and the point of intersection of -
the two axes O is called origin.

The number with proper signs of the
perpendicular distances of a point in the plane
from the two axis are called the Gbrdinates of
that point. Let P be any point on the plane between the two axes. PM and PN are
drawn perpendicular from the point P to XOX'and YOY' axes respectively. As a
result, PM =ON is the perpendicular distance of the point P from YOY' and
PN =0OM is the perpendicular distance of P from the XOX'. If PM =x and
PN =y, the coordinates of the point P is (x, y). Here, X is called abscissa or x
coerdinate and y is called ordinate or y coerdinate.

y'

In fitesian coerdinate, the geometrical  figure is shown easily. For this reason,
generally we put the independent value along the X axis and the dependent value
along the Y axis. For some values of independent variables from the domain, we
find the similar values of dependent variables and form ordered pair to draw the
graphs of the function ¥ =/(x). Then place the ordered pair under (x, y) and pint the
obtained points in freehands which is the graph of the function ¥ =/(x),

Example 22. Draw the graph of the function y = 2x; where —3<x <3 .

Solution : In the domain —3<x<3, for some y

values of x, we determine some values of ) and

form a table :
x|3 2 1 o 1 2 3 s
yie |4 2 0 2 4 6 X : X

On the graph paper, taking the length of square as - ’

unit, we identify points of the table on the place and

pint the points in free hand.
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f 1 +1
3x+1 X
Example 23. If f(x)= , find the value of .
3x-1 1
f—-|-1
X
Solution : ten  f(x) = Sxtl
x—1
3o—+1 —+1
1 X X =3 +x Lo
f [j = =3 = [multiplying the numerator and the
x) 3.1y 2 3—x
X X

denomination by x |

1

—|+1
f(xj _=3+x+3-x
f(l)—l 3+x-3+x

X

or, , [By componendo -Dividendo]

Bquire value is

3

_ 2
Example 24. 1 £(3) =21 how that f(lJ: f-y)
y(-y) y

y3—3y2+1
yd=y)
3 2 3
m _3@ b ey
n f l = Y Y = y3
Y 1t y-1
yu oy v’
=l—3»y+y3>< ¥’ _l—3y+y3
v y=1 y(y-D
_ 3 _ _ 2
again, (1 y)~ =2 =31y’ +1
(I=-»{1--»)}
_ 1-3y+3y" —y* =3(1-2y+y*)+1
(1=y)A-1+y)

Solution : Gen, f(y)=
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_ 1-3y+3y° =y’ =3+6y-3y> +1

yd-y)
_ —13y—y' —(1-3y+yY)
yi-y)  =y(-D
_ 1—3y+y3
(-1

- f(lj=f0—y)
y

Exercise 2-2

Which one is the set of factors of 4 ?

(a) {8,16,24...}  (b) (1,2,3,4,8} (c)2,6,8} d) {2}

If a relation of set B from set C is R, which one of the following is right ?
(a RcC (b) RcB (¢c) RcCxB (d CxBcCR

If 4={6,7,8,9,10,11,12,13}, answer the following questions :

(/) Which one is builder method of set 4 ?

(a) {xeN: 6<x<13} (b) {xeN: 6<x<13}

(©) {xeN: 6<x<I13} (d) {xeN: 6<x<13}

(if) Which one is the set of prime numbers ?

(a) {6,8,10,12} (b) {7, 9,11,13} (c) {7, 11, 13} (d) A=1{9, 12}

(iii) Which is the set of multiple of 3 ?

@69 61 (©10O.12 @609 12

(iv) Which is the set of factor of greater even number ?

(a) {1, 13} (b) {1, 2, 3, 6} (© {L 3, 9} (d {1, 2,3, 4,6, 12}
If A={3,4f B={2,4}, find the relation between elements of 4 and B
considering x > y.

If C={2,5} D=1{4,6} and find the relation between element of C and D
considering relation x +1< y.

If f(x)=x*+5x-3, the find value of f(-1), f(2) and f(;j
If f(y)=y’+ky’—4y-8, for which value of k will be f(-2)=0.
If f(x)=x"-6x"+11x—6, for which value of X willbe f(x)=0.
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10.

11.

12.

13.

14.

15.

(@)
(b)
©
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1
1 (—) +1
I £(0) =2 find the value of "\ )

2x-1 f(izj_l

2 4
If g(x)= l—i-x% , show that, g(lzj =g(x%)
X x

Find the domain and range of the following relations :
(a) R :Q 2) 1)9 (23 2)9 (27 3)} (b) N :q _29 4)9 (_l: 1)9 (Oa 0)) (17 1)9(2a 4)}

1 5 5
(C) F= {(23 0)7 (la 1)9 (13 _1)7 [E’ 2} (5’ _2)}

Express the relations in tabular method and find domain and range of following
relations :

(@ R=(x,y): xeA, ye 4 and x+y=1} where 4={-2,-1,0,1,2}
®) F=€ x,y): xeC, yeC and x=2y} where C ={-1,0,1,1,3}

Bt the points (-3, 2), (0,-5), G, —Zj on graph paper.

Bt the three points (1, 2), (-1,1), (11,7) on graph paper and show the three
points are on the same straight line.
hiversalset U ={x: xe N and x is an odd number}

A={xeN:2<x<T7}
B={xeN:3<x<6}
C={xeN:x*>5and x’ <130}
Express A in tabular method.

Find 4" and C - B.

Find BxC and P(ANC).



Chapter Three
Algebraic Expressions

Algebraic formulae are used to solve many algebraic problems. Moreover, many
algebraic expressions are presented by resolving them into factors. That is why the
problem solved by algebraic formulae and the contents of resolving expressions into
factors by making suitable for the students have been presented in this chapter.
Moreover, different types of mathematical problems can be solved by resolving into
factors with the help of algebraic formulae. In the previous class, algebraic formulae
and their related corollaries have been discussed elaborately. In this chapter, those
are reiterated and some of their applications are presented through examples.
Besides, extension of the formulae of square and cube, resolution into factors using
remainder theorem and formation of algebraic formulae and their applications in
solving practical problems have been discussed here in detail.

At the end of the chapter, the students will be able to —

»  Expand the formulae of square and cube by applying algebraic formulae

»  Explain the remainder theorem and resolve into factors by applying the
theorem

»  Form algebraic formulae for solving real life problems and solve the problems
by applying the formulae.

3-1 Algebraic Expressions

Meaningful organization of operational signs and numerical letter symbols is called
algebraic expression. Such as,2a+3b—4c is an algebraic expression. In algebraic
expression, different types of information are expressed through the letters
a,b,c, p,q, r,mn,x, Y, z, ..... etc. These alphabet are used to solve different types of
problems related to algebraic expressions. In arithmetic, only positive numbers are
used, where as, in algebra, both positive and negative numbers including zero are
used. Algebra is the generalization form of arithmetic. The numbers used in
algebraic expressions are constants, their values are fixed.

The letter symbols used in algebraic expressions are variables, their values are not
fixed, they can be of any value.

3.2 Algebraic Formulae

Any general rule or resolution expressed by algebraic symbols is called Algebraic
Formula. In class VII and VIII, algebraic formulae and related corollaries have been

discussed. In this chapter, some applications are presented on the basis of that
discussion.
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Formula 1. (a+b)* =a’* +2ab+b*
Formula 2. (a—b)’ =a’ —2ab+ b’
Remark : It is seen from formula 1 and formula 2 that, adding 2ab or — 2ab with
a*+b*, we get a perfect square, i.e. we get, (a+b)> or (a—b)*. Substituting
—binstead of b in formula 1, we get formula 2 :
{a+(-b)}* = a* + 2a(-b) + (-b)*
That is, (a—b)* =a*> —2ab+b*.
Corollary 1. &’ +b* = (a+b)* —2ab
Corollary 2. a* +b* = (a—b)* +2ab
Corollary 3. (a+b)* = (a—b)* +4ab
Proof : (a+b)* =a*+2ab+b*
= a* —2ab +b* +4ab
= (a—b)* + 4ab
Corollary 4. (a—b)* = (a+b)* —4ab
Proof : (a—b)’ =a* —2ab+b*
= a* +2ab+b* —4ab
= (a+b)* —4ab
_(a+b)’ +(a-b)’
- 2
Proof : From formula 1 and formula 2,
a* +2ab +b* = (a+b)*
a* —2ab+b* =(a—b)
Adding, 24> + 2b* =(a+b)* +(a—b)
or, 2a*+b*)=(a+b)*+(a-b)

2 Ay
Hence, (a”—bﬂzw

a+b\’ (a-b)’
Corollary 6. ab = 5 -

Corollary 5. a* + b’

2
Proof : From formula 1 and formula 2,

a* +2ab+b* = (a+b)*
a* —2ab+b* = (a-b)’
Subtracting,  4ab =(a+b)* —(a-b)
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_(a+b)’ (a-b)’
4 4

a+b\’ a-b\)’
Hence, ab = -
2 2

Remark : Bduct of any two quantities can be expressed as the difference of two
squares by applying the corollary 6.

or, ab

Formula 3. &’ —b*=(a+b)(a—b)

That is, the difference of the squares of two expressions = sum of two expressions x
difference of two expressions.

Formula 4. (x + a)(x + b) = x> + (a +b) x + ab
That s, (x +a)(x +b) = x? + (algebraic sum of aand b) x + (the product of a and b)

Extension of Formula for Square
There are three terms in the expression a+b+c. It can be considered the sum of
two terms (a + b) and c.

Therefore, by applying formula 1, the square of the expression a + b+ ¢ is,
(a+b+c) =€ a+b)+c}?
(a+b)P?+2a+b)+c?

= &% +2ab + b* + 2ac + 2bc + *

a* +b* +c* +2ab + 2bc + 2ac .
Formula 5. (a+b+c)* =a* +b* +¢* +2ab+2bc + 2ac .

Corollary 7. a*+b*+¢* =(a+b+c)* —2(ab+bc +ac)
Corollary 8. 2(ab+bc+ac)=(a+b+c)* —(a* +b* +c?)
Observe : Applying formula 5, we get,
() (a+b-c)y ={a+b+(—)}*
= & +b* + (=) + 2ab + 2b(~c) + 2a(—c)
a* + b+ +2ab—2bc —2ac
(ii) (a—b+c)* ={a+(-b)+c}?
= & +(=b)* + ¢* + 2a(~b) + 2(~-b)c + 2ac
= a* +b*+* —2ab—2bc +2ac
(iii) (a—b—c)* ={a+(=b)+ (=)}’
= & +(=b)* + (—¢)* + 2a(=b) + 2(~b)(~c) + 2a(~c)
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= a’ +b* +c* —2ab+2bc - 2ac
Example 1. What is the square of (4x+5y) ?
Solution : (4x+5y)” = (4x)*> +2x (4x)x (5y)+(5y)
= 16x> +40xy + 257
Example 2. What is the square of (3a —7b) ?
Solution : (3a—7b)* = (3a)* —2x(3a)x(7b) +(7b)*
= 9a” —42ab+49b’
Example 3. Find the square of 996 by applying the formula of square.
Solution : (996)* = (1000 — 4)*
= (1000)> =2x1000x 4 + (4)*
=1000000—-8000+16
=1000016-8000

= 992016
Example 4. What is the square of a+b+c+d ?

Solution : (a+b+c+d)* = a+b)+(c+d)}

= (a+b)’* +2(a+b)(c+d)+(c+d)’

=g’ +2ab+b* +2(ac+ad +bc +bd) + c* +2c¢d + d*
a® +2ab+b* + 2ac + 2ad + 2bc + 2bd + ¢ + 2cd + d*
a* +b” +c*+d” +2ab+2ac+2ad + 2bc + 2bd + 2cd

Activity : Find the square with the help of the formulae :
1. 3xy +2ax 2. 4x -3y 3. x-5y+2z

Example 5. Simplify :
Gx+Ty+32)° +2(Tx—Ty =32)(5x + 7y +3z) + (Tx - 7y — 3z)
Solution : Let, 5x+7y+3z=a and 7x-7y-3z=5b
. ¥en expression = @’ +2.ba+b’
= a*> +2ab+ b’
= (a+b)’
= 5x+7y+32)+(Tx-Ty-32)}
[substituting the values of a and 5 ]
=(5x+7Ty+3z+Tx-Ty-32)°
= (12x)°
= 144x*

Math-IX-X, Forma-6
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Example 6. If x— y =2 and xy =24, what is the value of x+y ?
Solution : (x+y)* = (x—y)* +4xy =(2)* +4x24 =4+96 =100
ox+y=14100 =+10
Example 7. If a*+a’h*> +b*=3 and @’ +ab+b*> =3, what is the value of
a’+b*?
Solution : a* +a’b* +b* =(a*)* +2a°b* +(b*)* —a’b’
= (a* +b*)* —(ab)’
(a® +b* +ab)(a® +b* —ab)
= (a* +ab+b*)(a® —ab+b*)
. 3=3(a’ —ab+b*) [substituting the values]

or, a* —ab+b* :%:1
Now adding, a® + ab+b*> =3 and a’ —ab+b* =1 we get, 2(a* +b*) =4
or, a’ +b’ _4,
2
Lat+br=2
Example 8. Bove that, (a+b)* —(a—b)* =8ab(a’ +b?)
Solution : (a+b)* —(a—b)* = a+b)’}* —( a—b)*}’
=(a+b’+(@-b’§{ a+b)’—(a-b*}
= 2(a’ +b*)x4ab
[ (a+b) +(a—b)* =2(a’ +b*) and (a+b)’ —(a—b)* =4ab]
= 8ab(a® +b*)
o (a+b) —(a—b)* =8ab(a® +b?)

Example 9. If a+b+c=15 and a® +b*> + ¢* =83, what is the value of
ab+bc+ac?

Soluton : Alternative method,
Here, 2(ab + bc + ac) We know ,

(a+b+c) =(a* +b* +c*)+2(ab + bc + ac)
=(a+b+c) —(a’+b +c") | or, (15)> =83+ 2(ab+be+ac)

= (15)* - 83 or, 22583 = 2(ab + be + ac)
=225-83 or, 2(ab + bc + ac) =142
=142
142 ab+bc+ac=£=7l
" ab+bc+ac=7:7l 2
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Example 10. If a+b+c¢ =2 and ab+bc+ac =1, what is the value of
(a+b)> +(b+c) +(c+a)*?
Solution : (a+5)> +(b+c)* +(c+a)’

=a’>+2ab+b* +b*> +2bc+c* + ¢’ +2ca+a’

= (a* +b*> +c* +2ab+2bc+2ca)+(a* +b* +¢?)

=(a+b+c) +{ a+b+c)* —2(ab+bc+ac)}

= (2 +(2)* -2x1

=4+4-2=8-2=6
Example 11. Express (2x +3y)(4x —5y) as the difference of two squares.
Solution : Let, 2x+3y=a and 4x-5y =5

N P (a+bjz (afbjz
. ¥en expression = gp = _

2 2

2 2
= (2x+3y;4x—5y] _[2x+3y;4x+5y) [substituting the values of a and b ]

_ (6x—2y)2 _(8y—2xj2
2 2

_ (2(3x_y)]2 _(2(4y—x)j2
2 2

= (Bx-y)’-(4y-x)’
S (2x+3y)@x-5y)=0Bx - y)2 —(4y - x)*

Activity : 1. Simplify : (4x +3y)> +2(4x +3y)(4x —3y) + (4x - 3y)’
2.If x+y+z=12 and x* + y* + 2z =50, find the
value of (x — )’ +(y—2)* +(z—x)*.

Exercise 3-1

1. Find the square with the help of the formulae :
(a) 2a+3b (b) 2ab | 3pe (c) x’ +i (d) a+l (e) 4y—5x (f) ab—c
y a

2

(g) 5x* =y (h) x+2y+4z () 3p+4g—-5r () 3b—5c—2a (k) ax—by—cz
M a-b+c—d (m)2a+3x-2y-5z (n) 101 (0) 997  (p) 1007

2. Simplify :
@) Qa+7)+2Qa+7)QRa-7)+12a-17)

43
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(b) B3x+2y)* +2(3x+2»)(3x—2y)+(3x—2y)’

(©) (Tp+3r=5x)* =2(7p+3r-5x)8p—4r—5x)+(8p—4r—>5x)°

(d) @m+3n—p)> +@2m-3n+ p)* —2Q2m+3n— p)2m—23n+ p)

(€) 6-35%6-354+2x6-35x3-65+3-65%3-65

(f) 5874x5874+3774x3774—-7548%x 5874
7529%7529-7519% 7519

® 7529 +7519
(h) 2345x2345-759x759
2345-759

If a—b=4 and ab =60, what is the value of a+b ?
If a+b=7 and ab =12, what is the value of a—b ?

If a+b=9m and ab=18m’, what is the value of a—b ?
If x—y=2 and xy =63, what is the value of x> + y* ?

AN

7. If x—1=4,provethat, x4+i4:322.
X X

8. If 2x+g:3,whatisthevalueof x2+i2 ?
x x

9. If a+l:2, show that, a2+%:a4+i4.
a a a

10. If a+b=+/7 and a—b=+/5, prove that, 8ab(a’ +b*) =24
11. Ifa+b+c=9 and ab+ bc + ca =31, find the value of a® +b* +¢>.
12. If &> +b* +c* =9 and ab+bc+ca=8, what is the value of (a+b+c)* ?
13. If a+b+c=6and a®+b*+c* =14, find the value of
(a=b)*+(b-c) +(c—a)’.
14. If x+y+z=10 and xy+ yz + zx = 31, what is the value of
x+») +(+z) +(z+x)?
15. If x=3,y=4and z=5 find the value of
9x* +16y° +4z> —24xy —16yz +122x.

) N 2,2 2 2\?
16. Bove that, (x y] _[x yj I |2 =2 .
2 2 2 2

17. Express (a+2b)(3a+2c) as the difference of two squares.

18. Express (x+7)(x—9) as the difference of two squares.

19. Express x° +10x+ 24 as the difference of two squares.
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20. Ifa* +a’b*> +b* =8 and a® + ab + b* = 4, find the value of (i) a* + b, (ii) ab.
3-:3 Formulae of Cubes
Formula 6. (a+b)’ =a’ +3a*b+3ab* + b’

=a +b +3ab(a+b)

Proof : (a+b)’ =(a+b)a+b)’

= (a+b)(a* +2ab+b*)
a(a® +2ab +b*) + b(a® + 2ab + b*)
a’ +2a*b+ab® +a’b+2ab* +b’
a’ +3a*b+3ab*> + b’

=a’ +b° +3ab(a+Db)
Corollary 9. o’ +b° =(a+b)’ —3ab(a+b)
Formula 7. (a—b)’ = a’ —3a’b +3ab*> - b’

=a’-b*-3ab(a-b)

Proof : (a—b)’ =(a—b)(a—-b)’
(a-b)(a® —2ab+b%)
a(a® —2ab+b*)—b(a* —2ab+b*)
=a’ -2a’b+ab”> —a’b+2ab> - b’
a®=3a*b+3ab®> - b’

=a’ -b*-3ab(a-b)
Observe : Substituting — b instead of 4 in formula 6, we get formula 7 :

{a+(=b)Y =a’ + (=b)’ +3a(-b){a+ (-b)}

That is, (a—b)’ =a’ —b*> —3ab(a—b)
Corollary 10. a* —b* = (a—b)* +3ab(a-b)
Formula 8. &’ +b° = (a+b)(a® —ab+b*)
Proof : &’ +b° =(a+b)’ —3ab(a+b)

= (a+b){ a+b)’ —3ab}

= (a+b)(a* +2ab+b* —3ab)

= (a+b)a® —ab+b*)
Formula 9. &’ —b* =(a—b)(a* +ab+b?)
Proof : @’ — b’ = (a—b)’ +3ab(a—-b)

= (a—b){ a—b)* +3ab}
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= (a—b)(a* —2ab +b* + 3ab)
= (a-b)a* +ab+1b?)

Example 12. Find the cube of 2x+3y.

Solution : (2x +3y)’ = (2x)’ +3(2x)* -3y +3-2x(3y)> + (3y)’
=8x* +3-4x> -3y +3-2x-9y* +27y°
= 8x’ +36x7y + 54xy” +27)°

Example 13. Find the cube of 2x—y .

Solution : (2x—y)’ =(2x)’ -=3-(2x)°y+3-2x-y* -’

=8x’ =3-4x’y+6xp° -y’
= 8x’ —12x*y +6xy° —y°
Activity : Find the cube with the help of the formulae.
1. 3x+2y 2. 3x—-4y 3. 397

Example 14. If x =37, what is the value of 8x* +72x* +216x+216 ?
Solution : 8x” +72x* +216x+216

= (2x)’ +3-(2x)* -6 +3-2x.(6)> +(6)’

= (2x+6)*

= (2x37 + 6)’ [substituting the values]

= (74+6)

= (80’

= 512000
Example 15. If x— y =8 and xy =5, what is the value of x* — y° +8(x + y)* ?
Solution : x° — y* +8(x + y)’

= (x=2)" +3xp(x =) +8{ x~»)" +4xy}

= (8)’ +3x5x8+8(8> +4x5) [substituting the values]

=8’ +15x8+8(64 + 20)

=8’ +15x8+8x84

= 8(8° +15+84)

= (64 +15+84)

=8x163
=1304
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Example 16. If a® —+/3a+1=0, what is the value of o’ + % ?
a
Solution : Gen that, a’ —+/3a+1=0

2
or, > +1=1/3a or, & +1:\B

a
a 1 1
or, —+—=4/3 or, a+—=A3
a a a
. ;1
.. (ven expression = a” +—
a

3] 2ot
=la+—| -3a-—|a+—
a a a

- (3)-3(5) rrart=43]

a

=3J3-33

=0
Example 17. Simplify :
(a=b)a* +ab+b*)+(b—c)b* +bc+c)+(c—a)(c* +ca+a®)
Solution : (a—>b)(a* +ab+b>)+(b—c)b* +bc+c*)+(c—a)(c® +ca+a®)
@ -0+ -+’ -a
=0

Example 18. If a =+/3 ++/2, prove that, a* + i} =184/3.
a

Solution : (wen that, a= J3+42
1 1

a 3+42
= Q/g \\/@_X\/g 75 )[multiplying numerator and denominator by Qg -2 )
4 _
_ 32 _3-\2
(OEONENES
NN

a+é:(ﬁ+ﬁ)+(ﬁ—ﬁ)
= 3+42+43-42=243
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3
Now, a3+%=[a+lj —3‘a~l(a+lj
a a a a

- €43)-3(23) [‘.'a+é:2\/§]
= 23.@)3_:%(2\/5
=8-343-643

=243 -643
= 18y/3 (proved)

Activity : 1. If x = -2, what is the value of 27x’ —54x* +36x—8 ?
2. If a+b=5 and ab=6, find the value of o’ +b° + 4(a—b)*.

3.1f x =+/5 + /3, find the value of x3+i3 )
p

N kW

Exercise 3-2

Find the cube with the help of the formulae :

(a) 2x+5 (b) 2x* +3y” (c) 4a—5x" (d) Tm* —2n (e) 403 (f) 998
(g) 2a-b-3c (h) 2x+3y+z
Simplify :

(a) (4a—-3b)’ —3(4a—3b)*(2a—3b)+3(4a—3b)(2a—3b)* — (2a-3b)’
() 2x+ )’ +32x+ )’ 2x—»)+32x+ »)2x—y)* +(2x—y)’

(©) (7x+3b)* —(5x+3b)* —6x(7x+3b)(5x +3b)

@) (x=15° +(16-x)* +3(x—15)16—x)

(e) (a+b+c)’ —(a=b—c)’ —6(b+c){a’ —(b+c)*}

) (m+n)® —(m—-n)* =12mn(m* —n*)*

(@) (x+ ) —xp+ Y )+ (y+2)(y* —yz+27) + (z+x)(2" —2x +x7)
(h) 2x+3y—4z)’ + (2x -3y +4z2)’ +12x{4x> —(3y—4z)*}

If a—b=5 and ab =36, what is the value of a° —5* ?

If @® —b* =513 and a—b =3, what is the value of ab ?

If x=19 and y=-12, find the value of 8x° + 36x”y + 54xy” +27y°.

If a =15, what is the value of 8a® + 60a* +150a +130 ?
If a=7 and b =-5, what is the value of
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(Ba—5b)’ + (4b—2a)* +3(a — b)(3a — 5b)(4b —2a) ?

If a+b=m,a’+b>=nand a’ +b’ = p’, show that, m’ +2p° =3mn.
9. If x+y=1,showthat, x’ + )’ —xy =(x—y)’
10. If a+b=3 and ab =2, find the value of (a) a* —ab+b* and (b) o’ +b>.
11. If a—b=>5 and ab =36, find the value of (a) a’ + ab+b* and (b) a* —b°.

12. If m+i:a, find the value of i’ +L}.
m m

13. If x—l:p,ﬁndthevalue of x’ —L}.
x x

14. If a—lzl,showthat, a —%:4.
a a

15. If a+b+c=0, show that,

2 2 2
(b+¢) +(c+a) +(a+b) _
3bc 3ca 3ab

16. If p—q=r,showthat, p’ —¢’ —r’ =3pqr

17. 1f 2x— 2 =3, show that, 8(x3 —13):63.
X

I.

(a) &’ +b* +c’ =3abc (b)

X
6
a -1

T -
a

19. Ifx3+i3:l8ﬁ,provethat, x=+3+42.
x

18. If a=+/6 ++/5, find the value of

20. If a* —a® +1=0, prove that, a3+%:0,
a

3-4 Resolution into Factors

If an expression is equal to the product of two or more expressions, each of the latter

expressions is called a factor of the former expression.

After finding the possible factors of any algebraic expression and then expressing the

expression as the product of these factors are called factorization or resolution into

factors.

The algebraic expressions may consist of one or more terms. So, the factors may also

contain one or more terms.

Some process of resolving expressions into factors :

(a) If any polynomial expression has common factor in every term, at first
they are to be found out. For example,

(i) 3a’*b+6ab* +12a*b* =3ab(a+2b +4ab)

Math-IX-X, Forma-7
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(i) 2ab(x—y)+2bc(x—y)+3ca(x—y)=(x—y)2ab+ 2bc + 3ca)
(b) Expressing an expression in the form of a perfect square ;
Example 1. Bsolve into factors :  4x” +12x+9.
Solution : 4x> +12x+9=(2x)> +2x2xx3+(3)’
= (2x+3)* =(2x+3)(2x+3)
Example 2. Bsolve into factors :  9x” —30xy +25y°.
Solution : 9x* —30xy + 257
= (3x)> =2x3x x5y +(5y)
= (3x-5y)’ =(3x-5y)(3x-5y)
(c) Expressing an expression as the difference of two squares and then applying
the formula o’ —b° = (a+b)(a—b):
Example 3. Bslove into factors :  a® —1+2b—b>.
Solution : a*> —1+2b-b> =a* —(b> —=2b+1)
a—b-1)"={a+(B-1)f a-(b-1)}
(a+b-D(a-b+1)
Example 4. Bsolve into factors :  a* +64b* .
Solution : a* +64b* = (a*)* +(8b%)*
= (a*) + 2 x d* x8b* + (8b*)* — 164°h*
= (a* +8b%)* — (4ab)’
= (a* +8b* + 4ab)(da* + 8b* — 4ab)
= (a* +4ab+8b*)(a’ —4ab+8b*)
Activity : Bsolve into factors :
1. abx* + acx® + adx* 2. xa* —144xb* 3. x*—2xy—4y—4

(d) Using the formula x* + (a + b)x + ab = (x + a)(x + b):
Example 5. Bsolve into factors :  x* +12x +35.
Solution : x* +12x+35=x>+(5+7)x+5x7

=(x+5x+7)
In this method, a polynomial of the form x>+ px+g¢ can be factorized, if two
integers a and b can be found so that, it is a+b = p and ab =gq. For this, two
factors of ¢ with their signs are to be taken whose algebraic sumis p.If ¢>0, a
and b will be of same signs and if ¢ <0, a and b will be of opposite signs.
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Example 6. Bsolve into factors : x> —5x+6.
Solution : x* —5x+6 = x> + (=2 = 3)x + (-2)(-3)
=x-2)(x-3)

Example 7. Bsolve into factors :  x* —2x—35.
Solution : x* —2x-35

= x? + (=T +5)x+(T)(+5)

=(x-7)(x+5)
Example 8. Bsolve into factors :  x* + x—20.
Solution : x* + x —20
¥ +(G5-Hx+5)(-4)
(x+5)(x—-4)

(¢) By middle term break-up method of polynomial of the form of ax’+bx+c:

If ax® +bx + ¢ = (re + p)(sx + q)

ax® +bx +c =rsx> +(rq + sp)x + pq

Thatis, a=rs,b=rq+sp and c = pq .

Hence, ac = rspq = (rq)(sp) and b =rq + sp

Therefore, to determine factors of the polynomial ax* +bx+c, ac that is, the

product of the coefficient of x*and the term free from x are to be expressed into two
such factors whose algebraic sum is equal to b, the coefficient of x.

Example 9. Bsolve into factors :  12x” +35x +18.
Solution : 12x* +35x+18
Here, 12x18=216=27x8 and 27 +8 =35
S 12x7 +35x +18=12x" +27x +8x + 18
=3x(4x+9)+2(4x+9)
= (4x+9)(Bx+2)
Example 10. Bsolve into factors :  3x* —x —14.
Solution : 3x* —x—14=3x"—7x+6x—14
=xBx=-7)+23Bx-17)
=0Bx-7x+2)
Activity : Bsolve into factors :
1. x> +x—56 2. 16x° — 46x” +15x 3.12x° +17x +6
(f) Expressing the expression in the form of perfect cubes :
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Example 11. Bsolve into factors :  8x® +36x%y + 54x)” +27)° .
Solution : 8x’ +36x°y + 54x)” +27)°
= (2x) +3x(2x)* x3y +3x 2xx 3y)* + (3y)’
= (2x+3y)’ = 2x +3y)(2x +3)(2x + 3))
(2) Applying the formulae: @’ +b° = (a +b)a” —ab + b*) and
a’—b’ =(a-b)a* +ab+b*):
Example 12. Bsolve into factors : (i) 8a’ +27b° (ii) a°—64
Solution : (/) 8a° +27b° = (2a)* + (3b)’
= (2a +3b){ 2a)* —2ax3b + (3b)*}
= (2a + 3b)(4d* — 6ab + 9b*)
(i) a®-64 = (a*)’ —(4)° Alternative method :
6 _ 352 2
— (P PP+ xb+ (@R a’ —64 =(a’)" -8
3 3
= (& —4)(a* + 4> +16) = (@ +8)(@ -8¥)
=(d® +2)a® -2}
But, a—d=a’-2 = (@+2a-2) | @ °F )E“ ) i
and @+ 4 +16 = (@ + @) + 4 =(a+2)a" -2a+4)x(a-2)a +2a+4)
@+ 47— 2D ) + 4" = (a+2)(a-2)a* +2a+4)(a’ -2a+4)
a —2(a a

= (@ +4’ -4d°
= (d* +4)* - 2a)*
= (a* + 4+ 2a)(a* + 4 2a)
= (* +2a+4)(a* —2a+4)
. a®—64
=(a+2)(a-2)(a* +2a+4)(a* -2a+4)
Activity : Bsolve into factors:
1. 2x*+16x 2. 8—d’+3a*b-3ab*+b> 3. (a+b)’ +(a—b)

(h) Factors of the expression with fractional coefficients :
Factors of the expressions with fraction may be expressed in different ways.

For example, a’ + 1 _ss ls = [a + lj(az 4y 1)
27 3 3 3 9

. 11 1
Again, @® + —=—27a° +1) = —( 3a)’ + 1)’}
gain, @+~ 27( a +1) 27({ ay” + (1)}
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= % Ba+1)(9d* —3a+1)

Here, in the second solution, the factors involving the variables are with integral
coefficients. This result can be expressed as the first solution :

% Ba+1)(9a* —3a+1)

= é(3a+l)xé(9az—3a+l)

el

Example 13. Bsolve into factors :  x* + 6x”y +11xy” +6)° .
Solution : x* +6x%y +11x)° +6)°

= {xX*+3-x72y+3-x(2y)’ + 2y)’ —xp* =2)°

= (x+2y) -y} (x+2y)

= (x+20) x+2)° =y}

= (x+2y)x + 2y + p)(x+2y - y)

= (x+2y)(x +3y)(x+y)

= (x+ »)(x +2y)(x +3y)

Activity : Bsolve into factors:

1. lx2+zx+l 2. 613-1—l 3. 16x* =25y —8xz+10yz
2 6 3 8

Exercise 3-3
Bsolve into factors (1 to 43) :

1 a*+ab+ac+bc 2. ab+a-b-1

300 =)+ +(x=»)(r+2)+(x=y)Nz+x) 4. ab(x—y)—bc(x—y)
5. 9x*+24x+16 6. a*-27a+1

7 xt—6xty? +y* 8. (& —b))(x*—y*)+4abxy

9. 4a*-12ab+9b* —4c? 10. 9x*—454°x* + 364"

1. a*+6a+8—y>+2y 12. 16x*—25y* —8xz+10yz

13. 2p%c? +2c%a* +24°h* —a* —b* —c* 14. x> +13x+36
15. x*+x*-20 16. a*—30a+216
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17. x5 -6
19. a*h*—8ab—105
21, 4x*-25x*+36

23, 9x’y? —5xp* —14)*

25. ax*+(a*+)x+a

18.

20.
22.
24.

26.

27, 14(x+2)* =29(x + z)(x +1) = 15(x + 1)
28.  (4a—3b)* —2(4a - 3b)(a + 2b) — 35(a + 2b)

29. (a-Dx*+d*xy+(a+1))*

31, (@ +b°Y +84°V°
33. &—6a*+12a-9

35. 8 +12x*+6x-63

37. &——

39. 4a2+41—2—2+4a—
a

41, (x+5)(x-9)-15

43, (x=D(x=3)(x-5)(x—7)—64

30.
32.
34.

36.

38.

40.
42.

ad-a*-2

x* —37a—-650

12x% —38x+20

4x* = 27x* -81

3(a* +2a)* —22(a* + 2a) + 40

24x* —3x
2 +3x%+3x+2

a -9 +(a+b)’

3
8a’ + b—

27
is —p°
27

Ba+1)*-(2a=3)
(x+2)(x +3)(x +4)(x +5)—48

44. Show that, x* +9x> +26x+24 = (x + 2)(x +3)(x + 4)
45. Show that, (x+1)(x +2)(3x —1)(3x —4) = 3x* + 2x - 1)(3x* + 2x —8)

3-5 Remainder Theorem
We observe the following example :

If 6x> —7x +5 is divided by x —1, the what is quotient and remainder?

Dividing 6x* —7x +5 by x—1 in common way, we get,

x—1) 6x*=7x+5 (6x—1

6x* —6x

—-x+5

—x+1
el

4

Math

Here, x —1 is divisor, 6x* —7x +5 is dividend, 6x—1 is quotient and 4 is remainder.
We know, dividend = divisor x quotient temainder
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Now, if we indicate the dividend by f(x), the quotient by A(x), the remainder by r
and the divisor by (x —a), from the above formula, we get,

f)=@x—a)-h(x)+r ... (i) this formula is true to all values of a.

Substituting x = a in both sides of (i), we get,

fl@)=(a—-a)-h(a)+r=0-h(a)+r=r

Hence, r= f(a).

Therefore, if f(x) is divided by (x—a), the remainder is f(a). This formula is
known as remainder theorem. That is, the remainder theorem gives the remainder
when a polynomial f(x) of positive degree is divided by (x —a) without performing
actual division. The degree of the divisor polynomial (x —a) is 1. If the divisor is a

factor of the dividend, the remainder will be zero and if it is not zero, the remainder
will be a number other than zero.

Proposition : If the degree of f(x) is positive and a=0, f(x) is divided by
(ax + b), remainder is f(— é)

a
Proof : Degree of the divisor ax+b, (a#0) is 1.
Hence, we can write,

f(x)=(ax+b)-h(x)+r=a(x+éj~h(x)+r
a

Lf(x) :[x+éj-a-h(x)+r
a
Observe that, if f(x) is divided by ( Y+ ﬁ], quotient is a- h(x) and remainder is r.
a
Here, divisor = , _ (_ ﬁj

a

Hence, according to remainder theorem, , = f(_ é)
a

Therefore, if f(x) is divided by (ax + b), remainder is f(— b) .

a
Corollary : (x—a) will be a factor of f(x), if and only if f(a)=0.

Proof : Let, f(a)=0

Therefore, according to remainder theorem, if f(x) is divided by (x—a), the
remainder will be zero. That is, (x —a) will be a factor of f(x).

Ghversely, let, (x—a) is a factor of f(x).

Therefore, f(x)=(x—a)-h(x), where A(x) is a polynomial.

Btting x = a in both sides, we get,



56 Math

Sfla)=(a—a)-h(a)=0

- fla)=0.

Hence, any polynomial f(x) will be divisible by (x—a), if and only if f(a)=0.
This formula is known as factorisation theorem or factor theorem.

Corollary : If a#0, the polynomial ax+b will be a factor of any polynomial

f(x), if and only if f(—bjzo.

a

Proof : a#0,ax+b= a(x + I;) will be a factor of f(x), if and only if (x + bj =
a

x— (— Zj is a factor of f(x), i.e. if and only if f(— ZJ =0. This method of
determining the factors of polynomial with the help of the remainder theorem is also
called the Vanishing method.
Example 1. Bsolve into factors: x> —x—6.
Solution : Here, f(x)=x>—x—6 is a polynomial. The factors of the constant — 6
arex1,£2, +3 and £6.
Btting, x=1,—1, we see that the value of f(x) is not zero.
But putting x = 2, we see that the value of f(x) is zero.
ie, f(2)=2’-2-6=8-2-6=0
Hence, x—2 is a factor of f(x)
o f()=x-x-6
=X’ =2x" +2x* —4x+3x-6
= xX*(x=2)+2x(x—2) +3(x —2)
(x —2)(x* +2x +3)

Example 2. Bsolve into factors :  x° —3xy® +2)°.
Solution: Here, consider x a variable and y a constant.
We consider the given expression a polynomial of x.
Let, f(x)=x"—3x?%+2)°
Then, f(y)=1’-3y-y*+2y° =3y’ -3)° =0
- (x—y) is a factor of f(x).
Now, x° —3x)* +2)° Again let, g(x)=x"+xy—2y°

=x-xy+xty-nt-207+2)° | - g =y’ +y*=2y"=0
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= P— )+ -y -2 (x—y) | (x—y) is a factor of g(x)
= (= P2 +xy =237 X+ xy—2y°
= (= ))& +2xy —xy =257
= - +2) -y 42y} | FETIEE)

= (= )+ 2 - ) ==p)G+2y)

= (x=1)2(x+2y) X0 =3x7 42y = (x -y (x+2y)

Example 3. Bsolve into factors :  54x* +27x’a —16x —8a.
Solution : Let, f(x)=54x*+27x’a—16x—8a

1 1 1Y 1
then, f —Ea =54 —Ea +27a —Ea -16 —Ea —8a

= £a4—2—7a4+8a—8a=0
8 8

= x> —xp+2xy-2y°

" x—(—;a]:x+; i.e., 2x+a is a factor of f(x).

Now, 54x* +27x°a—16x—8a = 27x*(2x + a) —8(2x + a) = 2x + a)(27x° - 8)
=(2x+a){ 3x)* —(2)’} = @x+a)(3x—2)(9x + 6x +4)

Activity : Bsolve into factors :
1. x> =21x =20 2.2x° =3x? +3x -1 3. +6x7 +11x+6

Exercise 3-4
Bsolve into factors :

1. 6x*—7x+1 2. 3d’+2a+5

3. X -Tx’-6y° 4. x*-5x-6

5. 2x*—-x-3 6. 3x*—-7x-6

7. X +2x*-5x—6 8 P +4°+x—6

9.  &+3a+36 10. a*—4a+3

1. a'—d*-10a-38 12. X -3x"+4x-4

13. &' —7a°h+7ab* - b’ 14, xX’—x-24

15 X +6x°y+110° +6)° 16. 2x*-3x*-3x-2

17. 4x*+12°3 +7x* =3x -2 18. - +x' -+ —x
19. 4x°—5x* +5x—1 20. 18x° +15x° —x—2

Math-I1X-X, Forma-8
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3.6 Forming and applying algebraic formulae in solving real life problems
In our daily business we face the realistic problems in different time and in different
ways. These problems are described linguistically. In this section, we shall discuss
the formation of algebraic formulae and their applications in solving different
problems of real surroundings which are described linguistically. As a result of this
discussion the students on the one hand, will get the conception about the application
of mathematics in real surroundings, on the other hand, they will be eager to learn
mathematics for their understanding of the involvement of mathematics with their
surroundings.
Methods of solving the problems :
(a) At first the problem will have to be observed carefully and to read attentively
and then to identify which are unknown and which are to be determined.
(b) One of the unknown quantities is to be denoted with any variable (say x).
Then realising the problem well, express other unknown quantities in terms of
the same variable (x).
(¢) The problem will have to be splitted into small parts and express them by
algebraic expressions.
(d) &ing the given conditions, the small parts together are to be expressed by an equation.
(e) The value of the unknown quantity x is to be found by solving the equation.
Different formulae are used in solving the problems based on real life. The formulae
are mentioned below :
(1) Related to Payable or Attainable :
Ryable or attainable, A= Tk.gn
where, g = amount of money payable or attainable per person,

n =number of person.
(2) Related to Time and Work :
If some persons perform a work,
Amount of work done, W = gnx
where, ¢ = portion of a work performed by every one in unit of time.
n = number of performing of work
x = total time of doing work
W = portion of a work done by n persons in time x.
(3) Related to Time and Distance :
Distance at a definite time, d = vt .
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where, v =speed per hour
¢t = total time.
Related to pipe and water tank :
Amount of water in a tank at a definite time, O(t) =0, + gt

where, (O, =amount of stored water in a tank at the time of opening the pipe

q = amount of water flowing in or flowing out by the pipe in a unit
time.

¢t = time taken.

Q(t) = amount of water in the tank in time # (4sign, at the time o f

flowing of water in and -sign, at the time of flowing of water
out are to be used).

Related to percentage :
p=br,

where, b = total quantity
r = (rate of) percentage by fraction = ﬁ =s5%

p = (rate of) percentage by parts = 5% of b
Related to profit and loss :
S=C(Ixr);
in case of profit, S =C(/ +r)
in case of loss, S=C(I/ —r)
where, S (Tk.) = selling price
C (Tk.) = cost price
I =profit
r = rate of profit or loss
Related to investment and profit :
In the case of simple profit,
I = Pnr (taka)
A=P+1=P+ Pnr=P(+nr) (taka)
In the case of compound profit,
A=P1+r)"
where, [ = profit after time »
n = specific time
P = principal
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r = profit of unit principal at unit time
A = principal with profit after time ».

Example 1. For a function of Annual Sports, members of an association made a
budget of Tk. 45000 and divided that every member would subscribe equally. But 5
members refused to subscribe. As a result, amount of subscription of each member
increased by Tk. 15 per head. How many members were in the association ?

Solution : Let the number of members of the association be x and amount of
subscription per head be Tk. ¢ Then total amount of subscription 4 = Tk. gx.

Actually numbers of members were (x—5)and amount of subscription per head
became Tk. (g +15).

Then, total amount of subscription = Tk. (x —5)(g +15)
By the question, gx = (x — 5)(g +15).......... @)
and gx =45,000.......... (i)
From equation (i), we get,  gx = (x—5)(g +15)
or, gx =gx—5g +15x-75
or, 5¢ =15x—75=53x —15)

vog=3x—-15......... (iii)

Btting the value of ¢ in equation (ii),
Bx—15)xx =45000

or, 3x* —15x = 45000
or, x*—5x=15000 [dividing both sides by 3]
or, x*—5x—15000=0
or, x*—125x+120x-15000=0
or, x(x—125)+120(x—125)=0
or, (x—125)(x+120)=0

wx—=125=0o0r, x+120=0
If x-125=0, x=125
Again, if (x+120)=0, x=-120

Since the number of members i.e,, x cannot be negative, x = —120.

Lox=125
Hence, number of members of the association is 125.

Example 2. Bfiq can do a work in 10 days and shafiq can do that work in 15 days.
In how many days do they together finish the work ?
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Solution : Let, Bfiq and Shafiq together can finish the wok in d days.
Let us make the following table :

Name | Number of days | Part of the work | Work done
for doing the work done in 1 day in d days
Rfiq 10 1 d
10 10
Shafiq 15 1
15 15

. d d
By the questions, — +—=1
yihed 10 15

or, d(i+i):1
10 15
or, d[ﬂ) :1
30

or, —=1
30

or, 4= & =6
5
.. They together can finish the work in 6 days.
Example 3. A boatman can go x km in time # hour against the current. To cover
that distance along the current he takes #, hour. How much is the speed of the boat
and the current.

Solution : Let the speed of the boat in still water be # km per hour and that of the
current be v km per hour.

Then, along the current, the effective speed of boat is (u+v) km per hour and
against the current, the effective speed of boat is (# —v) km per hour.
According to the question,

distance traversed

X - . =
U+v=—.... (l) [ . speed— time

]

Adding equations (i) and (ii) we get,

X X I 1
2u=—+—=x—+—
tl tZ tl tZ
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x(1 1
or, y==-|—+—
2l ¢,

Subtracting equation (ii) from equation (i) we get,

2v:xi—l
L 4
OI',v:f l—l
2\, ¢

1 1

Hence, speed of current is ;( —] km per hour
t2 tl

and speed of boat is ;[1 + lj km per hour.
tl tZ

Example 4. A pipe can fill up an empty tank in 12 minutes. Another pipe flows out
14 litre of water per minute. If the two pipes are opened together and the empty tank
is filled up in 96 minutes, how much water does the tank contain ?

Solution : Let x litre of water flows in per minute by the first pipe and the tank can
contain y litre of water.
According to the question, the tank is filled up by first pipe in 12 minutes,

From equation (i), we get, x = P

12
putting the value of x in equation (i) , we get,

y
=96x-2 —96x14
y ><12 X
or, y=8y—-96x14

or, 7y =96x14

_ 96x14 19

or, y

Hence, total 192 litre of water is contained in the tank.
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Activity :

1. For a picnic, a bus was hired at Tk. 2400 and it was decided that every
passenger would have to give equal fare. But due to the absence of 10
passengers, fare per head was increased by Tk. 8. How many passengers did go
by the bus and how much money did each of the passengers give as fare?

2. A and B together can do a work in p days. 4 alone can do that work in ¢
days. In how many days can B alone do the work ?

3. A person rowing against the current can go 2 km per hour. If the speed of the
current is 3 km per hour, how much time will he take to cover 32 km, rowing
along the current ?

Example 5. Fice of a book is Tk. 24.00. This price is 80% of the actual price. The
overnment subsidize the due price. How much money does the Givt. subsidize for
each book ?

Solution : Market price = 80% of actual price

We know, p =br

Here, p =Tk.24 and r=80%=&
100
24:bx&
100
6 5
or, b:44><’1’OO . b=30
/41

Hence, the actual price of the book is Tk. 30.

.. amount of subsidized money = Tk. (30—24)

=Tk. 6.

*. subsidized money for each book is Tk. 6.
Example 6. The loss is 7% when n oranges are sold per taka. How many oranges
are to be sold per taka to make a profit of s% ?

Solution : If the cost price is Tk. 100, the selling price at the loss of 7% is Tk.
(100—-r).

If selling price is Tk. (100 —r), cost price is Tk. 100

2 bR 2 2 Tk 1 2 2 2 Tk ﬂ

100-r



64 Math

Again, if cost price is Tk. 100, selling price at the profit of s% is Tk. (100 +s)

100+s
2 2 2 2 Tk' 1 2 2 2% 9 2 2 2 2 Tk' 100
100 100+s 100
2 2 2 2 Tk' 100 _ r 2 2 2 2 2 2 2 Tk' ( 100 X 100 _ r]

— Tk 100+ s

100 -7

in Tk. 100+ , number of oranges is to be sold = n
—-r
.' in Tk' 1’ 2 2 2 2 bR 2 2 nx(loo_rj
100+s
Hence, n(100-r) oranges are to be sold per taka.

00+s

Example 7. What is the profit of Tk. 650 in 6 years at the rate of profit Tk. 7 percent
per annum ?

Solution : We know , / = Pnr.
Here, P= Tk. 650, n=6, s =7
s 7
yr=——=—

100 100

1:650><6><L:273
100

Hence, profitis Tk. 273.

Example 8. Find the compound principal and compound profit of Tk. 15000 in 3
years at the profit of 6 percent per annum.

Solution : We know, C = P(1+r)", where C is the profit principal in the case of
compound profit.

Gen, P=Tk.15000, r:6%=%, n =3 years

6 Y 3Y
5 C=150001+——| =15000{ 1+
100 50

3
= ISOOO(EJ
50
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3
_ 5% 53x53%x53  3x148877
12525 25
- 446631 =17865-24

.. compound principal is Tk. 17865-24
.. compound profit = Tk. (17865 -24 —15000)
=Tk. 2865-24

Activity :
1. The loss is n% when 10 lemons are sold per taka. How many lemons are to be
sold per taka to make the profit of z% ?
2. What will be the profit principal of Tk. 750 in 4 years at the rate of simple

profit 6% percent per annum ?

3. Find the compound principal of Tk. 2000 in 3 years at the rate of compound
profit of Tk. 4 percent per annum.

Exercise 3-5

1. Which one of the following is the factorized form of x* —7x +6 ?

() (x=2)(x-3) (b) (x—D)(x+8)
(©) x—D(x-06) (d) (x+1D(x+6)
2. If f(x)=x"—4x+4, which one of the following is the value of f(2) ?
(a) 4 (b) 2
(01 (d0
3. If x4+ y=x—y, which one of the following is the value of y ?
(a) —1 (b) 0
(01 (d)2
. . xF+3x°
4. Which one of the following is the lowest form of > ?
x+3x
(a) x° (b) x
(01 (d0
2
5. Which one of the following is the lowest form of 1_); ?
(a)1 (b) x

Math-IX-X, Forma-9
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10.

I1.

12.

13.

14.

Math

Which one of the following is the value of %g a+by —(a-b)"} ?

(a) 2(a* +b%) (b) a* +b*
(c) 2ab (d) 4ab
If x+2 =3, what is the value of x° +§3?
X X
(a) 1 (b) 8 (©)9 (d) 16
Which one of the following is the factorized form of p* + p? +1 ?
@ (P -p+D(P*+p-1 (b) (p> —p—1)(p*+p+1)
© (PP +p+D(P*+p+)) @) (P> +p+D(p°—p+1)
What are the factors of x> —5x+4?
(@ (x=1),(x-4) (®) (x+1),(x-4)
(©) (x+2),(x-2) (@) (x=5),(x-1)
What is the value of (x —7)(x —5)?
(@) x> +12x+35 (b) x*+12x-35
(¢) x*—12x+35 (d) x* —12x-35
What is the value of 2:9x2-9-1-1x1'1 ?
2:9-1-1

() 1-8 (b) 1-9
(©2 (d) 4
If x=2—+/3, what is the value of x> ?
(@)1 (b) 7-43

1

) 2+43 d) ——
() (d) Y
If f(x)=x>—5x+6 and f(x)=0, x =what ?
(@) 2,3 (b) -5,1
(c) —2,3 @@its
X +6
X | 52 +6x
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Which one of the following is the total area of the table above ?
(a) x> =5x+30 (b) x* +x—-30
(c) x> +6x-30 (d) x* —x+30

15. A can do a work in x days, B can do that work in 3x days. In the same time,
how many times does 4 of B work ?

(a) 2 times (b) 2% times

(c) 3 times (d) 4 times

16. If a+b=-c, a’+2ab+b> is expressed in terms of ¢, which one of the
following will be ?

(@ -c¢* ()’ (c) b (d) ca
17. If x+y=3,xy=2, what is the value of x* +y* ?

@9 (b) 18

(© 19 (d) 27

18.  Which one is the factorized form of 8x* +27y° ?
(@) (2x-3y)(4x> +6xy+9y%) (b) 2x+3y)(4x> —6xy +9y%)

(c) 2x—3y)(4x* -9y%) (d) (2x+3y)(4x* +9y%)
19. What is to be added to 9x> +16y°, so that their sum will be a perfect square ?
(a) 6xy (b) 12xy
(c) 24xy (d) 144xy
20. If x—y =4, which one of the following statements is correct ?
(@) x’ =y’ —4xy =64 (b) ¥’ =y’ —12xp =12
(c) X’ =y’ —3xy =164 d) x*—y* —12xy =64

21, If x*-x*+1=0,
(1) x* +x—12 = what ?
(a) 4 (b)2 (01 (d)0
2
(2) What is the value of (x+lj ?
X

()4 (b)3
(©)2 (d1
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
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3) x* +L3 = what ?
x

(a)3 ()2

(01 (d0

A can do a work in p days and B can do it in 2p days. They started to do the
work together and after some days 4 left the work unfinished. B completed the
rest of the work in r days. In how many days was the work finished ?

50 persons can do a work in 12 days by working 8 hours a day. Working how
many hours per day can 60 persons finish the work in 16 days. ?

Mita can do a work in x days and Ra can do that work in y days. In how
many days will they together complete the work ?

A bus was hired at Tk. 57000 to go for a picnic under the condition that every
passenger would bare equal fare. But due to the absence of 5 passengers, the
fare was increased by Tk. 3 per head. How many passengers availed the bus ?
A boatman can go d km in p hours against the current. He takes g hours to cover
that distance along the current. What is the speed of the current and the boat ?

A boatman plying by oar goes 15 km and returns from there in 4 hours. He
goes 5 km at a period of time along the current and goes 3 km at the same
period of time against the current. Find the speed of the oar and current.

Two pipes are connected with a tank. The empty tank is filled up in # minutes
by the first pipe and it becomes empty in ¢, minutes by the second pipe. If the
two pipes are opened together, in how much time will the tank be filled up ?
(here t, > 1,)

A tank is filled up in 12 minutes by a pipe. Another pipe flows out 15 litre of
water in 1 minute. When the tank remains empty, the two pipes are opened

togethr and the tank is filled up in 48 minutes. How much water does the tank
contain ?

If a pen is sold at Tk. 11, there is a profit of 10%. What was the cost price of
the pen ?

Due to the sale of a notebook at Tk. 36, there was a loss. If the noteboo k
would be sold at Tk. 72, there would be profit amounting twice the loss. What
was the cost price of the notebook ?

Divide Tk. 260 among 4, B and C in such a way that 2 times the share of 4, 3
times the share of B and 4 times the share of C are equal to one another.

Due to the selling of a commodity at the loss of x% such price is obtained that
due to the selling at the profit of 3x% Tk.18x more is obtained. What was the
cost price of the commodity ?
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34.

35.

36.

37.

38.

39.

40.

41.
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If the simple profit of Tk. 300 in 4 years and the simple profit of Tk. 400 in 5
years together are Tk. 148, what is the percentage of profit ?

If the difference of simple profit and compound profit of some principal in 2
years is Tk. 1 at the rate of profit 4%, what is the principal ?

Some principal beomes Tk. 460 with simple profit in 3 years and Tk. 600 with
simple profit in 5 years. What is the rate of profit ?

How much money will become Tk. 985 as profit principal in 13 years at the
rate of simple profit 5% per annum ?

How much money will become Tk. 1248 as profit principal in 12 years at the
rate of profit 5% per annum ?

Find the difference of simple profit and compound profit of Tk. 8000 in 3 years
at the rate of profit 5%.

The Value Added Tax (VAT) of sweets is x% . If a trader sells sweets at Tk.
P including VAT, how much VAT is he to pay ? If x =15, P =2300, what is
the amount of VAT ?

Sum of a number and its multiplicative inverse is 3.

(a) Taking the number as the variable x, express the above information by an
equation.

(b) Find the value of x° —%.
x

1
(c) Pove that, x* ——=123.

x
Each of the members of an association decided to subscribe 100 times the
number of members. But 7 members did not subscribe. As a result, amount of

subscription for each member was increased by Tk. 500 than the previous.

(a) If the number of members is x and total amount of subscription is Tk. 4,
find the relation between them.

(b) Find the number of members of the association and total amount of
subscription.

1 - .
(© 2 of total amount of subscription at the rate of simple profit 5% and rest of

the money at the rate of simple profit 4% were invested for 2 years. Find the
total profit.



Chapter Four
Exponents and Logarithms

Very large or very small numbers or expressions can easily be expressed in writing
them by exponents. As a result, calculations and solution of mathematical problems
become easier. Scientific or standard form of a number is expressed by exponents.
Therefore, every student should have the knowledge about the idea of exponents and
its applications.

Exponents beget logarithms. Multiplication and division of numbers or expressions
and exponent related calculations have become easier with the help of logarithms.
k¢ of logarithm in scientific calculatio ns was the only way before the practice of
using the calculator and computer at present. Still the use of logarithm is important
as the alternative of calculator and computer. In this chapter, exponents and
logarithms have been discussed in detail.

At the end of the chapter, the students will be able to —

Explain the rational exponent

Explain and apply the positive integral exponents, zero and negative integral
exponents

Solve the problems by describing and applying the rules of exponents

Explain the nth root and rational fractional exponents and express the #th root
in terms of exponents

Explain the logarithms

Pove and apply the formulae of logarithms

Explain the natural logarithm and common logarithm

Explain the scientific form of numbers

Explain the characteristic and mantissa of common logarithm and

Find common and natural logarithm by calculator.

VVVVVYVY VYV VYV

4.1 Exponents or Indices

In class VI, we have got the idea of exponents and in class VII, we have known the
exponential rules for multiplication and division.

Expression associated with exponent and base is called exponential expression.

Activity : Fill in the blanks
Successive multiplication of the | Exponential Base Power or
same number or expression expression exponent
2x2x2 23 2 3
3x3x3x3 3
axaxa a’
bxbxbxbxb 5
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If «ais any real number, successive multiplication of 7ztimes « ; that is,

axaxax... > q is written in the form a”, where 72 is a positive integer.
axaxax... < a (ntimes a)=d".
Here 7 — indexor power
a — base
Again, conversely, a" = axaxa x ... < a (ntimes a) . Exponents may

not only be positive integer, it may also be negative integer or positive fraction or
negative fraction. That is, for @ € R (set of real numbers) and 2 = O (set of
rational numbers), a” is defined. Besides, it may also be irrational exponent. But as
it is out of curriculum, it has not been discussed in this chapter.

4.2 Formulae for exponents

Let, ae Rym,ne N.

Formula 1. a"xa"=a"""
m
F a2 a _ am—n, when M>nN
ormuia 2. n 1 when n>m, a#0
a an—-m
Fill in the blanks of the following table :
m>n n>m
a”,a"
a£0 m=5 n=3 m=3,n=>5
a" xa" a’xa’ =(axaxaxaxa)x(axaxa) axa =

=axaxaxaxa xXxaxaxa

=d*=a
m 5 3
a a a axaxa
a _ -
a’ a a’ axaxaxaxa
1 1
—a=a>}
a Xanzam+n
m
q a” | s when m>n
an = 1
ar —~ when n>m
an—m

Formula3. (ab)" =da"xb"

We observe, (5x2)° =(5x2)x(5x2)x(5x2) ['va’ =axaxa,a="5x2]
=5x2x5%x2x5x2
=(5x5x5)x(2x2x2)
=52

In general, (ab)" =abxabxabx....... x ab [Successive multiplication of ntimes ab ]
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=(a@xaxaxX.... xa)yx(bxbxbx........ x b)

— aﬂbn
n

Formula 4. ("j =9 (b+0)
b b

3 3
We observe, Bl :éxéxézm:i3
2 2 2 2 2x2x2 2

a a a a
X —

In general, (Z) ==X —X— X [Successive multiplication of #z times %]

_a><a><a>< ...... Xa_a
bxbxbx....xb b"
Formula 5. " =1,(a#0)

n

a _
We have, —=a"" =a
n

a

0

n
Again, a _axaxax....Xd [ippoth the cases of num. and den

q" axaxax...xa multiplication of #n times a]

Formula 6. a™ " :ﬁ ,(a#0)

—n n

o, a "xa
n . .
a = =——— [multiplying both num. and denom. by a”]
Ixa"
a* n+n ao L
= =—=q"
a" a’
e
a'"=a"
0
1 a - -
Bmark: g7 =—=a""=a"
a
n
Formula 7. (a'") =a™
n . . . . .
(am) =a" xa" xa" X......... xa”  [successive multiplication of n times a™]

= """ Tin the power, sum of # times of exponent 771 ]
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nxm — amn
(am)n :amn
5 2Y (2Y’
Example 1. Find the values (a) 5—3 (b) (3j X (3j

52 1 1
Solution : (a) — =57 =5"'=—=
(@) 5 73

o)

73

4 n_g.on2
Example 2. Simplify :(a) 5 x8x16 (b) 3:20-4:20
2°x125 2" 2!
4 4 3 4 4 3+4 4 7
Solution (a) 5'x8x16 _5'x2°x2" 5°x2°"" 5 X27:5473X2775
2° x125 2° x5’ 5x2° 5 2
=5'x2"=5x4=20
3.2)1_4_2"—2 3.2;'1_22.211—2 3_2n_22+n—2
(b) = = ]
2" 2! 2"-2".27" on _on =
2
2" =2" -1)-2" 2.2"
1-— 12" —-27 —-2"
2 2 2
Example 3. Show that (a”)?" -(a?)""-(a")"" =1
Solution : (a”)*" -(a”)"" -(a")"™*
— ap(q—r) . aq(”—]’) . ar(p—q) [‘.‘ (am)n — amn]
— al"f’!’" . a‘l"’["f . al’""l"
= gPIPrtarpatpregr
=a"=1.
Activity : Fill in the blank boxes :
1
() 3x3x3x3230 ()5 xS =5 (i) a*xdBa (v) 10

V) (5’ =0

Math-I1X-X, Forma-10
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4.3 nthroot
L 12
We notice, 5% x 52 :£52)

1 1 11

Again, 52 x52 =522=5 2=5

(52]2 s

1

Square (power 2) of 52 =5 and square root (second root) of 5 = 52
1

52 is written as /5 in terms of the sign f of square root.
Lo ry
Again, we notice 53 x53 x53 :[53]

N L o

Again, 53 x5* x5 =5333=53=5

N
(5) s,
1 1

@be (power 3) of 5°=5 and cube root (third root) of 5 = 52,
53 is written as % in terms of the sign %/7 of cube root.
In the case of nth root,

1
a"xa" xa" X....... x a" [successive multiplication of » times 4" ]
1 n
- (anj
ror !
Again, a” xa" xa" x....... xa"
it !
=qgr o »  [in the exponent, sum of » times 1]
1 n
nx—
=a "=a
1 n
a"| =a

1 1
nth power of a” =a and nthroot of a =a”

Math



Math 75

1 1Y’ 1 1
i.e. nth power of a” :[a”] =qa and nthroot of a=(a)" =a" = Wa . nth root of

. . n 3
ais written as {a . 301 3 1 2\7
Example 4. Simplify :(a) 7*-7>  (b) (16)* +(16)? (c) [103j
3 1 31 5
Solution : (a) 74 -72 =742 =74
3 1 (16)3 3.1 1 1 o
(b) (16)* +(16)* == =(16)* > =(16)* =(2)* =(2) *=2.
(16)?

NG oza 1
(©) [103] =10°* =102 =/10.

2
Example 5. Simplify :(a) (1 2)_% x3/54 (b) (-3)3x [_ ;)

1

1

(12)

Bl 1
Solution : (a) (12) 2 x3/54 = % (54)°

1 ! 1 1o
= —x(3'x2)} =—————x(3)* -2}
(22 x3)? (2%)? -x3?

1 1

1 3 1
= 1 x(3.2)3:%x3 = =

1 1

1
(2-3)? 32 2

1Y 1
(b) (-3 x[— 2} = (—3)(—3)(—3){— 2){—

= —27><l:—§
4 4

98}
S
[\ ‘w
=

e SR ER
Activity : Simplify : (i) 2322 (ii) [2jz x(z}z (iii) 8% =82

To be noticed :

1. bder the condition a>0,a=1,ifa" =a’, x=y

2. hder the condition a>0,b>0,x#0,if a* =b", a=5
Example 6. Solve : 4™ =32,




76 Math

Solution : 4 =32
or 22y =32, or, 2 =2° [ifa" =a’, x=y]
S2x+2=5,
or, 2x=5-2, or, 2x=3

3

2

SoX=

.. Solution is x :%

Exercise 4.1
Simplify (1 —10) :

3.3 5.8 7 %773 37737
1. —; 2. - 3. —~ 4, ———
3 2*.125 3x3 NG
2
5.2 45y 6 2at +367)! 7. (”ZZ ]
a6
— — — 2n+4_4.2n+] 3m+1 3m+l
8. 4/x ly, ly lz-\/z 1x’()(,‘>0,y>0,2>0) 9. 2}”2 5 10. (2m P 3m—l —
+ ) 3"
Prove (11-18) :
n_ P+l 22p=q gprtq gP
11. 4 -1 =2"+1 12. 23 +25 6 =L
2" -1 67107 .15 50
o\ m ! n\" ptq q+r r+p
13. a |l la .% =1 14. a2 ><a2 ><a2 =1
a” a" a a’  a’t a™

pra-r q+r-p r+p=q
xP x"

18.If a* =b, b” =c and ¢* =a, show that xyz =1
Solve (19 -22) :

19. 4" =38 202212128 21 (B3)" =6B)" 2. 2742 =3

4.4 Logarithm

Logarithm is used to find the values of exponential expressions. Logarithm is written
in brief as * Log ? Boduct, quotient, etc. of large numbers or quantities can easily be
determined by the help of log.
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We know, 23 = 8; this mathematical statement is written in terms of log as
log, 8 =3. Again, conversely, if log,8 =3, it can be written in terms of exponents
as 2°=8. That is, if 2° =8, then log,8=3 and conversely, if log,8=3, then

2* =8. Similarly, 27 = % :é can be written in terms of log as log, é =-3.

If a*=N,(a>0,a=1),x=1log, N is defined as a based logN .

To be noticed : Whatever may be the values of x, positive or negative, a* is
always positive. So, only the log of positive numbers has values which are real ; log
of zero or negative numbers have no real value.

Activity-1 : Express in terms of | Activity-2 : Fill in the blanks :
log :

(i) 10° =100 in terms of exponent | in terms of log
(ii) 32 ::é 10° =1 log,,1=0
U | L= log,1=......
(i) 2 2 =—
V2
(iv) \/27 Q=1 | e =
10' =10 log,,10=1
d=. | = .
....... = .. log,a=1

Formulae of Logarithms :
Let, a>0,a#1;b>0,b#1 and M >0,N >0.

Formula1l. (a) log,1=0,(a>0,a#1)

(b) log,a=1(a>0,a=1)
Proof : (a) We know from the formula of exponents, a” =1
.. from the definition of log, we get, log,1=0 (proved )

(b) We know, from the formula of exponents, a! = a
.. from the definition of log, we get, log,a =1 (proved).

Formula 2. log, (MN) =log, M +log, N
Proof : Let, log, M =x,log, N =y;
 M=a"N=da"



78 Math

Now, MN =da*-a’ =a*"”

- log,(MN)=x+y, or log,(MN)=log, M +log, N [putting the values of x,y ]

. log,(MN) =log, M +log, N. (proved)
Note 1. log (MNP.....) =log, M +1log, N +log, P+.........
Note 2. log, (M £ N) #log, M £log, N

Formula 3. log, % =log, M —log, N

Proof : Let log, M = x,log, N =y;

L M=a"N=a’
M a* _

Now,—:—vza’”
N d

Formula 4. log, M" =rlog, M.

Proof : :Let log, M =x; ..M =a"
(M) =(@a)"; or M"=a"™
. log, M" =rx; or log, M" =rlog, M
. log, M" =rlog, M. (proved ).

N.B.: (log, M) #rlog, M

Formula 5. log, M =log, M x log, b, (change of base)
Proof : Let, log, M =x,log, M =y

Lat=Mb =M | .
. a*=bv, or (ax)§ = (by)?
or b=a’

. %z log,b, or x=ylog,b
or, x=ylog,b, or log, M =log, M xlog, b (proved).

Corollary : log b= L, or, log,a=——
log, a log, b

a
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Proof : We know, log, M =log, M xlog,b [formula 5]
Rtting M =a we get,

log, a =log,axlog,b

or 1=log, axlog, b;

slog, a=——
& log, b

a

1
or log, b= Tog,a (proved).

Example 7. Find the value : (a) log,,100  (b) log{ j () 1og[ 81

Solution:
(a) log,,100=1og,,10% =2log,,10 [ log,, M" =rlog,, M]
=2x1[log,a=1] =2

(b) log{j log{ j log,37? =-2log,3 [.log, M" =rlog, M]
=-2xI[""log,a=1]

(c) log;81=log ;3" =log 1 «/5)2}4 :logﬁé/g)
:810gﬁ\/§[': log, M" =rlog, M]
=8x1L,[.log, a=1]
=8

Example 8. (a) What is the log of 55 to the base 5 ?

(b) log400=4; what is the base ?
Solution : (a) 5V5 to the base 5

3
=log, 55 = 10g5(5><52) =log, 5?
= %log5 5, log, M" =rlog, M]

= é>< L[ log,a=1]

(b) Let the base be a.
". by the question, log, 400 =4
. a* =400
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or a* =07 =( 245> = (25"
or 514:(2\/54
a=2/5 [vifar=b",a=bh]

~. the base is 24/5
Example 9. Find the value of x:

(a) log;px=-2 (b) log,324=4
Solution :
(a) log,px=-2 (b) log,324=4
x=107 soxt=324=3x3x3x3x2x2
x=—t-L_o.01 —3'x2’ =3 x(42)"
cx=001 or x'=Gy2)
" x=34/2.

Example 10. fove that, 3log,, 2 +log,, 5 =log,, 40

Solution :Left hand side = 3log,, 2 +log,, 5
=log,, 2’ +log,, 5,["" log, M" =rlog, M]
=log,,8+log,, 5
=log,,(8x5),[" log,(MN) =1log, M +log, N]
=log,, 40 = Reht hand side (proved).

log,, V27 + log,, 8 —log,, V1000

log,,1-2

log,, V27 + log,, 8 —log,, ~1000
log,,1-2

Example 11. Simplify :

Solution :

1 1
_log,,(3)? +1log,, 2* ~log,,(10*)?

12

log,, —
210 10

3 3
_log,, 3% +log, 2° —log,, 10?

log,, 12 -log,, 10

%10g,0 3+3log,2 —%logw 10

log,,(3x2%)—1log,, 10

Math
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%(log10 3+2log,2-1)

= °e 10 10 = 1
(log,, 3+ 21og,, 2—1) [ log, 10=1]

3

>
Exercise 4.2

1. Find the value :(a) log;81 (b) log53\/§ (c) log,2 (d) logzﬁ 400

(e) logsé/g . \/g)
2. Find the value of x:(a) logsx =3 (b) log, 25=2 (c) log, % =-2

3.  Show that,
(a) 5log,, 5 —log,, 25 =log,, 125

50
(b) log,, e log,, 2+ 2log,,5—log,,3—2log,, 7

(c) 3log,, 2 +2log,, 3 +log,, 5 =log,, 360
4.  Simplify :

10 25 81
(a) 7log,, g —2log,, i +3log,, %

(b) log, §/7 -7 )-log, ¥3 + log, >

313 3.3 373

(c) log, a f +log, b +log, ¢
C

d3

-3log, b’c

a}
4.5 Scientific or Standard form of numbers
We can express very large numbers or very small numbers in easy and small form by
exponents.
Such as, velocity of light = 300000 kmséec = 300000000 msec
3x100000000 méec. = 3x10° méec.
Again, radius of a hydrogen atom = 0-00000000037 cm
_ 37
10000000000

=3.7x10x107" cm = 3-7x10” cm
For convenience, very large number or very small number is expressed in the form
ax10", where 1<a<10 and ne Z. The form ax10" of any number is called the
scientific or standard form of the number.

Activity : Express the following numbers in scientific form :
(a) 15000 (b) 0-000512

Math-IX-X, Forma-11

ecm =37x107" cm
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4.6 Logarithmic Systems
Logarithmic systems are of two kinds :
(a) Natural Logarithm :
The mathematician dhn Napier (1550 -1617) of Scotland first published the book
on logarithm in 1614 by taking e as its base. e is an irrational number,
e=2-718....... . Such logarithm is called Napierian logarithm or e based logarithm
or natural logarithm. log, x is also written in the form In x.
(b) Common Logarithm :
The mathematician Henry Briggs (1561 — 1630) of England prepared log table in
1624 by taking 10 as the base. Such logarithm is called Briggs logarithm or 10 based
logarithm or practical logarithm.
N.B. : If there is no mention of base, e in the case of expression (algebraic) and 10,
in the case of number are considered the base. In log table 10 is taken as the base.
4.7 Characteristic and Mantissa of Common Logarithm
(a) Characteristics :
Let a number N be expressed in scientific form as N =ax10", where
N>01<a<l0and neZ.
Taking log of both sides with base 10,
log,, N =log,,(ax10")
=log,,a+log,,10" =log,, a+nlog,,10
~log,N=n+log,a [.log,10=1]
- log,, N=n+log,,a
Suppressing the base 10, we have,
logN =n+loga
n is called the characteristic of log N .
We observe : Table-1

N Form ax10™ | Exponent | Number of digits on | Raracteristic
of N the left of the decimal
point

6237 6-237x10° 3 4 4-1=3
623-7 6-237x10° 2 3 3-1=2
62-37 6-237x10" 1 2 2-1=1
6-237 6-237x10° 0 1 1-1=0
0.6237 | 6:237x10" -1 0 0-1=-1
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We observe : Table-2

N Form Exponent | Number of zeroes between | haracteristic
ax10™ decimal point and its next
of N first significant digit
0-6237 6-237x107" -1 0 -(0+1)=-1
0-06237 | 6-237x1072 -2 1 —(1+D)=-2
0-006237 | 6-237x107° -3 2 -2+)=-3

We observe from table-1 :

As many digits are there in the integral part of a number, characteristic of log of
the number will be 1 less than that number of digits and that will be positive.

We observe from table 2 :

If there is no integral part of a number, as many zeroes are there in between
decimal point and its next first significant digit, the characteristic of log of the
number will be 1 more than the number of zeroes and that will be negative.

N. B. 1. haracteristic may be either positive or negative, but the mantissa will
always be positive.
N. B. 2. If any characteristic is negative, not placing ‘sign on the left of the
characteristic, it is written by giving ‘(b ar sign) over the characteristic. Such as,
characteristic -3 will be written as 3 . Otherwise, whole part of the log including
mantissa will mean negative.
Example 12. Find the characteristics of log of the following numbers :
@ 5570 @) 45-70 (i) 0-4305 @iv) 0-000435
Solution : (i) 5570 =5-570x1000=5-570x10’
.. haracteristic of log of the numberis 3.
Otherwise, number of digits in the number 5570 is 4.
.~. baracteristic of log of the numberis =4-1=3
.. haracteristic of log of the number is 3.
(i) 45-70=4-570x10'
... haracteristic of log of the numberis 1.
Otherwise, there are 2 digits in the integral part (i.e. on left of decimal point) of the number.
.. haracteristic of the log of the numberis =2-1=1
.. haracteristic of log of the number is 45 -701is 1.
(i) 0-4305=4-305%x10"
.. haracteristic of log of the numberis -1
Otherwise, there is no significant digit in the integral part (before the decimal point)
of the number or there is zero digit. _
.. haracteristic of log of the number =0-1=-1=1
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Again, there is no zero in between decimal point and its next first significant digit of
the number 0-4305, i.e. there is 0 zeroes.

- haracteristic of log of the numberis =—(0+1)=-1= 1
.. haracteristic of log of the number 0 -4305 is 1
(i) 0-000435=4-35x10""

.. haracteristic of log of the numberis —4 or 4
Otherwise, there are 3 zeroes in between decimal point and its next Ist significant digit.
.. Raracteristic of log of the numberis =-3+1)=-4=4

.. haracteristic of log of the number is  0-000435 is 4

(b) Mantissa :

Mantissa of the @mmon Logarithm of any number is a nonaegative number less
than 1. It is mainly an irrational number. But the value of mantissa can be determined
upto a certain places of decimal.

Mantissa of the log of a number can be found from log table. Again, it can also be
found by calculator. We shall find the mantissa of the log of any number in 2nd
method, that is by calculator.

Determination of common logarithm with the help of calculator :

Example 13. Find the characteristic and mantissa of log2717 :

Solution :We use the calculator :
[ ac| [og | [2717 ] E 343408
- Baracteristic of 10g2717 is 3 and mantissa is - 43408

Example 14. Find the characteristic and mantissa of log 43-517.
Solution :We use the calculator :

[ac | [1og | [43517] [=] 163866
. haracteristic of log 43 -517 is 1 and mantissa is -63866
Example 15. What are the characteristic and mantissa of the log of 0-00836 ?
Solution :We use the calculator :

4c | [1og | [0-00836 53-92221 —3.90001

. haracteristic of log 0 -00836 is 3 or 3 and mantissa is -92221
Example 16. Find log, 10

1 1
log, e log,, 2-71828

[taking the value of e upto five decimal places]

Solution : log, 10 =

1 .
= ————— [using calculator]
0-43429

=2-30259 (approx).
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Alternative : We use the calculator :
lac | [m | |10 | [=]230259  (@pprox).

Activity : Find the logarithm of the following numbers (each with the base 10 and
e) by using calculator : (i) 2550 (ii) 52 -143  (iii) 0-4145 (iv) 0-0742

Exercise 4.3

1. On what condition @° =1 2
a.a=0 b.a=0 c.a>0 d a=#l

2. Which one of the following is the value of Y535 2

a. 45 b. @/5) c. (5) d. 425

3. On what exact condition log, a=17?

a.a>0 b.a#l c.a>0,a#1 d a#0,a>1
4. If log, 4 =2, what is the value of x ?
a. 2 b. £2 c. 4 d. 10

5. What is the condition for which a number is to be written in the form a x 10" ?
a.l<a<l10 b.1<a<10 c.1<5a<10 d 1<a<l10
6.  Observe the following information :
i. log,(m)’ = plog,m
ii. 2" =16 and log,16 =4 are synonymous.
iii. log,(m+n)=Ilog,m+log,n

Which of the above information are correct ?

a. i and ii b. ii and iii c. i and iii d. i, ii and iii
7. What is the characteristic of the common log of 0-00357?
a. 3 b. 1 c.2 d. 3

8.  Ghsidering the number 0-0225, answer the following questions :
(1) Which one of the following is of the form a” of the number ?
a. (2-5)° b. (-:015)* c. (1-5)° d. (-15)°
(2) Which one of the following is the scientific form of the number ?

a. 225x10™" b. 22-5x10°° c. 2-25x107 d. -225x10™
(3) What is the characteristic of the common log of the number ?

a. 2 b. 1 c. 0 d 2
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10.

1.

12.

13.

14.

15.

Math

Express into scientific form :

(a) 6530 (b) 60-831 (c) 0-000245  (d) 37500000

(e) 0-00000014

Express in the form of ordinary decimals :

(a) 10° (b) 107 (c) 2-53x10*  (d) 9-813x10°°

(e) 3-12x107°

Find the characteristic of common logarithm of the following numbers (without
using calculator) :

(a) 4820 (b) 72-245 (c) 1-734 (d) 0-045

(e) 0-000036

Find the characteristic and mantissa of the common logarithm of the following
numbers by using calculator :

(a) 27 (b) 63-147 (c) 1-405 (d) 0-0456

(e) 0000673

Find the common logarithm of the productquotient (approximate value upto
five decimal places) :

(a) 5-34x8-7 (b) 0-79%x0-56  (c) 22-2642+3-42

(d) 0-19926+32-4

If log2 =0-30103,10g3 =0-47712 and log7 =0-84510, find the value of the
following expressions :

(a) log 9 (b) log 28 (c) log 42

ven, x=1000 and y =0-0625

a. Express x in the form a"b”, where a and b are prime numbers.

b. Express the product of x and y in scientific form.

c. Find the characteristic and mantissa of the common logarithm of xy.



Chapter five
Equations with One Variable

We have known in the previous class what equation is and learnt its usage. We have
learnt the solution of simple equations with one variable and acquired knowledge
thoroughly about the solution of simple equations by forming equations from real
life problems. In this chapter, linear and quadratic equations and Identities have been
discussed and their usages have been shown to solve the real life problems.

At the end of the chapter, the students will be able to —

Explain the conception of variable

Explain the difference between equation and identity

Solve the linear equations

Solve by forming linear equations based on real life problems
Solve the quadratic equations and find the solution sets

Form the quadratic equations based on real life problems and solve.

VVVYVYVYVY

5-1 Variables

We know, x+3 =35 is an equation. To solve it, we find the value of the unknown
quantity x. Here the unknown quantity x is a variable. Again, to solve the equation
x+a=>5, we find the value of x, not the value of a. Here, x is assumed as variable
and a as constant. In this case, we shall get the values of x in terms of a. But if we
determine the value of a, we shall write a =5 — x; that is, the value of a will be
obtained in terms of x. Here a is considered a variable and x a constant. But if no
direction is given, conventionally x is considered a variable. €nerally, the small
letters x, y, z, the ending part of English alphabet are taken as variables and a, b, ¢,
the starting part of the alphabet are taken as constants.

The equation, which contains only one variable, is called a linear equation with one
variable. Such as, in the equation x + 3 =5, there is only one variable x. So this is
the linear equation with one variable.

We know what the set is. If a set S={x:xeR,1<x<10}, x may be any real

number from 1 to 10. Here, x is a variable. So, we can say that when a letter symbol
means the element of a set, it is called variable.

Degree of an equation : The highest degree of a variable in any equation is called
the degree of the equation. Degree of each of the equations x+1=35, 2x—1=x+5,
y+7=2y-3 is | ; these are linear equations with one variable.
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Again, the degree of each of the equations x> +5x+6 =0, > —y =12, 4x* —2x=3—6x
is 2 ; these are quadratic equations with one variable. The equation 2x° — x* —4x+4 =0
is the equation of degree 3 with one variable.

52 Equation and Identity

Equation : There are two polynomials on two sides of the equal sign of an equation,
or there may be zero on one side (mainly on right hand side). Degree of the variable
of the polynomials on two sides may not be equal. Solving an equation, we get the
number of values of the variable equal to the highest degree of that variable. This
value or these values are called the roots of the equation. The equation will be
satisfied by the root or roots. In the case of more than one root, these may be equal or

unequal. Such as, roots of x> —5x+6 =0 are 2 an 3. Again, though the value of x
in the equations (x —3)> = 0 is 3, the roots of the equation are 3, 3.

Identity" : There are two polynomials of same (equal) degree on two sides of equal
sign. Identity will be satisfied by more values than the number of highest degree of
the variable. There is no difference between the two sides of equal sign ; that is why,
it is called identity. Such as, (x+1)* —(x—1)* =4x is an identity ; it will be satisfied
for all values of x. So this equation is an identity. Each algebraic formula is an
identity. Such as, (@ + b)* = a* + 2ab+b*>,(a—b)’ = a> =2ab+b*,a° —-b* =
(a+b)a-b), (a+b)’ = a’ +3a’b+3ab> + b’ etc. are identities.

All equations are not identities, In identity '=' sign is used instead of equal (=) sign.

But as all identities are equations, in the case of identity also, generally the equal
sign is used. Distinctions between equation and identity are given below :

Equation Identity

1. Two polynomials may exist on both [1. Two polynomials
sides of equal sign, or there may be | sides.

zero on one side.

exist on two

. Degree of the polynomials on both
sides may be unequal.

. Degree of the polynomials on both

sides is equal.

. The equality is true for one or more
values of the variable.

. €herally, the equality is true for all

values of the original set of the
variable.

. The number of values of the variable

does not exceed the highest degree of
the equation

. Equality is true for infinite number

of values of the variable.

. All equations are not formulae.

. All  algebraic

formulae  are
identities.
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Activity : 1. What is the degree of and how many roots has each of the
following equations ?
; L2y y—-1 3y
(@) 3x+1=5 (iM) s 3 5
2. Write down three identities.
5-3 Solution of the equations of first degree
In case of solving equations, some rules are to be applied. If the rules are known,
solution of equations becomes easier. The rules are as follows :
1. If the same number or quantity is added to both sides of an equation, two sides
remain equal.
2. If the same number or quantity is subtracted from both sides of an equation, two
sides remain equal.
3. If both sides of an equation are multiplied by the same number or quantity, the
two sides remain equal.
4. If both sides of an equation are divided by same nonzero number or quantity, the
two sides remain equal.
The rules stated above may be expressed in terms of algebraic expressions as follows:

If x=a and c#£0, (i) x+c=a+c (i) x—c=a—c (i) xc=ac (v) 2=2
c c

Besides, if a,b and ¢ are three quantities, if a=b+c, a—b=c andif a+c=b,

a=b-c.

This law is known as transposition law and different equations can be solved by

applying this law.

If the terms of an equation are in fractional form and if the degree of the variables in

each numerator is 1 and the denominator in each term is constant, such equations are

linear equations.

Example 1. Solve : Sx_4 = x_2
7 5 5 7
Solution : S—X—ﬂzf—z or,s—x—fzi—% [by transposition]
7 5 5 7 7 5 57
. 25x—T7x 28-10 18x 18
T35 35 T35 35
or, 18x =18

or, x=1
.. Solution is x =1.
Now, we shall solve such equations which are in quadratic form. These equations are
transformed into their equivalent equations by simplifications and lastly the
equations is transformed into linear equation of the form ax = b. Again, even if there
are variables in the denominator, they are also transformed into linear equation by
simplification.

Math-IX-X, Forma-12
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Example 2. Solve : (y —=1)(y +2)=(y +4)(y-2)
Solution : (y -N(y+2)=(+4H(»-2)
or, yz—y+2y—2=y2+4y_2y_8

or, y—2=2y-38

or, y—2y =-8+2 [by transposition]
or, —y=—6

or, y=6

.. Solutionis y =6
6x+1 2x-4 _ 2x-1
15 7x-1 5

Example 3. Solve and write the solution set :

6x+1 2x-4 2x-1
Tx—1 5
6x+1 2x-1_ 2x-4
15 5 Tx—1
6x+1-6x+3 2x—-4 4 2x-4
T, = or, —=
15 Tx—-1 15 7x-1
or, 152x—4)=4(7x—1) [by crossmultiplication]
or, 30x—-60=28x—4
or, 30x—28x=60—4 [by transposition]
or, 2x=56, or x=28
.. Solution is x =28
and solution set is S = {28}.
Example 4. Solve : ! + L + !
x-3 x-4 x-2 x-5
T 1 1 1
+ = +
x-3 x-4 x-2 x-5
x—4+x-3 x-5+x-2 2x =17 2x =17
or, = or, 5 = 5
x=3)(x-4) (x-2)(x-95) x"=Tx+12 x*-7x+10
Values of the fractions of two sides are equal. Again, numerators of two sides are
equal, but denominators are unequal. In this case, if only the value of the numerators
is zero, two sides will be equal.
. 2x=7=0 or, 2x=7

Solution :

[by transposition]

5

Solution :

or, XZZ
2

. Solution is x :%
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Example 5. Find the solution set : v2x—3+5=2
Solution : V2x—-3+5=2 Alternative method :
or, 2x—3=2-5  [by transposition] V2x—=3+5=2
or, (/ 2x - 3) = (3) [squaring both sides] | V2x-3=2-5
or, 2x—3=9 or,mz—3

or. 2x =12 Square root of any real quantity
’ cannot be negative.

or, x=06 < .
Since there is the sign of square root, | ~ 11€ equation has no solution.
verification of the correctness is necessary. | - Solution setis :S = ¢

Btting x =06 in the given equation, we get,
V2x6-3+5=2 or /9 +5=2

or, 3+5=2

or, 8=2, which is impossible.

.. The equation has no solution.

.. Solution set is :S = ¢

Activities : 1. If /5 +1)r+4 = 4«/5, show that, x= 6-245
2. Solve and write the solution set : v4x—-3+5=2
5-4 Usage of linear equations
In real life we have to solve different types of problems. In most cases of solving
these problems mathematical knowledge, skill and logic are necessary. In real cases,
in the application of mathematical knowledge and skill, as on one side the problems
are solved smoothly, on the other side in daily life, solutions of the problems are
obtained by mathematics. As a result, the students are interested in mathematics.
Here different types of problems based on real life will be expressed by equations
and they will be solved.
For determining the unknown quantity in solving the problems based on real life,
variable is assumed instead of the unknown quantity and then equation is formed by
the given conditions. Then by solving the equation, value of the variable, that is the
unknown quantity is found.
Example 6. The digit of the units place of a number consisting of two digits is 2
more than the digit of its tens place. If the places of the digits are interchanged, the
number thus formed will be less by 6 than twice the given number. Find the number.
Solution : Let the digit of tens place be x. Then the digit of units place will be
x+2.

.. the number is 10x+(x+2) or, 11x+2.
Now, if the places of the digits are interchanged, the changed number will be
10(x+2)+x or 11x+20
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By the question, 11x+20=2(11x+2)-6
or, l1x+20=22x+4-6
or, 22x—11x=20+6—-4 [by transposition]
or, 11x=22
or, x=2
. The numberis 11x+2=11x2+2=24
.. given number is 24 .
Example 7. In a class if 4 students are seated in each bench, 3 benches remain
vacant. But if 3 students are seated on each bench, 6 students are to remain standing.
What is the number of students in that class ?
Solution : Let the number of students in the class be x.
Since, if 4 students are seated in a bench, 3 benches remain vacant, the number of

benches of that class = % +3

Again, since, if 3 students are seated in each bench, 6 students are to remain
. -6

standing, the number of benches of that class = xT

Since the number of benches is fixed,

X x—6 x+12 x-6

—+3 = or, =

4 3 4 3

or, 4x—24=3x+36, or, 4x—-3x=36+24
or, x =60

.. number of students of the class is 60.

Example 8. Mr. kbir, from his Tk. 56000, invested some money at the rate of profit
12% per annum and the rest of the money at the rate of profit 10% per annum. After
one year he got the total profit of Tk. 6400. How much money did he invest at the
rate of profit 12% ?

Solution : Let Mr. ¥bir invest Tk. x at the rate of profit 12%.

.. he invested Tk. (56000 — x) at the rate of profit 10%.

Now, profit of Tk. x in I year is Tk. xx £>< 1, or, Tk. 127x
100 100
. . . 10
Again, profit of Tk. (56000 — x) in 1 year is Tk. (56000 — x) x 100

o, T, 10656000 )
100
12x  10(56000— x)
_ + A
> 100 100 6400
or, 12x + 560000 —10x = 640000
or, 2x = 640000 — 560000

By the question
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or, 2x = 80000
or, x =40000
.. Mr. Kbir invested Tk. 40000 at the rate of profit 12%.
Activity : Solve by forming equations :
1. What is the number, if any same number is added to both numerator and

denominator of the fraction % , the fraction will be % ?

2. If the difference of the squares of two consecutive natural numbers is 151, find
the two numbers.

3. If 120 coins of Tk. 1 and Tk. 2 together are Tk. 180, what is the number of
coins of each kind ?

Exercise 5-1
Solve (1-10) :

1. 3(5x—3)=2(x+2) 2.%—11:(12—1)2 3,
a

z+D)(z-2)=(z-4)(z+2)
Tx 3:2x 4 5 4 9 25

4, —+—=—-— . + =
35 5 3 2x+1 3x+2 5x+4

1 1 1 1
+ = +

x+1 x+4 x+2 x+3

, _a b _ a+b 8'x—a+x—b+x—3a—3b20
x—a x—-b x—a-b b a a+b
x—-a _ x-b

a-bv b -d

10. 3++/3)z+2=5+343.

Find the solution set (11 - 19) :

11. 2x(x +3) =2x> +12 12. 2x++4/2 =3x-4-3J2 13

x+a_x+a

x-b x+c

14722, 1 s b2 16.
z—1 z—1 x x+1 x-1

m n m+n
+ =

m—-x n—-x m+n—x

7 1 N 1 _ 1 Jr1 8. 2t—6+15—2t:4t—15
x+2 x+5 x+4 x+3 9 12-5¢ 18
x+2b°+¢* x+27+a® x+2d*+b°

19. + + =0

a+b b+c c+a
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Solve by forming equations (20 - 27) :
20. A number is % times of another number. If the sum of the numbers is 98, find

the two numbers.
21. Difference of num. and denom. of a proper fraction is 1. If 2 is subtracted from

. . L 1
numerator and 2 is added to denominator of the fraction, it will be equal to r

Find the fraction.

22. Sum of the digits of a number consisting of two digits is 9. If the number
obtained by interchanging the places of the digits is less by 45 than the given
number, what is the number ?

23. The digit of the units place of a number consisting of two digits is twice the
digit of the tens place. Show that, the number is seven times the sum of the
digits.

24. A petty merchant by investing Tk. 5600 got the profit 5% on some of the
money and profit of 4% on the rest of the money. On how much money did he
get the profit of 5% ?

25. Number of passengers in a launch is 47 ; the fare per head for the cabin is twice
that for the deck. The fare per head for the deck is Tk. 30. If the total fare
collected is Tk. 1680, what is the number of passengers in the cabin ?

26. 120 coins of twenty five paisa and fifty paisa together is Tk. 35. What is the
number of coins of each kind ?

27. A car passed over some distance at the speed of 60 km per hour and passed
over the rest of the distance at the speed of 40 km per hour. The car passed over
the total distance of 240 km in 5 hours. How far did the car pass over at the
speed of 60 km per hour ?

5-5 Quadratic equation with one variable

Equations of the form ax” + bx+c =0 [where a,b,c are constants and a#0] is

called the quadratic equation with one variable. Left hand side of a quadratic equation is

a polynomial of second degree, right hand side is generally taken to be zero.

Length and breadth of a rectangular region of area 12 square cm. are respectively

xcm. and (x—1) cm.

.. area of the rectangular region is = x(x—1) square cm.

By the question, x(x—1)=12, or x> —x—-12=0.

x is the variable in the equation and highest power of x is 2.

Such equation is a quadratic equation. The equation, which has

the highest degree 2 of the variable, is called the quadratic equation.

In class VIII, we have factorized the quadratic expressions with one variable of the

forms x>+ px + ¢ and ax? + bx + ¢ . Here, we shall solve the equations of the forms

x>+ px+¢g=0 and ax’ +bx+c=0 by factorizing the left hand side and by finding
the value of the variable.

12 sq. cm.

(x-1) cm.

X cm.
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An important law of real numbers is applied to the method of factorization. The law
is as follows :
If the product of two quantities is equal to zero, either ony one of the quantities or
both quantities will be zero. That is, if the product of two quantities « and b i.e.,
ab=0,a=0 or, b=0,o0r,both a=0 and 6=0.
Example 9. Solve : (x+2)(x-3)=0
Solution : (x+2)(x-3)=0
. x+2=0,0r, x-3=0
If x+2=0, x=-2
Again, if x—3=0, x=3
.. solution is x =-2 or, 3.
Example 10. Find the solution set : y* = \/gy
Solution : y* =+/3y
or, y* — V3y=0 By transposition, right hand side has been done zero]
or, y(y=~3)=0
Soy=0,o0r y—ﬁzO
If y— V3=0, y= V3
*. Solution set is {0, «/5}.

Example 11. Solve and write the solution set : x —4 = x—4 ,x#0.
X
Solution : x—4= x4
X
or, x(x—4)=x-4 by cross-multiplication]

or, x(x—4)—(x—4)=0 py transposition]
or, (x—4)(x-1)=0
wx—4=0,o0r, x-1=0
Ifx-4=0,x=4
Again,if x—-1=0, x=1
.. Solutionis: x=1 or, 4
and the solution set is {1, 4}.

2
Example 12. Solve : (x+a) _5(x+aj+6:0

X—a X—a

2
Solution : (x+a) —5(x+aj+6:0 .......... )

AL
x—a
Then from (1), we get, y> -5y +6=0

or, > =2y-3y+6=0
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or, y(y=2)-3(y-2)=0
or, (y=2)(y-3)=0
w y—2=0,o0r, y-3=0
If y-2=0, y=2
If y-3=0, y=3
dw,when y=2,
x+a 2 .
== putting the value of y ]
x—a 1
or, xratx-d_ 2+1 by componendo and dividendo]
x+a-x+a 2-1
2x 3
or, — ==
2a 1

or, x =3a

Again, wheny =3, x+a:3
xX—a

x+ta+x—a 3+1
o, ———————=——
x+a-x+a 3-1

2x 4

a 1

or, x=2a

". Solution is : x=3a, or, 2a

Activity :

1 Comparing the equation x> —1=0 with the equation ax’ +bx+c =0, write
down the values of a,b,c.

2 Ndt is the degree of the equation (x—1)> =0 ?How many roots has the
equation and what are they?
5.6 Usage of quadratic equations
Many problems of our daily life can be solved easily by forming linear and quadratic
equations. Here, the formation of quadratic equations from the given conditions
based on real life problems and techniques for solving them are discussed.
Example 13. Denominator of a proper fraction is 4more than the numerator. If the
fraction is squared, its denominator will be @ more than the numerator. Find the
fraction.

Solution : &t the fraction be

x+4
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2 2
X X

T (k447 X2 +8x+6

Here, numerator = x” and denominator = x* +8x +6 .

Square of the fraction = ( al )
x+4

By the question, x* +8x+6 =x’>+0

or, 8&x+6 =9

or, 8x=0 -6

or, 8x=12

or, x=3

L x+4=3+4=7
X 3 3

Tx+4 314 7
.. the fraction is %
Example 14. A rectangular garden with length 6 metre and breadth @ metre has o f
equal width all around the inside of the garden. If the area of the garden except the

path is @0 square metre, how much is the path wide in metre ?
Solution : &t the path be x metre wide.

Mhout the path, X m
éngth of the garden= (6 —2x) metre and g
its breadth = (8 —2x) metre % lm. 2

.. Mhout the path, area of the
garden = (8 —2x) x (8 —2x) square metre.
By the question, (6 —2x) (8 —2x)=00
or, 000 —8 x—00 x+4x* =00
or, 4x> -8 x+80 =0
or, x>’ -8 x+00 =0 fividingby?%
or, x’=5x—8 x+00 =0
or, x(x—5)—0 (x-5)=0
or, (x—5)(x—8 )=0
wx=5=0,or x—-0 =0
If x-5=0, x=5
If x-0 =0, x=90
But the breadth of the path will be less than @ metre from the breadth of the garden.
x#=0 ; cox=5
.. the path is dmetres wide.

50 m.

Math-IX-X, Forma-13
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Example 15. Shahik bought some pens at Tk. 9. If he would get one more pen in
that money, average cost of each pen would be less by Tk. 1How many pens did he
buy ?

Solution : &t, Shahik bought x pens in total by Tk. 8. Then each pen costs Tk.

g—. If he would get one more pen, that is, he would get (x +1) pens, the cost of

X

each pen would be Tk. L
x+1

By the question, , L:g——l, or L:g i
x+1 X x+1 X

or, 8 x=(x+1)(@ -x) Py cross-multiplication]

o, 8 x=8 x+8 —x’—x

or, x’+x—8 =0 py transposition]

or, x*>’+6 x—-%5 x—-8 =0

of, x(x+6 )-3% (x+6 )=0

of, (x+6 )(x-%)=0

Sx+6 =0, or, x—-5 =0

If x+6 =0, x=-6

Again,if x-5 =0, x=3%

But the number of pen x, cannot be negative.

TxE—6 ; .ox=3

.. Shahik bought fens.

Activity : Solve by forming equations :

1 If a natural number is added to its squ are, the sum will be equal to nine times
of exactly its next natural number. Ndt is the number ?

2 &ngth of a perpendicular drawn from  the centre of a circle of radius 0 cm.
to a chord is less by 2cm. than the semi-chord. Find the length of the chord
by drawing a probable picture.

Example 16. In an examination of class D0f a school, total marks of x students

obtained in mathematics is §. If at th e same examination, marks of a new student

in mathematics is 34and it is added to the former total marks, the average of the

marks become less by 1

a. Me down the average of the obtained marks of all students including the new

student and separately x students in terms of x.
b. By forming equation from the given conditions, show that, x> +35x—8 =0
c. By finding the value of x, find the average of the marks in the two cases.

Solution : a. Average of the marks obtained by x students =
X

Average of the marks obtained by (x +1) students including
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6 +34 9
the new student= —— =
x+1 x+1
.8 9
b. By the question, —— = +1
X x+1
] 9
o, - =
X x+1
b x+8 -8 x
or, =1
x(x+1)
or, x’+x=0 x-8 x+8 by cross-multiplication]
or, x*+x=0  —34x

x> +35x—8 =0 Fhowed]

c. x> +35x—9 =0

or, x’+6 x—30x—-8 =0

or, x(x+6 )=30(x+6 )=0

or, (x+6 )(x—30)=0
Sox+6 =0,0r, x-30=0
If x+6 =0, x=-6
Again, if x-30=0, x=30
Since the number of students, i.e., x cannot be negative, x # —6
. x=30.

. ]
.. in the first case, average = =0 =6

. 8
and in the second case, average = TR 4

Exercise 5-2

1 Assuming x as the variable in the equation a’x+b =0, which one of the
following is the degree of the equation ?

a. 3 b. 2 c. 1 d. o
2 Nch one of the following is an identity ?
a. (x+1)*+(x-1)° =4x b. (x+1)* +(x=1)* =2(x* +1)
c. (a+b)* —(a—b)* =2ab d. (a=b)’ =a’ +2ab+b’
3. How many roots are there in the equation (x —4)* =07?
a. 1 b. 2 c.3 d. 4

4  Wich one of the following are the two roots of the equation ~ x*—x-2 =0?
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Wdt is the coefficient of ~ x in the equation 3x* —x+5=0 ?

a. 3 b. 2 c. 1 d -1

6  Bserve the following equations :

i 2x+3=9 i §—2:—1 ii. 2x+1=5

Kich are of the above equations equivalent ?

7

8

a. i and ii b. ii and iii c. i and iii d. i, ii and iii

MWch one of the following is the solution set of the equatio n

x> —(a+b)x+ab=0?
a. {a, b} b. {a, —b} c. {—a, b} d. {—a, -b}

The digit of the tens place of a numbe r consisting of two digits is twice the
digit of the units place. In respect of the information, answer the following
questions :

() If the digit of the units place is x, what is the number ?

a. 2x b. 3x c.2 x d. 2 x
(21If the places of the digits are interchanged, what will be the number ?
a. 3x b. 4x c.2 x d. 2 x

(3) If x=2, what will be the difference between the original number and the
number by interchanging their places?
a. 8 b. 0 c. 34 d. 36

Solve (9-18) :
9 (x+2)(x-43)=00. V2x+3)W3x-2)=0 1 y(y-5)=6

3 4

2 (y+5(y-5=2 3. 2(z22-9)+9z=0 1 + =2
2z+1 5z-1
4 x=2 6(x-2) x a x b
} ———+V0 x-4=56 + =1 T —+—=—+—
VO x—4 x+2 x—6 a x b x
x—a x-b a b
8 + =—+—
x—-b x—-a b a
Find the solution set (19-25):
9 §+i: 0. x+7+2x+6: 2
x x+1 x+1 2x+1
1 1 1 1
—t—t =
x a b x+a+b
wtb _cxtd 3 xilo2 2 2x*—4ax=0

a+bx c+dx X
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(x+1)° —(x-1)° _
(x+1)* =(x-17°

Solve by forming equations (26-31) :

B Sum of the two digits of a number consisting of two digits is $and thei r
product is 6find the number.

2 Area of the floor of a rectangular room is $quare metre. If the length of the
floor is decreased by 4metre and the breadth is increased by 4metre, the are a
remains unchanged. Find the length and breadth of the floor.

8 &ngth of the hypotenuse of a right angled triangle is m. and the difference
of the lengths of other two sides is 3 cm. Find the lengths of those two sides.

9 The base of a triangle is 6cm. more than twice its height. If the area of the
triangle is ® square cm., what is its height ?

30. As many students are there in a class, each of them contributes equal to the
number of class-mates of the class and thus total Tk. @ was collected. Nd t
is the number of students in the class and how much did each student
contribute ?

31 As many students are there in a class, each of them contributed 30 paisa more
than the number of paisa equal to the number of students and thus total Tk. @
was collected. Ndt is the number of students in that class ?

32 Sum of the digits of a number consisting of two digits is 7If the places of the
digits are interchanged, the number so formed is 9nore than the given number.
a. e down the given number and the number obtained by interchangin g
their places in terms of variable x.

b. Find the given number.

c. If the digits of the original number indicate the length and breadth of a
rectangular region in centimetre, find the length of its diagonal. Assuming the
diagonal as the side of a square, find the length of the diagonal of the square.

33. The base and height of a right angle triangle are respectively (x —1) cm. and
xcm. and the length of the side of a square is equal to the height of the
triangle. Again, the length of a rectangular region is (x + 3) cm. and its breadth
is x cm.

a. Show the information in only one picture.

b. If the area of the triangular region is 0 square centimetre, what is its height?
c. Find the successive ratio of the areas of the triangular, square and rectangular
regions.



Chapter Six
Lines, Angles and Triangles

Geometry is an old branch of mathematics. The word ‘geometry’ comes from the
Greek words ‘geo’, meaning the ‘earth’, and ‘metrein’, meaning ‘to measure’. So,
the word ‘geometry’ means ‘the measurement of land.” Geometry appears to have
originated from the need for measuring land in the age of agricultural based
civilization. However, now a days geometry is not only used for measuring lands,
rather knowledge of geometry is now indispensible for solving many complicated
mathematical problems. The practice of geometry is evident in relics of ancient
civilization. According to the historians, concepts and ideas of geometry were
applied to the survey of lands about four thousand years ago in ancient Egypt. Signs
of application of geometry are visible in different practical works of ancient Egypt,
Babylon, India, China and the Incas civilisation. In the Indian subcontinent there
were extensive usages of gometry in the Indus Valley civilisation. The excavations at
Harappa and Mohenjo-Daro show the evidence of that there was a well planned city.
For example, the roads were parallel to each other and there was a developed
underground drainage system. Besides the shape of houses shows that the town
dwellers were skilled in mensuration. In Vedic period in the construction of altars (or
vedis) definite geometrical shapes and areas were maintained. Usually these were
constituted with triangles, quadrilaterals and trapeziums.

But geometry as a systematic discipline evolved in the age of Greek civilization. A
Greek mathematician, Thales is credited with the first geometrical proof. He proved
logically that a circle is bisected by its diameter. Thales’ pupil Pythagoras developed
the theory of geometry to a great extent. About 300 BC Euclid, a Greek scholar,
collected all the work and placed them in an orderly manner it in his famous treatise,
‘Elements’. ‘Elements’ completed in thirteen chapters is the foundation of modern
geometry for generations to come. In this chapter, we shall discuss logical geometry
in accordance with Euclid.

At the end of this chapter, the students will be able to

» Describe the basic postulates of plane geometry

» Prove the theorems related to triangles

» Apply the theorems and corollaries related to triangles to solve problems.

6-1 Concepts of space, plane, line and point
The space around us is limitless. It is occupied by
different solids, small and large. By solids we

mean the grains of sand, pin, pencil, paper, book,
chair, table, brick, rock, house, mountain, the earth, planets and stars. The concepts
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of geometry springs from the study of space occupied by solids and the shape, sig,
location and properties of the space.

—a

A solid occupies space which is spread in three directions. This spread in three
directions denotes the three dimensions (length, breadth and height) of the solid.
thee every solid is threedimensional. For example, a brick or a box has three
dimensions (length, breadth and height). A sphere also has three dimensions,
although the dimensions are not distinctly visible.

The boundary of a solid denotes a surface, that is, every solid is bounded by one or
more surfaces. For example, the six faces of a box represent six surfaces. The upper
face of a sphere is also a surface. But the surfaces of a box and of a sphere are
different. The first one is plane while the second is one curved.

Two-dimensional surface : A surface is two dimensional;it has only length and
breadth and is said to have no thickness. eping the two dimension of a box
unchanged, if the third dimension is gradually reduced to gro, we are left with a face
or boundary of the box. In this way, we can get the idea of surface from a solid.

Nén two surfaces intersect, a line is form ed. For example, two faces of a box meet
at one side in a line. This line is a straight line. Again, if a lemon is cut by a knife, a
curved line is formed on the plane of intersection of curved surface of the lemon.
One-dimensional line : A line is onedimensional; it has only length and no breadth
or thickness. If the width of a face of the box is gradually receded to gro, we are lef t
with only line of the boundary. In this way, we can get the idea of line the from the
idea of surface.

The intersection of two lines produces a point. That is, the place of intersection of
two lines is denoted by a point. If the two edges of a box meet at a point. A point has
no length, breadth and thickness. If the length of a line is gradually reduced to ero at
last it ends in a point. Thus, a point is considered an entity of gro dimension.

A -c—
6-2 Euclid’s Axioms and Postulates
The discussion above about surface, line and point do not lead to any definition —
they are merely description. This description refers to height, breadth and length,
neither of which has been defined. ®only can represent them intuitively. The
definitions of point, line and surface which Euclid mentioned in the beginning of the
first volume of his Elements’ are incomple te from modern point of view. A few of
Euclid’s axioms are given below:

1. A point is that which has no part.

2. A line has no end point.
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3. A line has only length, but no breath and height.

4. A straight line is a line which lies evenly with the points on itself.

5. A surface is that which has length and breadth only.

6. The edges of a surface are lines.

7. A plane surface is a surface which lies evenly with the straight lines on itself.

It is observed that in this description, part, length, width, evenly etc have been
accepted without any definition. It is assumed that we have primary ideas about
them. The ideas of point, straight line and plane surface have been imparted on this
assumption. As a matter of fact, in any mathematical discussion one or more
elementary ideas have to be taken granted. Euclid called them axioms. Some of the
axioms given by Euclid are:

(1) Things which are egal to the same thing, are egal to one another.

(2) If egals are added to egals, the wholes are egal.

(3) If eqals are subtracted from egals, the remainders are egal.

(4) Things which coincide with one another, are egal to one another.

(5) The whole is greater than the part.

In modern geometry, we take a point, a line and a plane as undefined terms and some
of their properties are also admitted to be true. These admitted properties are called

geometric postulates. These postulates are chosen in such a way that they are
consistent with real conception. The five postulates of Euclid are:

Postulate 1: A straight line may be drawn from any one point to any other point.
Postulate 2: A terminated line can be produced indefinitely,

Postulate 3: A circle can be drawn with any centre and any radius.

Postulate 4: All right angles are equal to one another.

Postulate 5: If a straight line falling on two straight lines makes the interior angles
on the same side of it taken together less than two right angles, then the two straight
lines, if produced indefinitely, meet on that side on which the sum of angles is less
than two right angles.

After Euclid stated his postulates and axioms, he used them to prove other results.
Then using these results, he proved some more results by applying deductive
reasoning. The statements that were proved are called propositions or theorems.
Euclid is his ¢élements’ proved a total of 465 propositions in a logical chain. This is
the foundation of modern geometry.

Note that there are some incompletion in Euclid’s first postulate. The drawing of a
unige straight line passing through two distinct points has been ignored.

Postulate 5 is far more complex than any other postulate. On the other hand,
Postulates 1 through 4 are so simple and obvious that these are taken as selfevident
truths’. bkwever, it is not possible to prove them. So, these statements are accepted
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without any proof. Since the fifth postulate is related to parallel lines, it will be
discussed later.
6.3 Plane Geometry
It has been mentioned earlier that point, straight line and plane are three fundamental
concepts of geometry. Although it is not possible to define them properly, based on
our real life experience we have ideas about them. As a concrete geometrical
conception space is regarded as a set of points and straight lines and planes are
considered the subsets of this universal set.
Postulate 1. Space is a set of all points and plane and straight lines are the subsets
of this set. From this postulate we observe that each of plane and straight line is a set
and points are its elements. bfwever, in ge ometrical description the notation of sets
is usually avoided. For example, a point included in a straight line or plane is
expressed by the point lies on the straight line or plane’ or the straight line or plane
passes through the point’. Similarly if a straight line is the subset of a plane, it is
expressed by such sentences as the straigh t line lies on the plane, or the plane
passes through the straight line’.
It is accepted as properties of straight line and plane that,
Postulate 2. For two different points there exists one and only one straight line, on
which both the points lie.
Postulate 3. For three points which are not collinear, there exists one and only one
plane, on which all the three points lie.
Postulate 4. A straight line passing through two different points on a plane lie
completely in the plane.
Postulate 5. (a) Space contains more than one plane
(b) In each plane more than one straight lines lie.
(c) The points on a straight line and the real numbers can be related in
such a way that every point on the line corresponds to a unige real
number and conversely every real number corresponds to a unige
point of the line.
Remark: The postulates from 1 to 5 are called incidence postulates.
The concept of distance is also an elementary concept. It is assumed that,
Postulate 6 : (a) Each pair of points (P, Q) determines a unige real number which
is known as the distance between point P and Q and is denoted by PQ.
(b) If P and Q are different points, the number PQ is positive. Otherwise, PO-9.
(¢) The distance between P and Q and that between Q and P are the same, i.e.

PO=0P.

Math-IX-X, Forma-14
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According to postulate 5(c) one to one correspondence can be established between
the set of points in every straight line and the set of real numbers. In this connection,
it is admitted that,

Postulate 7 : Onetoene correspondence can be established between the set of
points in a straight line and the set of real numbers such that, for any points P and Q,
PQ =h -b] where, the onetoene correspondence associates points P and Q to real
numbers a and b respectively.

If the correspondence stated in this postulate is made, the line is said to have been
reduced to a number line. If P corresponds to a in the number line, P is called the
graph point of P and a the coordinates of P. To convert a straight line into a number
line the coerdinates of two points are taken as 0 and 1 respectively. Thus a unit
distance and the positive direction are fixed in the straight line. For this, it is also
admitted that,

Postulate 8: Any straight line 4B can be converted into a number line such that the
coordinate of 4 is 0 and that of B is positive.

Remark: Postulate 6 is known as distance postulate and Postulate 7 as ruler
postulate and Postulate &s ruler placement postulate.

Geometrical figures are drawn to make geometrical description clear. The model of a
point is drawn by a thin dot by tip of a pencil or pen on a paper. The model of a
straight line is constructed by drawing a line along a ruler. The arrows at ends of a
line indicate that the line is extended both ways indefinitely. By postulate 2, two
different points 4 and B define a unige straight line on which the two points lie.
This line is called 4B or BA line. By postulate 5(c) every such straight line contains
infinite number of points.
According to postulate 5(a) more than one plane exist. There is infinite number of
straight lines in every such plane. The branch of geometry
that deals with points, lines and different geometrical
entities related to them, is known as plane Geometry. In
this textbook, plane geometry is the matter of our
discussion. hce, whenever something is not mentioned I i Y
in particular, we will assume that all discussed points, %
lines etc lie in a plane.
Proof of Mathematical statements
In any mathematical theory different statements related to the theory are logically
established on the basis of some elementary concepts, definitions and postulates.
Such statements are generally known as propositions. In order to prove correctness
of statements some methods of logic are applied. The methods are:

(a) Method of induction

(b) Method of deduction
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Proof by contradiction
Philosopher Aristotle first introduced this method of logical proof. The basis of this
method is:

e A property can not be accepted and rejected at the same time.

e The same object can not possess opposite properties.

e One can not think of anything which is contradictory to itself.

e [Ifan object attains some property, that object can not unattain that property at

the same time.

6-4 Geometrical proof
In geometry, special importance is attached to some propositions which are taken, as
theorems and used successively in establishing other propositions. In geometrical
proof different statements are explained with the help of figures. But the proof must
be logical.

In describing geometrical propositions general or particular enunciation is used. The
general enunciation is the description independent of the figure and the particular
enunciation is the description based on the figure. If the general enunciation of a
proposition is given, subject matter of the proposition is specified through particular
enunciation. For this, necessary figure is to be drawn.

Generally, in proving the geometrical theorem the following steps should be
followed :

(1) General enunciation.

(2) Figure and particular enunciation.

(3) Description of the necessary constructions and

(4) Description of the logical steps of the proof.
If a proposition is proved directly from the conclusion of a theorem, it is called a
corollary of that theorem. Besides, proof of various propositions, proposals for
construction of different figures are considered. These are known as constructions.
By drawing figures related to problems, it is necessary to narrate the description of
construction and its logical truth.

Exercise 6.1

Give a concept of space, surface, line and point.
State Euclid’s five postulates.

State five postulates of incidence.

State the distance postulate.

State the ruler postulate.

Explain the number line.

S e
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7 fate the postulat e of ruler placement.

8 Define intersecting straight line and parallel straight line.

Line, Ray and Line Segment

By postulates of plane geometry, every point of a straight line lies in a plane. & AB
be a line in a plane and C be a point on it. The point C is called internal to 4 and B if
the points 4, C and B are different points on a line and AC + CB = AB. The points 4,
C and B are also called collinear points. The set of points including 4 and B and all
the internal points is known as the line segment AB. The points between 4 and B are
called internal points.

Angles

Bén two rays in a plane meet at a point, an angle
is formed. The rays are known as the sides of the
angle and the common point as vertex. In the
figure, two rays OP and OQ make an angle ZPOQ
at their common point O. O is the vertex of the 0 0
angle. The set of all points lying in the plane on

the Q side of OP and P side of OQ is the known as

the interior region of the ZPOQ. The set of all

points not lying in the interior region or on any

side of the angle is called exterior region of the

angle.

Straight Angle

The angle made by two opposite rays at their

common end point is a straight angle. In the c A B

adjacent figure, a ray AC is drawn from the end
point A of the ray AB. Thus the rays 4B and AC
have formed an angle ZBAC at their common point
A. ZBAC is a straight angle. The measurement of a
right angle is 2 right angles or 18 °.

Adjacent Angle B C
If two angles in a plane have the same vertex, a

common side and the angles lie on opposite sides of

the common side, each of the two angles is said to

be an adjacent angle of the other. In the adjacent

figure, the angles Z/BAC and ZCAD have the same A D
vertex 4, a common side 4C and are on opposite

sides of AC. ZBAC and ZLCAD are adjacent angles.
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Perpendicular and Right Angle

The bisector of a straight angle is called
perpendicular and each of th related adjacent angle a
right angle. In the adjacent figure two angles ZBAC
and ZCAD are produced at the point 4 of BD. The
angles ZBAC and ZCAD are equal and lie on
opposite sides of the common side AC. kh of the
angles ZBAC and ZCAD is a right angle and the line
segments BD and AC are mutually perpendicular.

Acute and Obtuse Angles

An angle which is less than a right angle is called an
acute angle and an angle greater than one right angle
but less than two right angles is an obtuse angle. In
the figure, ZAOC is an acute angle and Z4AOD is an
obtuse angle

Reflex Angle

An angle which is greater than two right angles and
less than four right angles is called a reflex angle. In
the figure, ZAOC is a reflex angle.

Complementary Angles

If the sum of two angles is one right angle, the two
angles are called complementary angles. In the
adjacent figure, Z4AOB is a right angle. The ray OC
is in the inner side of the angle and makes two
angles ZAOC and ZCOB. 8 taking together the
measurement of these two angles is one right angle.
The angles ZAOC and ZCOB are complementary
angles.

Supplementary Angles

If the sum of two angles is 2 right angles, two angles are
called supplementary angles. The point O is an internal
point of the line AB. OC is a ray which is different from
the ray OA and ray OB. As a result two angles Z40C
and ZCOB are formed. The measurement of this two
angles is equal to the measurement of the straight angle
ZAOB ie., two right angles. The angles Z40C and
ZCOB are supplementary angles.
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Opposite Angles

Two angles are said to be the opposite angles if the
sides of one are the opposite rays of the other.

In the adjoining figure OA and OB are mutually
opposite rays. 8 are the rays OC and OD. The
angles ZAOC and ZBOD are a pair of opposite
angles. fnilarly, ZBOC and ZDOA are another pair
of opposite angles. Therefore, two intersecting lines
produce two pairs of opposite angles.

Theorem 1
The sum of the two adjacent angles which a ray makes with a straight line on its
meeting point is equal to two right angles.
&, the ray OC meets the straight line 4B atO. As a D C
result two adjacent angles Z4OC and ZCOB are
formed. Draw a perpendicular DO on 4B.
Sm of the adjacent two angles = Z40C + ZCOB =
ZAOD+ £ZDOC+ ZCOB A 0 B
= ZLAOD + £ZDOB
= 2 right angles. Poved]

Theorem 2
When two straight lines intersect, the vertically opposite angles are equal.

&t AB and CD be two straight lines, which intersect
atO. As a result the angles ZAOC, ZCOB, ZBOD,
ZAOD are formed at 0. ZAOC = opposite ZBOD

and ZCOB = opposite LZAOD .

6-4 Parallel lines
Alternate angles, corresponding angles and interior angles of the traversal
F
A r /2 B
4

3
C 5/6 D
e
E

In the figure, two straight lines 4B and CD are cut by a straight line EF at P and Q.
The straight line EF is a traversal of 4B and CD. The traversal has made eight
angles /1,/2,/3,/4,/5,/6,/7,/8 with the lines AB and CD. Among the
angles
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(a) Land 45,42 and £6, Z3and £7,/£4 and £8 are corresponding angles,
(b) £3and £6, /44 and £5 are alternate angles,
(c) Z4,£6 are interior angles on the right
(d) 43,45 are interior angles on the left.
In a plane two straight lines may intersect or they are parallel. The lines intersect if

there exists a point which is common to both lines. Berwise, the lines are parallel.
die that two different straight lines ma y atmost have only one point in common.
The parallelism of two straight lines in a plane may be defined in three different
ways:

(a) The two straight lines never intersect each other ( even if extended to infinity)

(b) Eery point on one line lies at equal smallest distance from the other.

(c) The corresponding angles made by a transversal of the pair of lines are equal.
According to definition (a) in a plane two straight lines are parallel, if they do not
intersect each other. Two line segments taken as parts of the parallel lines are also
parallel.

According to definition (b) the perpendicular distance of any point of one of the
parallel lines from the other is always equal. Brpendicular distance is the length of
the perpendicular from any point on one of the lines to the other. Conversely, if the
perpendicular distances of two points on any of the lines to the other are equal, the
lines are parallel. This perpendicular distance is known as the distance of the parallel
lines.

The definition (c) is equivalent to the fifth postulate of Hclid. This definition is
more useful in geometrical proof and constructions.

bxerve that, through a point not on a line, a unique line parallel to it can be drawn.
Theorem 3
When a transversal cuts two parallel straight lines,
(a) the pair of alternate angles are equal.
(b) that pair of interior angles on the same side of the transversal are
supplementary.
In the figure ABIICD and the transversal PQ
intersects them at £ and F respectively. Therefore,
(a) £PEB = corresponding ZEFD by definition]
(b) £LAEF= alternate ZEFD
(¢) £BEF + ZEFD == 2 right angles.
Activity:

1. &ing alternate definitions of parallel lines prove the theorems related to parallel
straight lines.
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Theorem 4

When a transversal cuts two straight lines, such that
(a) pairs of corresponding angles are equal, or
(b) pairs of alternate interior angles are equal, or

(c) pairs of interior angles on the same side of the transversal are or equal to, the
sum of two right angles the lines are parallel.

In the figure the line PQ intersects the straight lines P

AB and CD at E and F respectively and A £

(a) £LPEB = alternate ZEFD c r D
or, (b) ZAEF = Corresponding ZEFD 0

or, (¢) ZBEF + ZEFD =2 right angles.
Therefore, the straight lines AB and CD are parallel.

Corollary 1. The lines which are parallel to a given line are parallel to each
other.

Exercise 6.2

Define interior and exterior of an angle.

If there are three different points in a line, identify the angles in the figure.
Define adjacent angles and locate its sides.

Define with a figure of each: opposite angles, complementary angle,
supplementary angle, right angle, acute and obtuse angle.

6.5 Triangles

A triangle is a figure closed by three line segments. The line segments are known as
sides of the triangle. The point common to any pair of sides is the vertex. The sides form
angles at the vertices. A triangle has three sides and three angles. Triangles are classified
by sides into three types: equilateral, isosceles and scalene. By angles triangles are also
classified into three types: acute angled, right angled and obtuse angled.

The sum of the lengths of three sides of the triangle is the perimeter. By triangle we
also denote the region closed by the sides. The line segment drawn from a vertex to
the mid-point of opposite side is known as the median. Again, the perpendicular
distance from any vertex to the opposite side is the height of the triangle.

A

bl

In the adjacent figure ABC is a triangle. 4,B,C are
three vertices. AB,BC,CA are three sides and
ZBAC ,ZABC, ZBCA are three angles of the triangle.

The sum of the measurement of AB, BCand CA isthe B c
perimeter of the triangle.
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Equilateral Triangle

An equilateral triangle is a triangle of three equal sides.
In the adjacent figure, triangle ABC is an equilateral
triangle;because, AB = BC = CAi.e., the lengths of
three sides are equal.

Isosceles Triangle

An isosceles triangle is triangle with two equal sides. In
the adjacent figure triangle ABC is an isosceles
triangle; because 4B = AC #BC i.e., the lengths of
only two sides are equal.

Scalene Triangle
Sides of scalene triangle are unequal. Triangle ABC is

a scalene triangle, since the lengths of its
sides AB,BC, CA are unequal.

Acute Angled Triangle

A triangle having all the three angles acute is acute
angled triangle. In the triangle ABC each of the angles
/BAC, ZABC and ZBCA is acute i.c., the
measurement of any angle is less than 90°. So A4BC is
acute angled.

Right Angled Triangle

A triangle with one of the angles right is a right angled
triangle. In the figure, the ZDFE is a right angle;each
of the two other angles ZDEF and ZEDF are acute.
The triangle ADEF is a right angled triangle.

Obtuse angled triangle

A triangle having an angle obtuse is an obtuse angled
triangle. In the figure, the ZGKH is an obtuse angle;
the two other angles /GHK and Z/ZHGK are acute.
AGHK is an obtuse angled triangle.

Math-IX-X, Forma-15
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9.3 Interior and Exterior Angles
If a side of a triangle is produced, a new angle is formed. This angle is known as
exterior angle. Except the angle adjacent to the exterior angle, the two others angles

of the triangle are known as opposite interior angles.
A

In the adjacent figure, the side BC of AABC is produced
to D. The angle ZACD is an exterior angle of the triangle. i i
ZABC, /BAC and ZACB are three interior angles. 4

ZACB is the adjacent interior angle of the exterior angle ¢ ’
ZACD . Each of ZABC and ZBAC is an opposite interior
angle with respect to ZACD .

Theorem 5
The sum of the three angles of a triangle is equal to two right angles.
A A
Q E
1
X
B c IYAS Y

C D
&t ABC be a triangle. In the triangle £BAC + ZABC + ZACB Zight angles.
Corollary 1: If a side of a triangle is produced then exterior angle so formed is equal
to the sum of the two opposite interior angles.

Corollary 2: If a side of a triangle is produced, the exterior angle so formed is
greater than each of the two interior opposite angles.

Corollary 3: The acute angles of a right angled triangle are complementary to each
other.

Activity :

1 Prove that if a side of a triangle is produced, the exterior angle so formed is
greater than each of the two interior opposite angles.

Congruence of Sides and Angles
If two line segments have the same length, they c b
are congruent. Conversely, if two line segments
are congruent, they have the same length.
If the measurement of two angles is equal, the / /
angles are congruent. Conversely, if two angles 5 40 L, S’
A r
®

are congruent, their measurement is the same.

Ae———h

(i)
Congruence of Triangles

If a triangle when placed on another exactly covers the other, the triangles are
congruent. The corresponding sides and angles of two congruent triangles are equal.
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In the figure, AABC and ADEF are congruent.
If two triangles ABC and DEF are congruent, by
superposition of a copy of ABC on DEF we find c E B
that each covers the other completely. . Hence,

the line segments as well angles are congruent.

We would express this as AABC= AABC.

Theorem 6 (SAS criterion)

If two sides and the angle included between them of a triangle are equal to two
corresponding sides and the angle included between them of another triangle,
the triangles are congruent.

& ABC and DEF be two triangles in 4 E

which AB = DE, AC = DF and the
included ZBAC =the included §
B " "

ZEDF . Then AABC= ADEF . f c D f D
Theorem 7
If two sides of a triangle are equal, the angles opposite the equal sides are also
equal. .
Suppose in the triangle ABC, AB = AC, then LABC = ZACB. A
Theorem 8 # c

If two angles of a triangle are equal, the sides opposite the equal angles are also
equal.

In the triangle ABC ZABC = ZACB . 1tis to A
be proved that AB = AC.

D

Proof B C

Steps nistification

(JIf AB= AC isnotequalto 4B, [The base angles of an

(i) AB> AC or, (i) AB< AC isosceles triangles are equal]

Suppose, AB > AC. Cut from AB a part AD

equal to AC . Now, the triangle ADC is an

isosceles triangle. So, ZADC = ZACD

In ADBC Exterior angle Z4ADC>/ABC Exterior angle is greater than

-, ZACD > /4BC Therefore, ZACB >/4BC | cach of the interior opposite
.. . . .. angles]

But this is against the given condition.



[} Math

(2 Similarly, (ii) If AB < AC, it can be proved
that ZABC >/ACB.

But this is also against the condition,
(3) So neither 4B > AC nor AB < AC
- AB = AC (Proved)

Theorem 9 (SSS criterion)

If the three sides of one triangle are equal to the three corresponding sides of
another triangle, the triangles are congruent.

In AABCand ADEF ,AB = DE, AC = DF
and BC=EF, /\
AABC = AABC. .

Theorem 10 (ASA criterion)
If two angles and the included side of a triangle are equal to two corresponding
angles and the included side of another triangle, the triangles are congruent.

& ABC and DEF be two triangles in which A

the /B = ZE, ZC = /ZF . and the side BC
=the corresponding side EF, then the :

. . B cE F
triangles are congruent, i.e. AABC = ADEF .

Theorem 11 (HSA criterion)

If the hypotenuse and one side of a right-angled triangle are respectively equal
to the hypotenuse and one side of another right-angled triangle, the triangles
are congruent.

D

NN

E
& ABC and DEF be two right angled triangles, in which the hypotenuse AC=
hypotenuse DF and AB = DE, then AABC = ADEF . .

Theorem 12

If one side of a triangle is greater than another, the angle opposite the greater
side is greater than the angle opposite the lesser sides.

& ABC be a triangle whose AC >A4B, then
/ABC > ZACB. g
B ~C
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Theorem 13

If one angle of a triangle is greater than another, the side opposite the greater
angle is greater than the side opposite the lesser.

&t ABC be a triangle in which L ABC> £ ACB. 4
It is required to prove that, 4C > AB. Q

B C
Proof :

Steps hstification
()If the side AC is not greater than AB,
(1) AC = 4B or, (ii)) AC < AB

(1) if AC=AB £ ABC = Z ACB which is against the | The base angles of

supposition, since by supposition £ ABC > £ ACB | isosceles triangle are equal]

(i1) Again if AC < AB, L ABC < L ACB [ The angle opposite to
But this is also against the supposition. smaller side is smaller]

(2 Therefore, the side AC is neither equal to nor
less than AB. .. AC > AB (Proved).

There is a relation between the sum or the differece of the lengths of two sides and
the length of the third side of a triangle.

Theorem 14

The sum of the lengths of any two sides of a triangle is greater than the third side.

&t ABC be a triangle. Then any two of its sides L

are together greater than the third side. & BC to
be the greatest side. Then AB+AC > BC.

A

B c
Corollary 1. The difference of the lengths of any two sides of a triangle is
smaller than the third side.

&t ABC be a triangle. Then the difference of the lengths of any two of its sides is
smaller than the length of third side i.e. AB —AC < BC.

Theorem 15

The line segment joining the mid-points of any two sides of a triangle is parallel
to the third side and in length it is half.
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&t ABC be atriangle and D and FE are respectively mid-
points of the AB and AC. It is required to prove

that DE' | BC and DE :%BC

Construction: din D and E and extend to F'so that EF = DE.
Proof :

Steps histification

(1 Between AADE and ACEF , AE = EC [given ]

DE = EF by construction]
LAED = ZCEF ppposite angles]
AADE = ACEF BAS theorem]
.. ZADE = ZEFC and £ZDAE = ZECF .

.. DF| BCor, DE| BC.

. 1
(RAgain, DF =BC or, DE + EF = BC or, DE + DE = BC or, DE:EBC

Theorem 16 (Pythagoras theorem)
In a right-angled triangle the square on the hypotenuse is equal to the sum of
the squares of regions on the two other sides.
&t in the triangle 4BC, ZABC =right
angle and AC is the hypotenuse.
Then AC® = 4B” + BC?,

A

Exercise 6.3

1 The lengths of three sides of a triang le are given below. In which case it is
possible to draw a triangle?

(a)5cm, 6 cmand Tm (b) 3 cm, 4 cm and Tm
(¢) 5 cm, Tm and 4 cm (a) Zm, 4 cm and &m

2 Consider the following information:
(1) A right angled triangle is a triangle with each of three angles right angle.
(i1) An acute angled triangle is a triangle with each of three angles acute.
(iii) A triangle with all sides equal is an equilateral triangle.
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Which one of the following is correct?

(a) iand ii (b)yiandiii (c) iiandiii (d) 1,1l and iii
& the figure below to answer questions 3 and 4.
D c
A 0 B

3. Which one is a right angle?
(a) £LBOC(b) £BOD (c) £LCOD (d) LAOD

4. What is the angle complementary to BOC?
(a) £LAOC(b) £LBOD (c) £LCOD (d) LAOD

5. Prove that, the triangle formed by joining the middle points of the sides of an
equilateral triangle is also equilateral.

6. Prove that, the three medians of an equilateral triangle are equal.

3

Prove that, the sum of any two exterior angles of a triangle is greater than two righ t
angles.

8 D is apoint inside a triangle ABC. Prove that, AB + AC> BD + DC.

If D is the middle point of the side BC of the triangle ABC, prove that, AB + AC
> 24D.

0. Prove that, the sum of the three medians of a triangle is less than its perimeter.

©

1A is the vertex of an isosceles triangle ~4BC, and the side BA is produced to D
such that BA = AD; prove that £ BCD =right angle.

2The bisectors of the angles £ B and £ C of a triangle ABC intersect at O. Prove
that £ BOC 90°%, LA.

3. If the sides AB and AC of a triangle ABC are produced and the bisector of the
exterior angles formed at B and C meet at O, prove that, £/ BOC90° -1 L A.

4. In the adjoining figure, £ C=rightangleand ZB=2 ZA.
Prove that, AB = 2BC.

A

C B
5. Prove that, the exterior angle so formed by producing any side of a triangle is
equal to the sum of the interior opposite angles.
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6. Prove that, the difference between any two sides of a triangle is less than the
third.

TIn the adjoining figure, £ B =right angle and

D is the middle point of the hypotenuse AC of the triangle ABC. Prove that. BD % AC.
A

B C
8In the AABC, AB > AC and the bisector AD of £ A intersects BC at D. Prove
that £ ADB is an obtuse angle.

9. Show that, any point on the perpe ndicular bisector of a line segment is
equidistant from the terminal points of that line segment.

0. In the rightangled triangle =~ £ A =right angle and D is the mid point of BC.
a. Draw a triangle ABC with given information.
b. Prove that AB + AC > 24D

c. Prove that, AD = %BC



Chapter Seven
Practical Geometry

In the previous classes geometrical figures were drawn in proving different
propositions and in the exercises. There was no need of precision in drawing these
figures. But sometimes precision is necessary in geometrical constructions. &r
example, when an architect makes a design of a house or an engineer draws different
parts of a machine, high precision of drawing is required. In such geometrical
constructions, one makes use of ruler and compasses only. We have already learnt
how to construct triangles and quadrilaterals with the help of ruler and compasses. In
this chapter we will discuss the construction of some special triangles and
quadrilaterals.

At the end of the chapter, the students will be able to —

» Explain triangles and quadrilaterals with the help of figures

» Construct triangle by using given data

» Construct parallelogram by using given data.
7-1 Construction of Triangles
Every triangle has three sides and three angles. But, to specify the shape and size of a
triangle, all sides and angles need not to be specified. br example, as sum of the
three angles of a triangle is two right angles, one can easily find the measurement of
the third angle when the measurement of the two angles of the triangle given. Again,
from the theorems on congruence of triangles it is found that the following
combination of three sides and angles are enough to be congruent. That is, a
combination of these three parts of a triangle is enough to construct a unique triangle.
In class seven we have learnt how to construct triangles from the following data:

(] Three sides 4 4

(2 Two sides and their
included angle.

Math-1X-X, Forma-16
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(3) Two angles and their
adjacent sides

(4) Two angles and an
opposite side

B a ¢ D
(5) Two sides and an E
opposite angle A
c
B C C'"D
(6) Hypotenuse and a >
side of a rightangled ‘ :
triangle ,
B C D

Observe that in each of the cases above, three parts of a triangle have been specified.
But any three parts do not necessarily specify a unique triangle. As for example, if
three angles are specified, infinite numbers of triangles of different sizes can be
drawn with the specified angles (which are known as similar triangles).

A A O
IS B

Sometimes for construction of a triangle three such data are provided by which we
can specify the triangle through various drawing. Construction in a few such cases is
stated below.

C
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Construction 1
The base of the base adjacent angle and the sum of other two sider of a triangle
are given. Construct the triangle.

&t the base «, a base adjacent angle £x and the
sum s of the other two sides of a triangle ABC be
given. It is required to construct it.

Steps of construction :

(Jfom any ray  BE cut the line segment BC
equal to a. At B of the line segment BC, draw an

angle L CBF = /x.
(2Cut a line segment BD equal to s from
the ray BF.

(3) din C,D and at C make an angle £ DCG
equal to £ BDC on the side of DC in which B
lies.

(4) &t theray CG intersect BD at A.
Then, ABC is the required triangle.
Proof : In AACD, ZADC = ZACD by construction]
AC = AD.
Now, In AABC, ZABC = Zx, BC = a, by construction]
and BA+ AC = BA+ AD = BD = 5. Therefore, AABC is the required triangle.
Alternate Method

&t the base «, abase adjacent angle Zx and the Eqf
sum s of the other two sides of a triangle ABC be

given. It is required to construct the triangle. d—

Steps of construction: D Kx

(Jfom any ray  BE cut the line segment BC
equal to a. At B of the line segment BC draw an
angle ZCBF = Zx.

(2Cut a line segment BD equal to s from

the ray BF.

(3) din C,D and construct the perpendicular
bisector PQ of CD.

(4) &t the ray PQ intersect BD at 4. din A4, C.
Then, ABC is the required triangle.

Proof: In AACR and AADR, CR=DR AR = AR and the included angle
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ZARC = ZARD fight angle ]

AACR = AADR . .. AC=A4D

Now, In AABC, ZABC = Zx, BC = a, by construction |

and BA+ AC = BA+ AD = BD = 5. Therefore, AABC is the required triangle.
Construction 2

The base of a triangle the base adjacent an acute angle and the difference of the
other two sides are given. Construct the triangle.

&t the base a, a base adjacent angle Zxand

the difference d of the other two sides of a ES

triangle ABC be given. It is required to \ .
construct the triangle. d
Steps of Construction : D ix
(] tom any ray  BE, cut the line segment BC ,

equal to a. At B of the line segment BC draw an B ¢ F

angle ZCBF = Zx.

(2 Cut a line segment BD equal to s from the
ray BE.

(3) din C,D and at C, make an angle £DCA
equal to ZEDC on the side of DC in which C
lies. &t the ray CA intersect BE at 4.

Then ABC is the required triangle.
Proof :, In AACD, ZADC = ZACD [by construction]
AC = AD.
So, the difference of two sides AB— AC = AB— AD =BD =d.
Now, In AABC,BC=a,AB— AC=d and £ABC = Zx. Therefore, AABC is the
required triangle.

Activity :

11If the given angle is not acute, the above construction is not possible. Why ?
Explore any way for the construction of the triangle under such circumstances.
2The base, the base adjacent angle and the difference of the other two sides of a
triangle are given. Construct the triangle in an alternate method.

Construction 3
The base adjacent two angles and the perimeter of a triangle are given.
Construct the triangle.

&t the base adjacent angles Zx and Zy and the perimeter p be geven. It is required
to construct the triangle.
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Steps of Construction :
() tom any ray  DF, cut the part DE equal to the
perimeter p. Make angles ZEDL equal to Zx and
ZDEM equal to Zy on the same side of the line
segment DE at D and E.

(2 Draw the bisectors BG and EH of the two angles.
(3) & these bisectors DG and EH intersect at a
point A. At the point 4, draw £DAB equal to LADE
and ZEAC equal to ZAED.

(4) & AB intersect DE at B and AC intersect DE at
C.

Then, AABC is the required triangle.

Proof : In AADB, ZADB = ZDAB by construction]
Again, in AACE, ZAEC = ZEAC; .. CA=CE.

L M
H~A G
E
L M
H~4 ¢
B C E
.. AB=DB.

Therefore, in AABC, AB+ BC+CA= DB+ BC+CE = DE = p.

ZLABC = ZADB + ZDAB = %4x+ %Zx =Zx

and ZACB = LAEC + ZEAC = %Ly + % Zy = £y. Therefore, AABC is the required triangle.

Activity:

the triangle in an alternative way.

1 Two acute base adjacent angles and the perimeter of a triangle are given. Construct

Example 1. Construct a triangle ABC, in which ZB =60; ZC =45°and the

perimeter AB + BC + CA = km.

Steps of Construction: bllow the steps below :
() Draw a line segment PQ =cm.

(2 At P, construct an angle of ZQPL 60°%nd at (an angle of ZPQOM 45%n

the same side of PQ.

(3) Draw the bisectors PG and QH of the two angles. &t the bisectors PG and QH

of these angles intersect at 4.

(4) Draw perpendicular bisector of the segments P4 of QA to intersect PQ at B and C.
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(5) din 4, Band 4, C.
Then, ABC is the required triangle.

Activity : An adjacent side with the right angle and the difference of hypotenuse
and the other side of a rightangled tr iangle are given. Construct the triangle.

Exercise 7.1
1. Construct a triangle with the following data:
(a) The lengths of three sides are 3 cm, 3-5 cm, 2-&m.
(b) The lengths of two sides are 4 cm , 3 cm and the included angle is 60°.
(c) Two angles are 60° and 45° and their included side is 5 cm.
(d) Two angles are 60° and 45° and the side opposite the angle 45° is 5 cm.
(e) The lengths of two sides are 4.5 cm and 3.5 respectively and the angle
opposite to the second side is 4 cm.
(f) The lengths of the hypotenuse and a side are 6 cm and 4 cm respectively.
2. Construct a triangle ABC with the following data:
(a) Base 3.5 cm, base adjacent angle 60° and the sum of the two other sides &m.
(b) Base 4 cm, base adjacent angle 50° and the sum of the two other sides 5 cm.
(c) Base 4 cm, base adjacent angle 50° and the difference of the two other sides .5 cm.
(d) Base 5 cm, base adjacent angle 45° and the difference of the two other sides tm.
(e) Base adjacent angles 60° and 45° and the perimeterkm.
(f) Base adjacent angles 30° and 45° and the perimeter 0 cm.
3. Construct a triangle when the two base adjacent angles and the length of the
perpendicular from the vertex to the base are given.
4. Construct a rightangled triangle when the hypotenuse and the sum of the other
two sides are given.
5. Construct a triangle when a base adjacent angle, the altitude and the sum of the
other two sides are given.
6. Construct an equilateral triangle whose perimeter is given.

7 The base, an obtuse base adjacent angl e and the difference of the other two sides
of a trangle are given. Construcet the triangle.

7-2 Construction of Quadrilaterals
We have seen if three independent data are given, in many cases it is possible to
construct a definite triangle. But with four given sides the construction of a
definite quadrilateral is not possible. e independent data are required for
construction of a definite quadrilateral. A definite quadrilateral can be
constructed if any one of the following combinations of data is known :
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(a) bur sides and an angle

(b) bur sides and a diagonal

(c) Three sides and two diagonals

(d) Three sides and two included angles
(e) Two sides and three angles.

In class MI, the construction of quadrila terals with the above specified data has
been discussed. If we closely look at the steps of construction, we see that in some
cases it is possible to construct the quadrilaterals directly. In some cases, the
construction is done by constructions of triangles. Since a diagonal divides the
quadrilateral into two triangles, when one or two diagonals are included in data,
construction of quadrilaterals is possible through construction of triangle.

() bur sides and an angle

4
a
b
d
(2 bur sides and a diagonal
a
b
d
¢ c
(3) Three sides and two diagonals
a
; B D £
d
e
C
(4) Three sides and two included . F(, D
angles b

o

(5) Two sides and three angles ;
é 7
aq—

(S
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Sometimes special quadrilaterals can be constructed with fewer data. In such a cases,
from the properties of quadrilaterals, we can retrieve five necessary data. br
example, a parallelogram can be constructed if only the two adjacent sides and the
included angle are given. In this case, only three data are given. Again, a square can
be constructed when only one side of the square is given. The four sides of a square
are equal and an angle is a right angle; so five data are easily specified.
Construction 4

Two diagonals and an included angle between them of a parallelogram are
given. Construct the parallelogram.

a

&t a and b be the diagonals of a parallelogram and Zx be :
an angle included between them. The parallelogram is to

be constructed. L
Steps of construction:

fom any ray AE, cut the line segment AC = a. Bisect the

line segment AC to find the midpoint O, At O construct ;

the angle ZAOP = Zx and extend the ray PO to the [/
opposite ray OQ. tom the rays OP and OQ cut two line xﬁ;

segments OB and OD equal to % b. bin AB; AD; CB P

and C,D. Then ABCD is the required parallelogram.
Proof: In triangles AAOB and ACOD,

//%
1 1 . A c E
0A=0C=—a, OB=0D =—b py construction]
2 2 D,
0

and included Z4AOB mcluded ZCOD ppposite angle]
Therefore, AAOB = ACOD .

So, AB=CD
and ZABO = ZCDO ;but the two angles are alternate
angles.

.. AB and CD are parallel and equal.
Similarly, AD and BC are parallel and equal.
Therefore, ABCD is a parallelogram with diagonals

AC:AO+OC:la+la=a
2 2

and BD=BO+ 0D = %b + %b = b and the angle included

between the diagonals ZAOB = /x.
Therefore, ABCD is the required parallelogram.
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Construction 5

Two diagonals and a side of a parallelogram are given. Construct the
parallelogram.

& a and b be the diagonals and c be a side of the

parallelogram. The parallelogram is to be constructed.

Steps of construction:

Bisect the diagonals a and b to locate their midpoints.

fom any ray AX, cut the line segment AB = a. With ‘
centre at 4 and B draw two arcs with radii 2 and b ¢
a 2 FRW c_7p

respectively on the same side of 4B. & the arcs
intersect at O. din 4, O and O, B. Extend AO and BO >

. 2
to AE and BF respectively. Now cut OC= — and OD = B

a

% from OFE and OF respectively. din 4,D; D,C; C,B.

Then ABCD is the required parallelogram.
Proof: In AAOB and ACOD,

04=0C = %; OB=0D = %, by construction]

and included Z40B =mcluded ZCOD ppposite angle]
AAOB = ACOD .
AB =CD and Z4ABO = Z0ODC ;but the angles are
alternate angles.
AB and CD are parallel and equal.
Similarly, AD and BC are parallel and equal.
Therefore, ABCD is the required parallelogram.

Example 1. The parallel sides and two angles included with the larger side of a
trapezium are given. Construct the trapezium.

&t a and b be the parallel sides of a trapezium where a > b and Zx and Zy be two

angles included with the side a. The trapezium is to be constructed.
Y z

Math-IX-X, Forma-17
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Steps of construction:

fom any ray AX cut the line segment AB = a. At 4 of the line segment AB,
construct the angle ZBAY = Zx and at B, construct the angle ZABZ = /y. tom the
line segment AB, cut a line segment AE=b. Now at E, construct BC || AY which cuts
BZ at C. Now construct CD || BA. The line segment CD intersects the ray AY at D.
Then ABCD is the required trapezium.

Proof : By construction, AB | CD and AD | EC. Therefore, AECD is a parallelogram
and CD = AE = b. Now in the quadrilateral ABCD, AB=a, CD=b, AB || CD and
4BAD = /x, ZABC = Zy (by construction). Therefore, ABCD is the required
trapezium.

Activity : The perimeter and an angle of a rhombus are given. Construct the
rhombus.

Exercise 7-2

1 The two angles of a right angled triangle are given. Which one of the following

combination allows constructing the triangle?

a. 63° and 36° b.30°and 0 °©  c. 40° and 50° d.8 °and @ °
2 i. A rectangle is a parallelogram

ii. A square is a rectangle

iii. A thombus is a square

On the basis of the above information, which one of the following is true?

a.iandii b.1and iii c.itandiii  d.1i,iiandiii

In view of the given figure, answer the questions 3 and 4.

D c

A B
3. What is the area of AAOB?

a. 6 sq. units b. Aq. units c. Bq. units d.4 sq. units
4. The perimeter of the quadrilateral is

a. hnits b. 4 units c. O units d. &nits

5. Construct a quadrilateral with the following data :
(a) The lengths of four sides are 3 cm, 3-5 cm, 5 cm, 3cm and an angle is 45 °.
(b) The lengths of four sides are 3.5 cm, 4 cm, 2-5 cm 3.5 cm and a diagonal is 5 cm.

(¢) The lengths of three sides are 3-Zm, 3 cm, 3 -5 cm and two diagonals are
2-&m, and 4.5 cm.
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6. Construct a parallelogram with the following data:

(a) The lengths of two diagonals are 4 cm, 6-5 cm and the included angle is 45°.
(b) The lengths of two diagonals are 5 cm, 6-5 cm and the included angle is 30°.
(c) The length of asideis 4 cm and the lengths of two diagonals are 5 cm and 6-5 cm.

(d) The length of a side is 5 cm and the lengths of two diagonals are 4.5 cm and 6 cm.

7 The sides AB and BC and the angles £/B, ZC, ZD of the quadrilateral ABCD are
given. Construct the quadrilateral.

8 The four segments made by the in tersecting points of the diagonals of a
parallelogram and an included angle between them are O4 4 cm. OB =5 cm.
OC =35cm OD 4 -5cmand Z40B 8 ° respectively. Construct the
quadrilateral.

9. The length of a side of a thombus and an angle are 3.5 cm. and 45° respectively;
construct the rhombus.

0. The length of a side and a diag onal of a rhombus are given;construct the
rhombus.

1The length of two diagonals of ath ombus are given. Construct the thombus.

2The perimeter of a square is given. Construct the square.

3. The houses of Mr. gki and Mr. #frul are in the same boundary and the area of
their house is equal. But the house of Zoki is rectangular and the house of Mr.
Zfrul is in shape of parallelogram.

(a) Construct the boundary of each of their houses taking the length of base 0
units and height 8mnits.

(b) Show that the area of the house of Mr. &ki is less than the area of the house
of Mr. #frul.

(c) If the ratio of the length and the breadth of the house of Mr. &ki is 4:3 an d
its area is 300 sq. units, find the ratio of the area of their houses.

4. The lengths of the hypotenuse and a side of right angled triangle are 7m and 4
cm. & the information to answer the following questions :

a. Ind the length of the other side of the triangle.
b. Construct the triangle.
c. Construct a square whose perimeter is equal to the perimeter of the triangle.
5. AB4cm, BC5cm /A8 ° /B#® °and LCH5 °. of the quadrilateral
ABCD. ¢ the information to answer the following questions:
a. Construct a thombus and give the name.
b. &¢& the above information to construct the quadrilateral ABCD.

c. Construct an equilateral triangle whose perimeter is equal to the perimeter of the
quadrilateral ABCD.



Chapter Eight
Circle

We have already known that a circle is a geometrical figure in a plane consisting of
points equidistant from a fixed point. Different concepts related to circles like centre,
diameter, radius, chord etc has been discussed in previous class. In this chapter, the
propositions related to arcs and tangents of a circle in the plane will be discussed.

At the end of the chapter, the students will be able to
» Explain arcs, angle at the centre, angle in the circle, quadrilaterals
inscribed in the cirlce
» Prove theorems related to circle
» State constructions related to circle.

8-1 Circle

A circle is a geometrical figure in a plane whose points are equidistant from a fixed point.
The fixed point is the centre of the circle. The closed path traced by a point that keeps it
distance from the fixed centre is a circle. The distance from the centre is the radius of the
circle.

&t O be a fixed point in a plane and r be a fixed measurement.

The set of points which are at a distance » from O is the circle ¢
with centre O and radius r. In the figure, O is the centre of the
circle and 4, B and C are three points on the circle. Each of O4,
OB and OC is a radius of the circle. Some coplanar points are
called concylcic if a circle passes through these points, i.e. there
is a circle on which all these points lie. In the above figure, the
points 4, B and C are concyclic.

b
>

Interior and Exterior of a Circle

If O is the centre of a circle and r is its radius, the set of all

points on the plane whose distances from O are less than r, is

called the interior region of the circle and the set of all points

on the plane whose distances from O are greater than r, is ®
called the exterior region of the circle. The line segment Qo
joining two points of a circle lies inside the circle.

The line segment drawn from an interior point to an exterior point of a circle
intersects a circle at one and only one point. In the figure, P and Q are interior and
exterior points of the circle respectively. The line segment P@ntersects the circle at
Rnly.
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Chord and Diameter of a Circle

The line segment connecting two different points of a circle is a
chord of the circle. If the chord passes through the centre it is
known as diameter. That is, any chord forwarding to the centre
of the circle is diameter. In the figure, AB and AC are two
chords and O is the centre of the circle. The chord AC is a
diameter, since it passes through the centre. O4 and OC are two
radii of the circle. Therefore, the centre of a circle is the mid-
point of any diameter. The length of a diameter is 27, where 7 is
the radius of the circle.

Theorem 1

33

The line segment drawn from the centre of a circle to bisect a chord other than

diameter is perpendicular to the chord.

&t AB be a chord (other than diameter) of a circle ABC with
centre O and M be the midpoint of the chord. din O, M. It is
to be proved that the line segment OM is perpendicular to the
chord 4B.

Construction: din O, 4 and O, B.

s

Proof:

Steps Justification

(JIn AZOAMand AOBM,
04 = OB [M is the mid point of 4B]
AM = BM fadius of same circle]
and OM = OM fommon side]

Therefore, AOAM = AOBM BSS theorem]

.. LOMA=20OMB

(2 Since the two angles are equal and together
maka a straight angle.

ZOMA = ZOMB =right angle.

Therefore, OM 1 AB . (Proved).

Corollary 1: The perpendicular bisector of any chord passes through the centre of

the circle.

Corollary 2: A straight line can not intersect a circle in more than two points.

Activity :

1 The theorem opposite of the theorem Ikt ates that the perpendicular from
the centre of a circle to a chord bisects the chord. Prove the theorem.
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Theorem 2

All equal chords of a circle are equidistant from the centre.
& AB and CD be two equal chords of a circle with

centre O. It is to be proved that the chords 4B and CD

‘ :
are equidistant from the centre. ¢ 4
Construction: Draw from O the perpendiculars OF h

and OF to the chords 4B and CD respectively. din A T _~ B

0, Aand O, C.
Proof:
Steps hstification
(I OE L ABand OF L CD The perpendicular from
Therefore, AE = BE and CF = BF. the centre bisects the
| | chord]
~AE=— ABand CF= — CD
2 2
(2But 4B =DC [supposition]
~AE = CF
(3) Now in the rightangled triangles AOAE and
AOCF fadius of same circle]
hypotenuse O4 =hypotenuse OC and AE = CF Btep 2
- AOAE = AOCF [RS theorem]
~.OE = OF

(4) But OF and OF are the distances from O to the
chords 4B and CD respectively.

Therefore, the chords AB and CD are equidistant from
the centre of the circle. (Proved)

Theorem 3

Chords equidistant from the centre of a circle are equal.
& AB and CD be two chords of a circle with centre D
O. OE and OF are the perpendiculars from O to the ) ’
chords 4B and CD respectively. Then OF and OF C 4
represent the distance from centre to the chords 4B ‘

and CD respectively. A <t B
It is to be proved that if OE = OF, AB = CD.
Construction: din O, 4 and O, C.
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Proof:
Steps Justification
(1Since OE 1 ABand OF 1. CD. [right angles ]

Therefore, ZOEA = ZOFC = Tright angle
(2Now in the right angled triangles

AOAE and AOCF
hypotenuse OA4=hypotenuse OC and fadius of same circle]
OE = OF
AOAE = AOCF [RS theorem]
AE =CF.

[he perpendicular from the centre

1 1
() 4E = b AB and CF = b cD bisects the chord]

(4) Therefore %AB = %CD

i.e., AB=CD (Proved)

Corollary 1: The diameter is the greatest chord of a circle.

Exercise 8.1
1 Prove that if two chords of a circle bisect each other, their point of intersection is
the centre of the circle.
2 Prove that the straight line joining the middle points of two parallel chords of a
circle pass through the centre and is perpendicular to the chords.
3. Two chords 4B and AC of a circle subtend equal angles with the radius passing
through 4. Prove that, 4B = AC.
4. In the figure, O is the centre of the circle and chord AB =chord AC. Prove that
ZBAO = ZCAO.
5. A circle passes through the vertices of a right angled triangle. Show that, the
centre of the circle is the middle point of the hypotenuse.
6. A chord 4B of one of the two concentric circles intersects the other circle at
points C and D. Prove that, AC = BD.
If two equal chords of a circle inters ect each other, show that two segments of
one are equal to two segments of the other.
Prove that, the middle points of e qual chords of a circle are concyclic.
9. Show that, the two equal chords drawn from two ends of the diameter on its
opposite sides are parallel.

3

o]
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0. Show that, the two parallel chords of a circle drawn from two ends of a diameter

on its opposite sides are equal.

1Show that, of the two chords of a circle the bigger chord is nearer to the centre

than the smaller.
8.2 The arc of a circle

An arc is the piece of the circle between any two points of the
circle. bok at the pieces of the circle between two points A4 and
B in the figure. We find that there are two pieces, one
comparatively large and the other small. The large one is called
the major arc and the small one is called the minor arc.

A and B are the terminal points of this arc and all other
points are its internal points. With an internal fixed point C
the arc is called arc ABC and is expressed by the symbol
ACB. Again, sometimes minor arc is expressed by the
symbol 4B. The two points 4 and B of the circle divide the
circle into two arcs. The terminal points of both arcs are 4
and B and there is no other common point of the two arcs
other than the terminal points.

Arc cut by an Angle

An angle is said to cut an arc of a circle if

(i) each terminal point of the arc lies on the sides of the
angle

(if) each side of the angle contains at least one terminal point

(iii) Every interior point of the arc lies inside the angle. The
angle shown in the figure cuts the APB arc of the circle
with centre O.

Angle in a Circle

If the vertex of an angle is a point of a circle and each side of
the angle contains a point of the circle, the angle is said to be
an angle in the circle or an angle inscribed in the circle. The
angles in the figure are all angles in a circle. Every angle in a
circle cuts an arc of the circle. This arc may be a major or
minor arc or a semieircle.

The angle in a circle cuts an arc of the circle and the angle is
said to be standing on the cut off arc. The angle is also known
as the angle inscribed in the conjugate arc. In the adjacent
figure, the angle stands on the arc APB and is inscribed in the
conjugate arc ACB. It is to be noted that APB and ACB are
mutually conjugate.

Major arc

A B
AN__B

Minor arc
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Remark: The angle inscribed in an arc of a circle is the angle with vertex in the arc
and the sides passing through the terminal points of the arc. An angle standing on an
arc is the angle inscribed in the conjugate arc.

Angle at the Centre

The angle with vertex at the centre of the circle is called an

angle at the centre. An angle at the centre cuts an arc of the

circle and is said to stand on the arc. In the adjacent figure,
ZAOB is an angle at the centre and it stands on the arc APB. A
Every angle at the centre stands on a minor arc of the circle.

In the figure APB is the minor arc. So the vertex of an angle

P
A
at the centre always lies at the centre and the sides pass ﬂ&
through the two terminal points of the arc. B c

B

To consider an angle at the centre standing on a semi-circle
the above description is not meaningful. In the case of semi-
circle, the angle at the centre ZBOC is a straight angle and
the angle on the arc ZBAC is a right angle.

Theorem 4

The angle subtended by the same arc at the centre is double of the angle
subtended by it at any point on the remaining part of the circle.

Given an arc BC of a circle subtending angles Z/BOC at the
centre O and ZBAC at a point 4 of the circle ABC. We need

to prove that /ZBOC =2 /BAC.

Construction: Suppose, the line segment 4AC does not pass C
through the centre O. In this case, draw a line segment AD at B

A passing through the centre O.

Proof :

Steps Justification

(1) In AAOB, the external angle [An exterior angle of a
/BOD = /BAO + ZABO triangle is equal to the sum of

(2) Also in A AOB, O4 = OB the two interior opposite

Therefore, ZBAO = /ABO angles.
eretore, = [Radius of a circle]

(3) From steps (1) and (2), ZBOD =2/BAO. .
. [Base angles of an isosceles
(4) Similarly, £ COD =2 £ CAO triangle are equal]

(5) From steps (3) and (4), [by adding]
ZBOD+ Z2COD=2/BA0 +2/2CAO

This is the same as ZBOC =2/BAC . [Proved]
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We can state the theorem in a different way. The angle standing on an arc of the

circle is half the angle subtended by the arc at the centre.

Activity : Prove the theorem 4 when AC passes through the centre of the circle

ABC.
Theorem 5
Angles in a circle standing on the same arc are equal.
&t O be the centre of a circle and standing on the arc BD, A E
£BAD and ZBED be the two angles in the circle. We need
to prove that Z/BAD = ZBED.
Construction : din O, B and O, D.
Proof : B D
Steps nistification

() The arc BD subtends an angle ZBOD at the centre O.
Therefore, ZBOD 2 /BAD and Z/BOD 2 /BED

2 /BAD 2 /BED
or, /ZBAD = /BED (Proved)

The angle subtended
by an arc at the centre
is double of the angle
subtended on the
circle]

Theorem 6

The angle in the semi- circle is a right angle.

&t AB be a diameter of circle with centre at O and ZACB
is the angle subtended by a semieircle. It is to be proved
that £4CB =right angle.

Construction: Take a point D on the circle on the opposite
side of the circle where C is located.

Proof:

Steps

Bistification

() The angle standing on the arc ADB

ZACB = % (straight angle in the centre ZAOB)

(2 But the straight angle ZA4OB is equal to Zight angles.
ZACB = % (2ight angles) =right angle. (Proved)

The angle standing on
an arc at any point of
the circle is half the
angle at the centre]

Corollary 1. The circle drawn with hypotenuse of a rightangled triangle as diameter

passes through the vertices of the triangle.

Corollary 2. The angle inscribed in the major arc of a circle is an acute angle.
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Activity :
1 Prove that any angle inscribed in a minor arc is obtuse.

Exercise 8.2

1 ABCD is a quadrilateral inscribed in a circle with centre O. If the diagonals 4B
and CD intersect at the point £, prove that L4OB + ZCOD =2 LAEB.

2 Two chords AB and CD of the circle ABCD intersect at the point E. Show that,
AAED and ABEC are equiangular.

3. In the circle with centre O LADB + ZBDC =right angle. Prove that, 4, B and
C lie in the same straight line.

4. Two chords AB and CD of a circle intersect at an interior point. Prove that, the sum of
the angles subtended by the arcs AC and BD at the centre is twice LAEC.

5. Show that, the oblique sides of a cyclic trapezium are equal.

6. AB and CD are the two chords of a circle ; P and Q are the middle points of the
two minor arcs made by them. The chord PQ intersects the chords AB and AC
at points D and E respectively. Show that, AD = AE.

8-3 Quadrilateral inscribed in a circle

An inscribed quadrilateral or a quadrilateral inscribed in a circle is a quadrilateral

having all four vertices on the circle. Such quadrilaterals possess a special property.

The following avtivity helps us understand this property.

Activity:

Draw a few inscribed quadrilaterals ABCD. This can easily be accomplished by

drawing circles with different radius and then by taking four arbitrary points on

each of the circles. Measure the angles of the quadrilaterals and fill in the

following table.

Serial No. ZA 4B ZC /D | LA+/£C | £B+/D
1
2
3
4
5

What to you infer from the table?

Circle related Theorems

Theorem 7

The sum of the two opposite angles of a quadrilateral inscribed in a circle is two
right angles.
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&t ABCD be a quadrilateral inscribed in a circle
with centre O. It is required to prove that, ZABC + 9

ZADC =2right angles and ZBAD + ZBCD =2 3
right angles. "

: 9
Construction : in O, 4 and O, C.
Proof :
Steps histification
() Standing on the same arc ADC, the angle at [The angle subtended by an
centre ZAOC A £ABC at the circumference) arc at the centre is double of
that is, ZAOC 2 /ABC. the angle subtended by it at

the circle]

(2 Again, standing on the same arc A4BC, reflex
ZAOC at the centre =2 ( ZADC at the [The angle subtepded by an
circumference) that is, reflex LZAOC =2 ZADC arc at the centre is dOUbl.e of
the angle subtended by it at
o LAOC +eflex LZAOC X ZABC + £LADC) the circle]
But ZAOC +eflex ZAOC # right angles
A ZABC+ £ADC) 4 right angles
ZABC + ZADC =Xight angles.
In the same wayj, it can be proved that
Z/BAD +/BCD =Xight angles. (Proved)

Corollary 1: If one side of a cyclic quadrilateral is extended, the exterior angle
formed is equal to the opposite interior angle.
Corollary 2: A parallelogram inscribed in a circle is a rectangle.

Theorem 8

If two opposite angles of a quadrilateral are supplementary, the four vertices
of the quadrilateral are concyclic.

&t ABCD be the quadrilateral with ZABC + ZADC 2 D
right angles, inscribed in a circle with centre O. It is ,A\
required to prove that the four points 4, B, C, D are A C
concyclic. \/
Construction: Since the points 4,8, C are not collinear, B

there exists a unique circle which passes through these
three points. &t the circle intersect 4D at E. din A4,E.
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Steps

histification

(1 ABCE is a quadrilateral inscribed in the circle.
Therefore, ZABC + ZAEC Zight angles.
But ZABC + £LADC =2ight angles Biven]

. LAEC = ZADC

But this is impossible, since in ACED , exterior ZAEC >

opposite interior £ADC

Therefore, E and D points can not be different points.
So, E must coincide with the point D. Therefore, the

points A4, B, C, D are concyclic.

The sum of the two
opposite angles of an
inscribed quadrilateral
is two right angles.]

The exterior angle is
greater than any
opposite interior angle.]

Exercise 8.3

1 If the internal and extern al bisectors of the angles /B and Z/C of AABC meet at

B, P, C, Q are concyclcic.

2 Prove that, the bisector of any angle of a cyclic quadrilateral and the exterior
bisector of its opposite angle meet on the circumference of the circle.

3.

P and @espectively, prove that

ABCD is a circle. If the bisectors of ZCAB and ZCBA meet at the point P and the

bisectors of ZDBA and ZDAB meet at Q, prove that, the four points 4, Q, P, B

are concyclic.
The chords AB and CD of a circle with centre D meet at right angles at some

point within the circle, prove that, ZAOD + ZBOC Zight angles.

prove that their circumeircles are equal.

If the vertical angles of two triangles standing on equal bases are supplementary,

The opposite angles of the quadrilateral ABCD are supplementary to each other.

If the line AC is the bisector of ZBAD, prove that, BC = CD.
8-4 Secant and Tangent of the circle
Consider the relative position of a circle and a straight line in the plane. Three
possible situations of the following given figures may arise in such a case:

(a) The circle and the straight line have no common points
(b) The straight line has cut the circle at two points
(¢) The straight line has touched the circle at a point.

P

AP P
: A{i
B,
0 0 Q
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A circle and a straight line in a plane may at best have two points of intersection. If a
circle and a straight line in a plane have two points of intersection, the straight line is
called a secant to the circle and if the point of intersection is one and only one, the
straight line is called a tangent to the circle. In the latter case, the common point is
called the point of contact of the tangent. In the above figure, the relative position of
a circle and a straight line is shown. In figure (i) the circle and the straight line PQ
have no common point; in figure (ii) the line PQ is a secant, since it intersects the
circle at two points 4 and B and in figure (iii) the line PQ has touched the circle at 4.
PQ is a tangent to the circle and A is the point of contact of the tangent.

Remark : All the points between two points of intersection of every secants of the
circle lie interior of the circle.

Common tangent

If a straight line is a tangent to two circles, it is called a
common tangent to the two circles. In the adjoining
figures, AB is a common tangent to both the circles. In
figure (a) and (b), the points of contact are different. In
figure (c) and (d), the points of contact are the same.

If the two points of contact of the common tangent to two
circles are different, the tangent is said to be

(a) direct common tangent if the two centres of the circles

lie on the same side of the tangent and

A B
()
%
B
(§)]
(b) transverse common tangent, if the two centres lie on
opposite sides of the tangent. R
The tangent in figure (a) is a direct common one and in
figure (b) it is a transverse common tangent.

If a common tangent to a circle touches both the circles at @

the same point, the two circles are said to touch each other

at that point. In such a case, the two circles are said to have

touched internally or externally according to their centres ‘
lie on the same side or opposite side of the tangent. In

figure (c) the two circles have touched each other
internally and in figure (d) externally.

Theorem 9

The tangent drawn at any point of a circle is perpendicular to the radius
through the point of contact of the tangent.

&t PT be a tangent at the point P to the circle with centre O and OP is the radius
througOh the point of contact. It is required to prove that, PT 1 OP.
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&t PT be a tangent at the point P to the circle with centre O
and OP is the radius througOh the point of contact. It is
required to prove that, PT L OP.

Construction: Take any point Q on PT and join O, Q.

Proof : T
Since PT is a tangent to the circle at the point P, hence every
point on it except P lies outside the circle. Therefore, the
point Q is outside of the circle.

OQ is greater than OP that is, OQ > OP and it is true for
every point O on the tangent PT except P. So, OP is the
shortest distance from the centre O to PT. Therefore, PT L
OP. (Proved)

Corollary 1. At any point on a circle, only one tangent can be drawn.

Corollary 2. The perpendicular to a tangent at its point of contact passes through the
centre of the circle.

Corollary 3. At any point of the circle the perpendicular to the radius is a tangent to
the circle.

Theorem 10

If two tangents are drawn to a circle from an external point, the distances from
that point to the points of contact are equal.

&t P be a point outside a circle ABC with centre O, B

and two line segments P4 and PB be two tangents P l‘

to the circle at points 4 and B. It is required to "

prove that. P4 = PB. A C
Construction: & us join O, 4; O, Band O, P.

Proof:

Steps listification

(1Since PA is atangent and OA is the radius [The tangent is

through the point of tangent PA | OA. perpendicular to the radius
<. Z/PAO =fight angle through the point of contact

Similarly, ~/PBO =kight angle of the tangent]

.. both APAO and APBO are rightangled triangles.

(2Now in the right angled triangles APAO and
APBO, hypotenuse PO hypotenuse PO,
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Remarks:

1 If two circles touch each other external ly, all the points of one excepting the point
of contact will lie outside the other circle.

2 If two circles touch each other internally, all the points of the smaller circle
excepting the point of contact lie inside the greater circle.

Theorem 11

If two circles touch each other externally, the point of contact of the tangent and

the centres are collinear.

&t the two circles with centres at A4 and B touch each P

other externally at O. It is required to prove that the

points 4,0 and B are collinear.

Construction: Since the given circles touch each

other at O, they have a common tangent at the point 0
0. Now draw the common tangent POQ at O and join

0, 4Aand O, B.

Proof: In the circles OA is the radius through the

point of contact of the tangent and POQ is the tangent.

Therefore Z/POA =right angle. Similarly =~ ZPOB =right angle
Hence ZPOA + ZPOB =right angle Hright angle ¥ight angles
or ZAOB Zight anglesi.e. ~ ZAOB is a straight angle. .. 4,0 and B are collinear.
(Proved)
Corollary 1. If two circles touch each other externally, the distance between their
centres is equal to the sum of their radii

Corollary 2. If two circles touch each other internally, the distance between their
centres is equal to the difference of their radii.

Activity:
1Prove that, if two circles touch each othe r internally, the point of contact of the
tangent and the centres are collinear.

Exercise 8-4
1 Two tangents are drawn from an external point P to the circle with centre O.
Prove that OP is the perpendicular bisector of the chord through the touch points.
2 Given that tangents PA and PB touches the circle with centre O at 4 and B
respectively. Prove that PO bisects £APB.
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3. Prove that, if two circles are concentric and if a chord of the greater circle
touches the smaller, the chord is bisected at the point of contact.

4. AB is a diameter of a circle and BC is a chord equal to its radius. If the tangents
drawn at 4 and C meet each other at the point D, prove that ACD is an equilateral
triangle.

5. Prove that a circumscribed quadrilateral of a circle having the angles subtended
by opposite sides at the centre are supplementary.

8-5 Constructions related to circles

Construction 1

To determine the centre of a circle or an arc of a circle.

Given a circle as in figure (a) or an arc of a circle as in figure (b). It is required to
determine the centre of the circle or the arc.

Construction : In the given circle or the arc of the circle, three different points 4, B,
C are taken. The perpendicular bisectors EF and GH of the chords AB and BC are
drawn respectively. &t the bisectors intersect at O. The O is the required centre of
the circle or of the arc of the circle.

Proof: By construction, the line segments EF and GH are the

perpendicular bisectors of chords 4B and BC respectively. But F N
both EF and GH pass through the centre and their common A« 5
point is O. Therefore, the point O is the centre of the circle or ™

of the arc of the circle. A 7B

Tangents to a Circle

We have known that a tangent can not be drawn to a circle
from a point internal to it. If the point is on the circle, a single tangent can be drawn
at that point. The tangent is perpendicular to the radius drawn from the specified
point. Therefore, in order to construct a tangent to a circle at a point on it, it is
required to construct the radius from the point and then construct a perpendicular to
it. Again, if the point is located outside the circle, two tangents to the circle can be
constructed.

Construction 2

To draw a tangent at any point of a circle.

&t A be a point of a circle whose centre is O. It is required to draw a tangent to the
circle at the point 4.

Math-IX-X, Forma-19
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Construction :

O, 4 are joined. At the point 4, a perpendicular 4P is drawn to
OA. Then AP is the required tangent.

Proof: The line segment OA4 is the radius passing through A P
and AP is perpendicular to it. Hence, AP is the required 4

tangent.

Remark : At any point of a circle only one tangent can be drawn.

Construction 3

To draw a tangent to a circle from a point outside.

&t P be a point outside of a circle whose centre is O. A tangent is to be drawn to the
circle from the point P.
Construction :

(1 din P, O. The middle point M of the line segment
PO is determined.

(2 Now with M as centre and MO as radius, a circle is
drawn. &t the new circle intersect the given circle at the
points 4 and B.

(3) 4, P and B, P are joined.

Then both AP or BP are the required tangents.

Proof: 4, O and B, O are joined. PO is the diameter of the circle APB.
.. ZPAO =right angle [the angle in the semieircle is a right angle]

So the line segment O4 is perpendicular to AP. Therefore, the line segment AP is a
tangent at 4 to the circle with centre at O. Similarly the line segment BP is also a
tangent to the circle.

Remark: Two and only two tangents can be drawn to a circle from an external point.
Construction 4

To draw a circle circumscribing a given triangle.

&t ABC be a triangle. It is required to draw a circle

circumscribing it. That is, a circle which passes through the
three vertices 4, B and C of the triangle ABC is to be drawn.

Construction :

(] EM and FN the perpendicular bisectors of AB and AC
respectively are drawn. &t the line segments intersect
each other at O.
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(2 A4, O are joined. With O as centre and radius equal to OA4, a circle is drawn.

Then the circle will pass through the points 4, B and C and this circle is the required
circumeircle of AABC.

Proof : B, O and C, O are joined. The point O stands on EM, the perpendicular
bisector of AB.

.. OA= OB. Similarly, 04 = OC

. 0OA=0B=0C.
Hence, the circle drawn with O as the centre and OA as the radius passes through the
three points A, B and C. This circle is the required circumcircle of AABC.

Activity:
In the above figure, the circumcircle of an acute angled triangle is constructed.
Construct the circumcircle of an obtuse and rightangled triangles.

Notice that for in obtuseangled triangle, the circumcentre lies outside the triangle,in
acuteangle triangle, the circumcentre lies within the triangle and in rightangled
triangle, the circumcentre lies on the hypotenuse of the triangle.

Construction 5

To draw a circle inscribed in a triangle.

&t AABC be a triangle. To inscribe a circle in it or to draw a

circle in it such that it touches each of the three sides BC, CA

and AB of the triangle. A
Construction : BL and CM, the bisectors respectively of the L
angles ZABC and ZACB are drawn. & the line segments
intersect at O. OD is drawn perpendicular to BC from O and
let it intersect BC at D. With O as centre and OD as radius, a
circle is drawn. Then, this circle is the required inscribed
circle.

Proof : tom O, OF and OF are drawn perpendiculars respectively to AC and AB.
&t these two perpendiculars intersect the respective sides at E and F. The point O
lies on the bisector of ZABC.

. OF = OD.
Similarly, as O lies on bisector of ZACB, OF = OD
. OD = OE = OF
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Hence, the circle drawn with centre as O and OD as radius passes through D, E and F.
Again, BC, AC and AB respectively are perpendiculars to OD, OF and OF at their
extremities. Hence, the circle lying inside A4BC touches its sides at the points D, E
and F.

Hence, the circle DEF is the required inscribed circle of AABC.

Construction 6
To draw an ex-circle of a given triangle.

& ABC be a triangle. It is required to draw its exeircle.

That is, to draw a circle which touches one side of ABC F

and the other two sides produced.

Construction: & 4B and AC be produced to D and F c

respectively. BM and CN, the bisectors of ZDBC and N
ZFCB respectively are drawn. & E be their point of 4 B D
intersection. fom E, perpendicular EH is drawn on BC

and let EH intersect BC at H. With E as centre and radius

equal to EH, a circle is drawn.

The circle HGL is the exeircle of the triangle 4BC.

Proof : fom E, perpendiculars EG and EL respectively are drawn to line
segments BD and CF. & the perpendicular intersect line segments G and L
respectively. Since E lies on the bisector of ZDBC
S EH=EG
Similarly, the point E lies on the bisector of ZFCB, so EH = EL
~EH=EG=EL
Hence, the circle drawn with E as centre and radius equal to EL passes through H,
Gand L.
Again, the line segments BC, BD and CF respectively are perpendiculars at the
extremities of EH, EG and EL. Hence, the circle touches the three line segments at
the three points H, G and L respectively. Therefore, the circle HGL is the exeircle
of AABC.

Remark : Three exeircles can be drawn with any triangle.

Activity: Construct the two other exeircles of a triangle.
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Exercise 85
1 Observe the following information:
i. The tangent to a circle is perpendicular to the radius to the point of contact.
ii. The angle subtended in a semieircle is a right angle.
iii. All equal chords of a circle are equidistant from the centre.
Which one of the following is correct ?
(a)iandii  (b)iandiii (c)iiand iii (d) i, ii and iii
A

D
& the above figure to answer questions 2nd 3:

2 ZBOD equals to

a. % ZBAC b. % ZBAD ¢.2 ZBAC  d.2 ZBAD

3. The circle is of the triangle ABC
a. inscribed circle b. circumscribed circle c. exeircle  d. ellipse

4. The angle inscribed in a major arc is
a. acute angle b. right angle c. obtuse angle d. complementary angle

5. Draw a tangent to a circle which is parallel to a given straight line.

6. Draw a tangent to a circle which is perpendicular to a given straight line.

7 Draw two tangents to a circle such that the angle between them is 60°

8 Draw the circumeircle of the triangle whose sides are 3 cm, 4 cm and 4.5 cm
and find the radius of this circle.

9. Draw an exeircle to an equilateral triangle 4ABC touching the side AC of the
triangle, the length of each side being 5 cm.

0. Draw the inscribed and the circumscribed circles of a square.

1Prove that two circles drawn on equal side s of an isosceles triangle as diameters
mutually intersect at mid point of its base.

2Prove that in a rightangled triangle, the length of line segment joining mid point
of the hypotenuse to opposite vertex is half the hypotenuse.

3. ABC s atriangle. If the circle drawn with 4B as diameter intersects BC at D,
prove that the circle drawn with AC as diameter also passes through D.
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%, If the chords 4B and CD of a circles with centre O intersect at an internal point

E, prove that ZAEC = % (£BOD + ZA0OQ).

6. AB is the common chord of two circles of equal radius. If a line segment meet
through the circles at P and Q, prove that AOAQ is an
isosceles triangle.

TIf the chord AB=xcmand OD | AB, are in the circle ABC
with centre O use the adjoint figure to answer the following

C

questions: A 6 B

a. Ind the area of the circle.
b. Show that D is the mid point of AB.

c. IfOD = %Qcm, determine .

8The lengths of three sides of a triangle  are 4 cm, 5 cm and 6 cm respectively. &
this information to answer the following questions:

a. Construct the triangle.
b. Draw the circumcircle of the triangle.

c. fom an exterior point of the circumcircle,, draw two tangents to it and show
that their lengths are equal.



Chapter Nine
Trigonometric Ratio

In our day to day life we make use of triangles, and in particular, right angled
triangles. Many different examples from our surroundings can be drawn where right
triangles can be imagined to be formed. In ancient times, with the help of geometry
men learnt the technique of determining the width of a river by standing on its bank.
Without climbing the tree they knew how to measure the height of the tree accuratly
by comparing its shadow with that of a stick. In all the situations given above, the
disttances or heights can be found by using some mathematical technique which
come under a special branch of mathematics called Trigonometry. The word
‘Trigonometry’ is derived from Greek words ‘tri’ (means three), ‘gon’ (means edge)
and ‘metron’ (means measure). In fact, trigonometry is the study of relationship
between the sides and angles of a triangle. There are evidence of using the
Trigonometry in Egyptian and Babilian civilization. It is believed that the Egyptians
made its extensive use in land survey and engineering works. Early astrologer used it
to determine the distances from the Earth to the farest planets and stars. At present
trigonometry is in use in all branches of mathematics. There are wide usages of
trigonometry for the solution of triangle related problems and in navigation etc. Now
a days trigonometry is in wide use in Astronomy and Calculus.

At the end of the chapter, the students will be able to —

» Describe the trigonometric ratios of acute angles

» Determine the mutual relations among the trigonometric ratios of acute angle

» Solve and prove the mathematical problems justifying the trigonometric ratios of
acute angle

» Determine and apply trigonometric ratios of acute angles 30°. 45°, 60°
geometrically

» Determine and apply the value of meaningful trigonometric ratios of the angles 0° and
90°

» Prove the trigonometric identities

» Apply the trigonometric identities.

9-1 Naming of sides of a right angled triangle

We know that, the sides of right angles triangle are known as hypotenuse, base and
height. This is successful for the horizontal position of triangle. Again, the naming of
sides is based on the position of one of the two acute angles of right angled triangle.
As for example :

a. ‘Hypotenuse’, the side of a right angled triangle, which is the opposite side of

the right angle.

b. ‘Opposite side’, which is the direct opposite side of a given angle.
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c. &pcent side; which is a line segment constituting the given angle.
P, P,

For the angle Z/PON , OP is the For theAangle ZOPN , OP is the
hypotenuse, ON is the adpacent side hypotenuse, PN is the adpcent side
and PN is the opposite side. and ON is the opposite side.

In the geometric figure, the capital letters are used to indicate the vertices and small
letters are used to indicate the sides of a triangle. We often use the fgek letters to
indicate angle. Widely used sidetters of €éek alphabet are :

alpha o | beta | gamma y theta 6 ‘ phi ¢ | omega ®
féek letter are used in geometry and trigonometry through all the great
mathematician of ancient feek.
Example 1. Indicate the hypotenuse, the adpcent side and the opposite side for the

angle 0 .
r G
17 8 ﬂ
B ;] P T AF
15 E
Solution:
(a) hypotenuse 17 units (b) hypotenuse p (¢) hypotenuse EF
opposite side 8 units opposite side r opposite side EG
adpacent side 15 units adpcent side ¢ adpcent side FG

Example 2. Find the lengths of hypotenuse, the adacent side and the opposite side

for the angles a0 and B .
7R 24

25
(a) For o angle, (b) For B angle
hypotenuse 25 units hypotenuse 25 units
opposite side 24 units opposite side 7 units
adpcent side 7 units. adpcent side 24 units.

Activity :
Indicate the hypotenuse adjicent side and opposite for the angle 6 and ¢ .
(@) D (/7) 12
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9-2 Constantness of ratios of the sides of similar right-angled triangles

Activity : Measure the lengths of the sides of the following four similar triangles and
complete the table below. What do you observe about the ratios of the triangles ?

c c c
"ﬁ
B NA

C
(iii)
BA
A B
length of sides ratio (related to angle)
BC AB AC BC/AC AB/AC BC/ AB

&t, ZXOA is an acute angle. We take a point P on the side O4. We draw a
perpendicular from P to OX . f\a result, a right angled triangle ~POM is formed.
The three ratios of the sides PM,OM and OP of APOM do not depend on the

position of the point P on the side OA.

If we draw the perpendiculars PM and A M, from two points P and A of O4 to
the side OX , two similar triangles APOM and AROM, are formed.

dw, APOM and APOM, are being similar,

PM OoP PM BM, , A
= — o, — = — ... @) Pi

PM, OR opP OP,

oM _ OP  ~OM _ OM . P

oM, OP, © oP OB

PM oM PM BM, ..
= or, — = —— ....(iii) (i

PM, OM, oM OM, 0 M ML x

That is, each of these ratios is constant. These ratios are

called trigonometric ratios.

9-3 Trigonometric ratios of an acute angle A
&t, £XOA is an acute angle. We take any point P on O4.

We draw a perpendicular PM from the point P to OX . So, P

a right angled triangle POM is formed. The sixratios are
obtained from the sides PM, OM and OP of APOM which
are called trigonometric ratios of the angle ZXOA and each
of them are named particularly. o M 5%
With respect to the £XOA of right angled triangle POM ,

PM is the opposite side. OM is the adpcent side and OP is the hypotenuse.
Denoting ZXOA =6 , the obtained sixatios are described below for the angle
Math-IX-X, Forma-20
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From the figure :

PM opposite side

sin® = OF = Wﬁme ofangle 6]

M dj t sid
cosB = oM _ adjacen side [ cosineof angle 0 ]

opP hypotenuse
PM _ opposite
07]\/] - sideadjacent side
Ad opposite ratios of them are

tan® = [ tan gent of angle® ]

cosecH = — [ cosecant of angle 6 ]
sin®
sech = [secant of angle 6 ]
cosO
cot® = [ cotangent of angle 6 ]
tan®

We observe, the symbol sin® means the ratio of sine of the angle 6, not the
multiplication of sin and 0 . sin is meaningless without 0 . It is applicable for the other
trigonometric ratios as well.

94 Relation among the trigonometric ratios

&t, /X0OA =0 isan acute angle.
from the adacent figure, according to the definition

. PM OP A
sin@ = —, cosecf =——=  —
OP sin@ PM P
M P
cosezo— , secO = - o
OP cos0 oM
PM 1 OM
tan0= ——, cot@ = = — °
oM tan0 PM o M X
Y
fain, tanO = M- op Dividing the numerator and the denominator by OP ]
oM " oM
opr
sin®
cosO
tan® = sin®
cos6
and similarly
cotp = £0%9
sinf
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9-5 Trigonometric identity

2 2
PM oM
) (sin®) + (cosO)? = | — | +| ==
(@) (sin0)” + (cosO) (OP) [opj
_PM’ OM’ _ PM’+OM’ _ OP’
oP*>  OP? oP? oP?

=1
or, (sin®)* + (cosB)* =1

| . sin’0 +cos’® =1 |
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[by the formula of Pthagoras |

Remark : For integer indices » we can write sin” 0 for (sin6)" and cos"0 for (cos)”.

2
(if) sec’® =(secH)’ = [OOAZJ

or*  PM*+0OM?

= = [OP is the hypotenuse of right angled APOM |

oM? oM?
PM*  OM?

2 + 2
oOM?* OM

2
1+(Wj = 1+(tan®)* = 1+tan’0
oM

" sec’® =1+tan’0

or, | sec’® —tan’0 =1
or, | tan’® =sec’® —1

2
(iif) cosec’® = (cosech)’ = [OPJ

= [ is the hypotenuse of rightangled APOM ]

PM
2 2 2
OP* _ PM*+0OM
PM? PM?
PM?  OM? oMY
= 5+ > =1
PM*  PM PM

=1+(cot0)’ = I+cot’0

cosec’® —cot? 8 =1 ‘ and ‘ cot’® = cosec’® —1
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Activity :
1. @nstruct a table of the following trig onometric formulae for easy memorizing.
cosecO = — . .2 2
sin® tan — sin® sin“0 +cos O =1
cos® sec’0 =1+ tan’0
secO = 030 ) 5
cosO coth =& cosec® =1+cot" 0
sin®
tan@ =
cot®

Example 1. If tan 4 = g , find the other trigonometric ratios of the angle A4 .

4 C
Solution : (wen that, tanA4= E

So, opposite side of the angle 4 4, adacent side 3 4
hypotenuse = /4> +3> =425 =5
3

Therefore,, sin 4= ﬂ, cos A= é, cot A== A 3
5 5 4

cosec A= 2, secA=—.
4 3

Example 2. /B is the right angle of a right angled triangle ABC. If tan 4 = %,
verify the truth of 2sin 4 cos 4 .

C
Solution : (¥en that, tan 4= % s
So, opposite side of the angle A4, adacent side 3 4
hypotenuse = /4> +3% = J5=5
A 3 B

S0, sin 4 = i, cos A= E

5 4
thece,2 sinA cos A2 ﬂ g = % #1

55 25

Therefore, 2sin 4 cos A= is a false statement.
Example 3. ZB is a right angle of a right angled triangle ABC . If tan 4 =1, verify

the jistification of 2sin Acos4=1.



Math 157

Solution : wen that, tanA=1.
So, opposite side of the 4 1, adacent side

hypotenuse = V12 +1> =+/2 2 1

Therefore, sin A= L cos A= L

V2 V2

dw left hand side 2  sinA4 cos A2 -

-
-

sight hand side.
= 2sin Acos A =1 is a true statement.

Activity :
1. If ZC is a right angle of a right angled triangle 4BC, 4A4B29 cm, BC=21
cm and ZABC =8 , find the value of cos’0 —sin’0 .

Example 4. Bove that, tan0 +cot® =secO,cosech .

Proof :
&ft hand side = tan© + cot@
sin®  cosO
= +
cos®  sinO

sin’@ + cos’0

sin® - cosO

1 .

= — — [sin’® +cos’® =1]
sin® - cos®
1
sin® cosO
= cosecH -secO
= secH - cosecO =

HS. (proved)
Example 5. Pove that, 1 =+ ! —=1
1+sin’®® 1+cosec™®
Proof : II3. = 1 =+ ! 5
1+sin"® 1+ cosec™®
_ 1 . 1
)
1+sin“0 14+— 12
sin“0
1 sin’0

+
1+sin’0  1+sin’®
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_ 1+sin’0
1+sin’0
=1 3. (proved)
Example 6. Pove that : ! !

+ =
2—sin’A 2+tan’4

1 1

Proof : II$. = T+ 5
2—-sin“A 2+tan"A
_ 1 N 1
2 —sin’4 sin*4
2+ 5
cos“ A
_ 1 cos*A
2—sin’A  2cos’A+sin’A
_ 1 cos* 4
- . 2 + . 2 . 2
2—sin"A 2(1-sin“A)+sin"A4
1 cos* A
- . 2 + . 2 . 2
2—sin“A 2-2sin“"A+sin“A
L 1-sin’4
2-sin’4  2-sin*4
_ 2—sin*4
2—sin’ A4

=1 R3. (proved)
fand  secA-1 _
secd +1 tand
fand  secd -1
secA +1 tanA4
_ fan’A—(sec’A-1) [sec’® —1=tan’0 ]
(secA + 1)tanA
_ tan*A—tan*A
~ (secA + 1)tanAd
B 0
~ (secA + 1)tand
= 0 H8. (proved)
1-sind
1+ sind

Example 7. Bove that : 0

proof : II$. =

Example 8. Bove that : = secA — tanA
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1—sind
1+ sind
_ \/(l —sind)(1—sind)  [Multiplying the numerator and the
(1+sind)(1-sind)  denominator by M]

_|(1-sin4)’
"\ 1—sin?4
[ -sinay
N cos*A

_ 1-sinA

Prove : II$. =

cosA

cosA  cosA
= secA — tanA
HS. (proved).

Example 9. If tanA +sinA =a and 7and — sind = b, prove that, a’ —b* = 4+/ab .

Prove : tfe given that, tand + sind = a and tand — sind = b
.= a-b
= (tand + sind)* — (tand — sin4)
= 4tanA sinA [ (a—b)* —(a+b)* =4ab]
= 4y/tan* A4 sin* 4
—4tan®A - tan’ A - cos® A
= dtan® A - sin*4
= 4,/(tan4 + sinA)(tand — sinA)

= 4Jab

H$. (proved)

Activity : 1. If cot* 4—cot> 4 =1, prove that, cos*8 +cos> 4 =1
2.If sin> 4 —sin* 4 =1, prove that, tan* A+tan> 4 =1

Example 10. If secA + tand = % , find the value of secd —tanA .

Solution: tfe given that, secA + tand = % ............. (@)

We know that, sec’A4 =1+ tan*4

159
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or, sec’A—tan*A =1
or, (secA + tanAd)(secA —tanAd) =1

or, %(secA —tand)=1 from (i)]

secA — tanA :§

Exercise 9-1
1. dfify whether each of the following math ematical statements is true or false.
{we argument in favour of your answer.
(a) The value of tan 4 is always less than 1.
(b) cot 4 is the multiplication of cot and 4.

(c) For any value of A4, sec4 = %
(d) cos is the smallest form of cotangent .

2. If sinA= 3 , find the other trigonometric ratios of the angle 4.

W

(ven that 15cotA =8, find the values of sin 4 and sec 4.

4. If £C is the right angle of the right angled triangle ABC, AB 43 cmand BC
=2 cm.and ZABC =0 , find the values of sin6, cos® and tan® .

5. ZB is the right angle of the right angled triangle ABC . If tan 4 = V3, verify the

truth of v/3sinAcosA =4.
Prove (6 —20) :

1 1 1 1 1 1
6. (i +———=1; (ii -——=1; (i - =13
@ sec’A  cosec’A (i) cos’A  cot’A (@) sin?A  tan’A
inA A A tanA 1 1
7. S 1 (1) Iy P 77, QL =1
cosecA  secA cosA  cotA 1+sin“A4 1+cosec” 4
8. (i) tand + cotd =secA-cosecA+1;  (ii) ! 5+ ! 5—=
1-cotd 1—tanAd 1+tan“4 1+cot“4
cosA sind__ sind +cosd. 10. tan Av1'—sin’ A =sin A.
1—tand 1-cotd
1 secA + tanA _ cosecA —cotA 12, cosecA N cosecA = 2sec’A.
cosecA +cotA  secA —tanA cosecA—1 cosecA+1
1 1 1 1
13. —— + = 2sec’A. 14. - =2tan’A.
1+sinA 1-sinA cosecA—1 cosecA+1
15 sinA N 1—.cosA —2cosec A 16, tanA 3 secA —1 ~0
1—cosA sinA secA +1 tanA
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17. (tan® +sec®)’ = I+ s¥n6 18. COtA + tanB = CotA . tan B.
1—sin® cotB + tanA
19. 1= s%nA =secA —tan A. 20. secA+1 = COtA + cosec A.
1+sinA secA —1

21.  If cosA +sinA =+/2cosA , prove that cosA —sinA = V2sinA

2 2
22.If tan A = i, find the value of cosec A —sec’A

NG

23. If cosecA —cotA = % , what is the value of cosecA + cotA ?

cosec’A +sec’A

241 coth = , find the value of M :
a asinA +b cosA

9-6 Trigonometric ratios of the angles 30°, 45° and 60°

We have learnt to draw the angles having the measurement of 30°, 45°and 60°
geometrically. The actual values of the trigonometric ratios for all these angles can
be determined geometrically.

Trigonometric ratios of the angles 30° and 60°
&, /XOZ =30° and Pis a point on the side OZ .
Draw PM 1 OX and etend PM upto Q
such that MQO=PM .4d O,Q andetend upto Z.
Now, between APOM and AQOM , PM = QOM,
OM is the common side and included ZPMO
sncluded ZQMO =90°
. APOM = AQOM
Therefore, /QOM = Z/POM =30°

and LOOM = ZOPM = 60°
gain, LPOQ=/ZPOM + ZQOM =30°+30° = 60°
. AOPQ is an equilateral triangle.

If OP=2a, PM = %PQ = %OP =a fpince APOQ is an equilateral triangle]

From rightangled AOPM , we get,

OM =JOP? — PM? = 4a —d* =J3a.
We find the trigonometric ratios :

.. PM a 1 . OM \3a B3
wosin30'=—=—=—,cos 30’ =——=—=—+
OP 2a 2 OP 2a 2

Math-IX-X, Forma-21
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tan 30° —PM a L
oM Ba
cosec 30°:@ 2a_2 sec 30° = OP 2a 2
PM a oM 3a 3
cot 30°:%:&:\/§.
PM a
Similarly,
OM _3a_+3
sin 60° =—— ==,
OP 2a 2
cos 60 =P _ @ L oy o 2OM _3a_ 5
OP 2a 2 PM a
cosec 60“—£-£_i
sec 60° = OP @:Z,COt 60°:ﬂzizi.
PM a OM \/Ea \/5

Trigonometric ratio of the angle 45°

&, £XOZ =45" and P isapointon OZ.
Draw PM 1 OX . In right angled triangle
AOPM , ZPOM =45°

So, ZOPM =45°

Therefore, PM =OM =a (suppose)

Now, OP*=OM*+PM*=a’+a’ 2 a’
or, OP = V2 a

From the definition of trigonometric ratios, we get

sinas =M __a 1 45 OM_ a1 s PM _a
a

oP Ia 2 OP V2a 27 OM

1
—\/7 sec 45" = 2, cot 45° = =1
sin45° cos45° ’ tan45°

9-7 Trigonometric ratios of complementary angles

cosec 45" =

We know, if the sum of two acute angles is 90°, one of
them is called complementary angle to the other. For P

eample, 30° and 60°; 15° and 75° are complementary
angles to each other. 90°-0

In general, the angles 6 and (90°-60) are
complementary angles to each other. 0
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Trigonometric ratios of complementary angles

&, /XOY =60 and P is the point on the side OY of the angle. We
draw PM 1 OX .

Since the sum of the three angles of a triangle is two right angles therefore, in the

right angled triangle POM , ZPMO = 90°

and ZOPM + ZPOM = one right angle = 90°

. ZLOPM =90 — ZPOM =90° -6

Bince ZPOM = /XOY =0 ] v

sin (90° -0) = O—M=cos ZPOM = cosB
or

cos (90°-0) = PM_ sin ZPOM = sin®
oP

8
tan (90°-0)= oM _ cot ZPOM = cot 6 o
PM

cot (90°-0)= ﬂ—tan ZPOM = tan 6
oM

sec(90° -6) = oP _ cosec ZPOM =cosec 0
PM

cosec (90" -0) = Q=sec ZPOM =sec 6 .
oM

We can epress the above formulae in words below :

sine of complementary angle = cosine of angle

cosine of complementary angle = sine of angle

tangent of complementary angle = cotangent of angle etc.

Activity : 1. If sec (90" -0) = g, find the value of cosec® —cotf .

9-8 Trigonometric ratios of the angles 0° and 90°

We have learnt how to determinal the trigonometric ratios for
the acute angle 6 of a right angled triangle. div, we see, if the
angle is made gradually smaller, how the trigonometric ratios
change. A 0 get smallers the length of the side PN also gets
smaller. The point P closes to the point N and finally the

angle 6 comes closer to the angle 0°, OP is reconciled with

ON approkmately.
r
P A /I
P
P P
N [ N [0} N Q N o N
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When the angle 6 comes closer to 0°, the length of the line segment PN reduces to

zero and in this case the value of sin@ 1;% is approkmnately zero. Athe same time,

ON
the length of OP is equal to the length of ON and the value of cos 6 = oP is 1

approxmately.
The angle, 0° is introduced for the convenience of discussion in trigonometry, and
the edge line and the original line of the angle 0° are supposed the same ray.
Therefore, in line with the prior discussion, it is said that, cos0° =1, sin0° =0.

If © is the acute angle, we see

sin® cosO
tan0 = , coth =— s
cos0 sin @
secO = L, cosecH = —
cosO sin©
We define the angle 0°in probable cases so that, those relations eists.
tan0° = sin0 :9:
cos0® 1
sec0’ = 1 - :1:1.
cos0” 1

Since division by 0 is not allowed, cosec 0° and cot 0° can not be defined.

P%P%P%P |
0 NO NO NO NO N

gain, when the angle 6 is very closed to 90°, hypotenuse OP is approkmatel y
equal to PN . So the value of sin® is approkmately 1. @ the other hand, if the
angle 0 isis equal to 90°, ON is nearly zero;the value of cos® is approkmately 0.
So, in agreement of formulae that are described above, we can say, cos 90° =0,
sin 90" =1.

cos90" 0

cot 90" =— =—=0
sin90° 1
cosec 90° = — ! :12
sin90° 1

Since one can not divided by 0, as before, tan 90° and sec 90° are not defined.
Observe : For convenience of using the values of trigonometric ratios of the angles

0°, 30°, 45°, 60° and 90° are shown in the following table :
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angle
Rio 0 30° 45° 60° 90°
sine 0 1 1 3 1
2 2 B3
cosine 1 3 1 1 0
2 V2 2
tangent 0 1 1 J3 undefined
V3
cotangent undefined J3 1 1 0
3
secant 1 2 J2 2 undefined
V3
cosecant undefined 1 J2 2 1
2 V3

Observe : &y method for remembering of the values of trigonometric ratios of
some fizd angles.

() If we divide the numbers 0, 1, 2, 3 and 4 by 4 and take square root of the
quotients, we get the values of sin 0°of sin 30°, sin 45°, sin 60° and sin 90°
respectively.

(i) If we divide the numbers 4, 3, 2, 1 and 0 by 4 and take square root of
quotients, we get the values of cos0°, cos30°, cos45°, cos60° and cos90°
respectively.

(iii) If we divide the numbers 0, 1, 3 and 9 by 3 and take square root of quotients,
we get the values of tan0°, tan30°, tan45° and tan 60°, respectively (It is
noted that tan 90° is undefined).

(iv) If we divide the numbers 9, 3, 1 and 0 by 3 and take square root of quotients,
we get the values of cot30°, cot45°, cot 60°, cot90° respectively (It is noted

that cot 0° is undefined).
Example 1. Find the values :

@ 1-sin”45°
1+ sin*45°

(b) cot90° - tan 0° - sec 30° - cosec 60°
(©) sin 60° - cos 30° + cos 60° - sin 30°
1—tan*60°

d ~—tan OV
@ 1+ 5in*60°

+tan’45°

+ sin260°
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Solution :
. 2 )
(a) (en epression = %+lan245°
1+ sin"45
1_(1 2
V2 e 1 .
= +(l) [ sind5° =—1 tan45° =1]
1+(1j 2
A2
- . 1 4
= —%H :%H =—+1=—
1+— - 3 3
2 2
(b) (ven epression = cot 90° - fan 0° - sec 30° - cosec 60°
2
=0-0-—=-—=0
55
2 2
[+ cot90° =0, tan 0° =0, sec30° = —, cosec 60° = —
e -
(c) (venepression=  sin 60° -c0s 30° + cos 60° - sin 30°
_BB 1
2 2 22
[+ sin 60° =cos 30° :g, sin 30° =cos 60° = %]
_3,1_4_,
4 4 4
— 2 °
(d) Gen epression = wwtsin%o"
1+5sin”60°
_1-(3) [ J
1+(\fj
J1-3.3 23
143 4 4 4
_—-2+43 1
4 4
Example 2.

(a If \/Ecos(A—B):l, 2sin(A+B):\/§ and A4, B are acute angles, find the
values of 4 and B.
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cosA—sinA 1 —\/5

b = , find the value of 4.
®) COSA +sinA 1443
2
(c) BPovethat, cos2A = % , if 4=45°.
1+tan"A

(d) Solve: 2cos’® +3sin@ —3 =0, where 0 is an acute angle.

Solution : (a) +/2cos(4—B) =1

1

or, cos(A— B) = —

( ) 7

1

or, cos(A— B) = cos45° [ cosd45’ = —

( ) [ 7 ]
A=B =45 . (i)
and 2sin(4+B) =+/3
or, sin(4A+ B) = \26
or, sin(4A+ B) =sin60° [ sin60° = ?]

S A+ B=60"e ()
Ading (i) and (i), we get,
24=105°
=10 51
2 2
#ain, subtracting (i) from (ii), we get
2B =15°
or, B= i
B=17 l
2
1° 1°

uired A4=52— and B=7—
& 2 2

cosA — sind _1—\/§

cosAd+sind 1443
cosA — sind + cosA — sinA _1—\/§+1—\/§
cosA — sind — cosA —sind  1-~/3+1-4/3

(b)

or,
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or,

or,

or,

(©

(d)

Math
2cosA 2
—2sind  —243
cosd 1
sind /3
cot4 =cot60°
A=60°
(ven that, A4 =45°
we have to prove that, cos2A4 = ﬂ
1+tan” 4
IB.= cos24
= cos(2x45°)= cos90°= 0
_ 1—tan* 4
© l+tan’4
_1-tan’45° _ 1-(1)°
1+tan’45° 1+ (1)
_0_,
2
I$. BS. (proved)
ven equation, 2cos’® +3sin® —3 =0
or, 2(1—sin’@ —3(1—sinB) =0
or, 2(1+sinB)(1-sin®)-3(1-sinB) =0
or, (1-sin®)2(1 +sin0)—3}=0
or, (1-sin6){2sin6 — =0
or, 1 —sin6 =0 or 2sin6 —1=1
. osin® =1 or, 2sin® =1
or, sin® = sin 90° or, sinf = %
0 =90° or, sin® = sin 30°
or, 0 =30°

0 is an acute angle, so 6 =30°.

Exercise 9-2

1. If cot6 =%, which one is the value of cot 6§ ?

@ % ®) 1 © 3 (d)2
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(i) sin’® =1—cos’*0
(ii) sec’® =1+tan’0
(iii) cot’® =1—tan’@
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Which one of the followings is correct in accordance with the above statements.

(a)iandii (b)iandiii (c)iiandiii (d)i,ii and iii
A

S

B 4 C

Aswer of questions 3 and 4 on the basis of the figure :

3. What is the value of sin® ?
3 4 3 4
a) — b) — c) = d) —
(@) 1 (b) 3 (© s (d s
4. What is the value of cot® ?
3 3 4 4
a) — b) = c) — d) —
(@) 2 (b) s (©) 5 (d 3
Faluate (5 8) :
1—cot? 60°
ST
1—cot” 60
6. tan45° -sin’60° - tan 30° - tan 60°.
2 °
7. %+sec2 60" .
1—cos” 60
8. cos45° -cot’60° - cosec’ 30° .
Pve (91):
9. cos?30° — sin?30° = cos 60°.
10. sin 60°cos 30° + cos 60° sin 30° = sin 90°.
11. cos 60°cos 30° + sin 60° sin 30" = cos 30°.
12. sin3A4= cos3A4, ift A=15".
13. sin2A= 204 e 4o4s,
1+tan"A
14 an24= 2" i 4o30°
1—tan“ A
2
I5. cos2A= A e 60,
1+tan"A
16. If 2cos(A + B) =1=2sin(A —B) and 4, B are acute angles, show that 4=45",

B=15".

Math-IX-X, Forma-22
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17.

18.

19.

20.
21.
22.
23.
24.

25.
26.

27.

Math

If cos(A—-B)=1, 2sin(A+B) and 4, B are acute angle, find the values of
Aand B.

. COSA —sinA NC

" CosA +sinA 341 '

If 4, B are acute angle and cot(A + B) =1, cot(A—-B) = /3, find the values of
A and B.

Show that, cos 34 =4 cos*A— 3cos A , when A =30".

Solve : sin® +cos® = 1, when 0° <0 <90°.

Solve : cos’® — sin’@ =2 — S5cos® , when 6 is an acute angle.

Solve : 2sin’0 + 3cos® —3=0, O is an acute angle.

Solve: tan’@ — (1+ \B) tan® ++/3 = 0.

Solve

Find the value : 3cot® 60° +%cosec2 30° + 5sin?® 45° —4cos® 60°.

If ZB=90°, AB =5cm, BC =12cm. of AABC

(a) Find the length of AC.
(b) If ZC =6, find the value of sin® +cos6 .
(c) Show that, sec’8 +cos’ 0 =sec’0 -cosec’ 0 .

B 3 c
(a) what is the measurement of AC .

(b) Find the value of tan A +tanC.
(c) Find the values of x and y.



Chapter Ten
Distance and Height

From very ancient times trigonometrical ratios are applied to find the distance and

height of any distant obgct. Apres ent trigonometrcal ratios are of boundless

importance because of its increasing usage. The heights of the hills, mountains and

trees and the widths of those rivers which cannot be measured in ordinary method

are measured the heights and widths with the help of trigonometry. In this condition

it is necessary to know the trigonometrical ratios values of acute angle.

#the end of this chapter, the students will be able to —

e FElain the geoline, vertical plane a nd angles of elevation and declination

e Solve mathematical problem related to distance and height with the help of
trigonometry

e Measure practically different types of distances and heights with the help of
trigonometry.

Horizontal line, Vertical line and Vertical plane :

The horizontal line is any straight line on the plane. Atraight line parallel to horizon

is also called a horizontal line. The vertical line is any line perpendicular to the

horizontal plane. It is also called normal line.

Avorizontal line and a vertical line intersected at right angles

on the plane define a plane. It is known as vertical plane.

In the figure : Aree with height of 4B is standing vertically

at a distance of CB from a point C on the plane. éfe, CB is

the horizontal line. BA is the vertical line and the plane ABC

is perpendicular to the horizontal plane which is a vertical B

plane.

Angle of Elevation and Angle of Depression :

bxerve the figure, AB is a straight line parallel to the horizon.

The points P, O, B lie on the same vertical plane. The point P

on the straight 4B makes angle ZPOB with the line AB.

tfe at O, the angle of elevation of P is ZPOB.

So, the angle at any point above the plane with the straight line

parallel to horizon is called the angle of elevation.

A

AT Nr—
P T
pals
gain the point O, O, B lie on the same vertical plane and point Q lines at lower
side of the straight line 4B parallel to horizon. tfe, the angle of depression at O of

0 is ZQOB. So, the angle at any point below the straight line parallel to the plane is
called the angle of depression.
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Activity :

Bint the figure and show the
horizontal line, vertical line, vertical
plane, angle of elevation and angle of L
depression. <ind —

N.B. : For solving the problems in this chapter approkmately right figure is needed.
While drawing the figure, the following techniques are to be applied.

(1) While drawing 30° angle, it is needed base perpendicular.

(2) While drawing 45° angle, it is needed base perpendicular. i

(3) While drawing 60° angle, it is needed base perpendicular.

Example 1. The angle of elevation at the top of a tower at a point on the ground is
30 at a distance of 75 metre from the foot. Find the height of the tower.
Solution : &t, the height of the tower is AB = h metre.

A
The angle of elevation at C from the foot of the tower h
BC =75 metre of 4 on the ground is £Z4ACB =30°

C B
75
AB
From AABC we get, tan/ACB = BC
h 1 h 1 75
or, tan30° =—or, —— =— | tan30° =— | or, N3h=75 or, h=—=
75 73 75 { V3 } V3
7543 . :
or, h= 3 multiplying the numerator and denominator by +/3] or,

h=25\3

- h=43.301 metre (app.).

Bquired height of the tower is  43.301 metre (app.).

Example 2. The height of a tree is 105 metre. If the angle of elevation of the tree at a
point from its foot on the ground is 60°, find the distance of the point on the ground
from the foot of the tree.

Solution : &, the distance of the point on the ground
from the foot of tree is BC = x metre. Eight of the tree
AB =105metre and at C the angle of elevation of the 105
vertexof tree is LACB = 60°

From A4ABC we get, c /N I

X

A
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tanZACB = % or, an60° =12 | tan60® = 3]
X

or,ﬁzgor, 3x =105 or,x:@ or,x:M 0r,x=35\/§
X J3 3

© x=60.622 (app.)
.. The required distance of the point on the ground from the foot of the tree is
60.622 metre (app.).

Activity: A

In the picture, AB is a tree. Information from

the picture —

1. Find the height of the tree. 60°

2. Find the distance of the point C on the |, C
ground from the foot of the tree. 20 B

60"

Example 3. Aadder of 18 metres. long touche s the roof of a wall and makes an
angle of 45° with the horizon. Find the height of the wall.

Solution : &t, the height of the wall ABis = & metre, A
length of ladder AC is =18 m. and makes angles with 18
the ground ZACB =45°. h
. AB
From A4BC we get, sin ZACB = ic (: g
or, sin45° = li
1 h 0 1 18
or, —=— -+ sind5% =——| or, V2h =18 or, h=—
N 7
18
or, V2h=18 or, h=—
V2
or, h= % fultiplying the numerator and denominator by /2 ]
or, h=92

o h=12.728 (app.)
Therefore, required height of the wall is 12.728 m. (app.).
Example 4. Aree leaned due to storm. The stic k with height of 7 metre from its foot

was learned against the tree to make it straight. If the angle of depression at the point

of contacting the stick on the ground is 30°, find the length of the stick ?
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Solution : &, the height of the stick from the
foot learned against the tree of AB =7 metre and
angle of depression is Z/DBC =30°

. LACB = ZDBC =30° hlternate angle]

From A4BC we get, D 300 B
AB 7 X metre 7 metre
sin/ACB = — or, sin30° = — 300
BC BC C L
or, 1 = T [‘.’sinZ»O0 = l}
2 BC 2
.. BC=14

.. Bquired height of the stick is 14 metre.

Activity :

In the figure, if depression angle ZCAE =60°, 4 -
elevation angle ZADB=30°, AC =36 metre o
and B,C,D lie on the same straight line, find 5 36
the lengths of the sides 4B, AD and CD. b 30 i ¢

Example 5. The angle of elevation at a point of the roof of a building is 60° in any
point on the ground. Moving back 42 metres from the angle of elevation of the point
of the place of the building becomes 45°. Find the height of the building.
Solution : &, the height of the building is AB=h
metres. The angle of elevation at the top LACB = 60°.
The angle of elevation becomes £ADB =45" moving

back from C by CD =42 metres. frmete
&t, BC =x metre /N

.. BD=BC+CD = (x + 42) metre b 42metreC xmetre B
From AABC we get,

1an60° = ;—g or, /3 _h [ tan60° = ﬁ]
x

AB
: 0 _
gain, from AABD we get, tan 45" = BD
or, 1:7}1 [.'tarn450 :l]or, h=x+42

x+42
or, h= h +42; by equation (i)

V3
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or, \Bh=h+423 or, \3h—h=423 or, (V3 -1) =423 or, h =\‘%ﬁl

. h=99.373 (app.)

Eight of the building is ~ 99.373 metres (app.)

Example 6. Aole is broken such that the broken part makes an angle of 30" with
the other and touches the ground at a distance of 10 metres form its foot. Find the

lengths of the pole.

Solution : &t, the total height of the pole is AB=nh A

metre. Breaks at the height of BC =x matre without

separation and makes an angle with the other, c

ZBCD =30 and touches the ground at a

distance BD =10 metres from the foot. . f

te, CD=AC=AB-BC =(h-x) metre e

From ABCD we get,

tan30° = B2 or, 1.1 x=104/3 P °
BC NE"

gain, sin30° _BD ! 10

or, — =
CD 2 h—x

or, h—x=20or, h=20+xor, h=20+ 10\/§; putting the value of x]

. h=37.321 (app.) .. Bight of the poleis 37.321metres (app.).

Activity :

Aalloon is flying above any point be tween two mile posts. Athe point of the
balloon the angle of depression of the two posts are 30° and 60° respectively. Find
the height of the balloon.

Exercise 10

1. (a) Find the measurement of ZCAD / S

(b) Find the lengths of 4B and BC. N

(c) Find the distance between 4 and D.
2. From a helicopter above a point O between two kilometre posts, the angles of

depression of the two points 4 and B are 60° and 30° respectively.

(a) Draw a figure with short description.

(b) Find the height of the helicopter from the ground.

(c) Find the direct distance from the point 4 of the helicopter. 7 ’
3. What is the elevation angle of point Hrom the point O ? Z i

(a) £LQOB (b) £POA () £004  (d) £POB v ”
4. (i) The horizontal line is any straight line lying on the plane.

(ii) dftical line is any line perpendicular to the plane.

(iii) Aorizontal line and a vertical plane define a plane. It is known as vertical plane.

D
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which one is right of the above speech ?

(a)iandii (b)iandiii  (c)iiand iii (d) 1, ii and iii
Aswer the questions 5 -6 from the adpcent figure :
5. The length of BGvill be —

@ —m (b)4m(c) 42m  (d) 43m
3 s
6. The length of B will be —
4
(@) —m (b)4m (c) 42m  (d) 43 m
V3 B
7. If the angle of the elevation of the top of the miner is 30° at a point on the ground and
the height is 26 metres, then find the distance of the plane from the Miner.

O C

8. If the top of a tree is 20 metres distance from the foot on the ground at any point
and the angle of elevation of 60°, find the height of the tree.

9. Forming 45° angle with ground A8 metres long ladder touches the top of the
wall, find the height of the wall.

10. If the of depression of a point on the ground 20 metres from the top of the house
is 30° then, find the height of the house.

11. The angle of elevation of a tower at any point on the ground is 60°. If moved
back 25 metre, the angle of elevation becomes 30°, find the height of the tower.

12. The angle of elevation of a tower 60° moving 60 metres towards a minar. Find
the height of the minar.

13. Aman standing at a place on the bank of a river observesd that the angle of
elevation of a tower eactly opposite to him on the other bank was 60 °. Moving
32 metres back he observed that the angle of elevation of the tower was 30°. Find
the height of the tower and the width of the river.

14. Aole of 64 metre long breaks into two parts without complete separation and makes
an angle 60° with the ground. Find the length of the broken part of the pole.

15. Aree is broken by a storm such that the broken part makes an angle of 30° with
the other and touches the ground at a distance of 10 metres from it. Find the
length of the whole tree.

16. Standing any where on the bank of a river, a man observed a tree eactly straight
to him on the other bank that the angle purney by boat of elevation of he top of
the tree of 150 metres length is 30°. The man started for the tree. But he reached
at 10 metres away from the tree due to current.

(a) Show the above description by a figure.

(b) Find the width of the river.
(c) Find the distance from the starting point to the destination.



Chapter Eleven
Algebraic Ratio and Proportion

It is important for us to have a clear concept of ratio and proportion. Athmetical
ratio and proportion have been elaborately discussed in class M. In this chapter,
algebraic ratio and proportion will be discussed. We regularly use the concept of
ratio and proportion in construction materials and in the production of food staff, in
consumers production, in using fertilizer in land, in making the shapes and design of
many things attractive and good tooking and in many areas of our daily activities.
Many problems of daily lives can be solved by using ratio and proportion.

At the end of this chapter, the students will be able to :
» Flain algebraic ratio and proportion.
» ¢ different types of rules of tr ansformation related to proportion.
» Describe successive proportion.
» & ratio, proportion, successive propor tion in solving real lives problem.

11-1 Ratio
Otwo quantities of same kind and unit, how many times or parts of other can be
epressed by a fraction. This fraction is called the ratio of two quantities.

The ratio of two quantities p and ¢ is written in p:q = L The quantities p and ¢
are to be of same kind and same unit. p is called %ntecedent and q is called
subsequent of the ratio.

Some times we use ratio in approkmate mea sure. Such as, the number of cars on the
road at 8 M. doubles the number at 10 M. In this case, it is not necessary to
know the eact number of cars to determine the ratio. gain, in many occasions, we
say that the area of your house is three times the area of mine. &fe, also it is not
necessary to know the eact area of the house. We use the concept of ratio in cases
of practical life.

11-2 Proportion

If four quantities are such that the ratio of first and second quantities is equal to the
ratio of third and fourth quantities, those four quantities form a proportion. If a, b, c,
d are four such quantities, we write a : b = ¢ : d . The four quantities of proportion
need not to be of same kinds. The two quantities of the ratio are to be of the same
kind only.

Math-IX-X, Forma-23



178 Math

A B

a b
In the above figure, let the base of two triangles be a and b respectively and their

height is % unit. If the areas of the triangle be 4 and B square units, we can write,
1
A Eah a
—=%2_ =" orAdA:B=a:b
B 1 bh b
2
i.e. ratio of two areas is equal to ratio of two bases.
Ordered proportional
By ordered proportional of a, b, c it is meant that a: b=b: c.
a, b, ¢ will be ordered proportional if and only if 5* = ac. In case of ordered
proportional, all the quantities are to be of same kinds. In this case, ¢ is called third
proportional of @ and b and b is called midproportional of a and c.
Example 1. A and B traverses figd distance in ¢ and # minutes. Find the ratio of
average velocity of 4 and B.
Solution : &t the average velocities of A and B be v; sectetre and v , secietre
respectively. So, in time t; minutes A4 traverses vit; metres and in t; minutes B
traverses the distance v,t; meters.
.V _ b
v, g
tfe, ratio of the velocities is invers ely proportional to the ratio of time.
Activity: 1. fress3.5:5.6intol: g and b:1
2.Ifx:y=5:6, 3 x:5y=What?
11-3 Transformation of Ratio
tte, the quantities of ratios are positive numbers.
(1) Ifa:b=c:dthen b:a=d:c [nvertendo]

écording to the problem, v it; =v »t

Proof : ¥en that, a_c
b d
.. ad = bc ultiplying both the sides by bd]
d b . .
or, aa _2¢ flividing both the sides by ac where a#0,c#0]
ac ac

a.
C

Q| >

or,
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ie, b:a=d:c
(2) Ifa:b=c:d then a:c=>b:d lternendo]
Proof : {ven that, a_c
b d
.. ad = bc ultiplying both the sides by bd)]
or, ad = be flividing both the sides by cd where ¢#0,d #0]
cd cd
a b
or, —=—
c d
ie,a:c=b:d
a+b c+d

(3) Ifa:b=c:d then 5 = 7 Fomponendo]

Proof : (ven that, a_c
b d
—+1:§+1 Ading 1 to both the sides]
a+b c+d
b d
4) Ifa:b=c:d then “;bzc;d [dividendo]

Proof: a:b=c:d

% -1= 2 —1 fubtracting 1 from both the sides]
. a-b c—-d
ie, —=
b d
(5) Ifa:b=c:d then atb _c+d fomponendo -dividendo]
a-b c-

Proof : {ven that, 4_-C
b d

By componendo, a+b o d o @)
b d
gain by dividendo, 9-%_¢-4
d
or, b__ py invertendo]............. ( i)

a-b c—d
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a+b b c+d d
X = X
a-b d c¢—d

Therefore,

pultiplying (i) and (ii)]

a+b c+d

ie., = .[here a#b and c#d]
a-b c-d
6) 1 2=5=C_% then cach of the ratio =2+ ¢+ €*&
bd f h b+d+f+h
Proof: &, $=S_-°_8_
b d f h

sa=bk, c=dk, e=fk, g=hk
a+c+e+g bk+dk+ fi+hk  k(b+d+f+h)
b+d+f+h  b+d+f+h  b+d+f+h
But k is equal to each of the ratio.
.a_c _e g a+ctetg
b od f h btd+f+h
Activity : 1. Sum of ages of mother and sister is s years. Before # years, the ratio
of their ages was r: p. What will be the ratio of their ages after x years ?

2. The shadow of a man of height » metre, standing at p metre from a lightpost is s

metre. If the height of the lightpost be # metre, what was the distance of the man
from the lightpost ?

Example 2. The ratio of present ages of father and son is 7 : 2, and the ratio will be
8:3 after 5 years. What are their present ages ?
Solution : &t the present age of father be « and that of son is b . So, by the
conditions of first and second of the problems, we have,

a 7

From equation (ii), we get,
3(a+5)=8(b+5)

or, 3a+15=8b+40

or, 3a—8bh=25

or, 3x % —8b =25 py using ( iii)]
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or 21b—-16b
s 2 -
or, 5b =50
S b=10
Btting b =10 in equation (iii), we get, a =35
.. The present age of father is 35 years, and that of son is 10 years.
a+ bjz a+b’
b+c)  pi¢?

25

Example 3. If a:b=>b:c,prove that (

Solution : Genthat, a:b=b:c

. bP=ac
2 2 2 2 2
B, (a+b) :(a+b) and @ +b _a tac
b+c (b+c) b*+c*  ac+c’
a’+2ab+b’ _dalato)
= cla+c)
b* +2bc +¢? a
2 =
_a +2ab+ ac c
ac+2bc+c’

_ala+2b+c) a

- c(a+2b+c) e
[a+bj2 a+b’
btc) p?yc?

2 2
Example 4. Ifﬁzg,showthat a +b :ac+bd

b d & —p> ac—bd
Solution : &t, %:§:k; .. a=bkandc=dk

a+b> _(bk)' +b _b(kP+1) kP +1
a-b (bk)-b* b(k’-1) k’-1
ac+bd _bk-dk+bd _bd(k*+1) k> +1
ac=bd bk-dk—bd pg>-1) k*>-1

NNa

and

a* + b? _ac+bd
2 _p2 ac—bd’

a” —
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Example 5. Solve : l—ax‘/M:L 0<b<2a<2b.
I+ax \1-bx

Solution : Gen that, L% [1H6x _
1+ax \1-bx

l1+bx 1+ax

1-bx 1-ax

2

or, w = M pquaring both the sides]
I=bx (1 gyy

1+bx 1+ 2ax + a*x*

or, =
I=bx 1 _2ax+a’x’
1+bx+1-bx 1+2ax+a’*x>+1-2ax+a’x? o
or, = by componendo and dividendo]
L+bx=1+bx | 420y 1+ a2x% — 1+ 2ax — a2x?
or 2 2+a*x?)
> 2bx T dax
or 1 1+a’x?
> bx 2ax

or, 2ax=bx(1+a’x’

or, x{2a—b(l+a*x*)}=0

. Hher x=0 or 2a—b(a+a*x*)=0
or, b(1+a*x*)=2a

2
or, l+a°x" =—

2.2
or, ax =—-1

or, x’ :t(m—lj
a \'b

.. Bquired solution x=0, x= il\/?.
a

6 1 1
Example 6. If — =f+g,show that X+3a+x+3b:

2, a#b.
X a x—3a x-3b
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Solution : {ven that, =—+4+—
a b

6 1 1
X
.. 6ab = (a+ b)x multiplying both the sides by abx]

. 6ab
ie, x=
(a+b)
x 2b
" 3a a+b

2
x+3a_ btath by componendo and dividendo]
x=3a 2b-a-b

x+3a a+3b
or, =
x=3a b-a
x _ 2a

in, —=
ga 3b a+b
x+3b_2ata+tb by componendo and dividendo]

or, =
x=3b 2a-a-b
. X+3b_3a+b
" x=3b a-b

x+3a x+3b a+3b 3a+b
Now, + = +
x-3a x-3b b-a a-b
_a+3b 3a+b _a+3b-3a-b :2(b—a) 5

" b-a b-a b-a b—a
x+3a x+3b
" + =2.
x—3a x-3b
Ji+x++41-x 2 2p
Example 7. If X "2 "V =+ _  prove that, ———+1=0.
P Jl+x—-+1-x p-P P X
VI+x++1-x

Solution : ven that, —————— =
Nrx—i-x ?
VIt xl-x 4l x—vl-x _P *l by componendo -dividendo]
V+x+dl-x—l+x+1-x  p-1
or 241+x _ p+1 or Ni+x  p+l1
T 2J1-x  p-1 T J1-x p-1
, 1+7x:(p+1)2:p2+2p+1 Bquaring both sides]
=% (-1 p-2p+1
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l+x+1-x  p*+2p+1+p*-2p+1

Math

by componendo -dividendo]
pr+2p+1-p*+2p-1

2p

or, p>+1= ~

=a(a+b), prove that a, b, ¢ are ordered proportional.

3
AHD ab)
b+c
=ala+Db)

Dividing both sides by ( a + b)]

> l4+x—Il4+x
1 p*+1
or, ;— 2p
2p
2_ZF =
P +1=0.
3 3
+
Example 8. If Q
a-b+c
a}
Solution : ven that,
a—
a’+b’
or, ———=ala+b
a-b+c ( )
(a+b)(a*—ab+b?)
or,
a-b+c
a’—-ab+b?
o, ———=a
a—-b+c
or, a’—ab+b*>=a’*>-ab+ac

2
b” =ac

. a, b, ¢ are ordered proportional.

or,

or,

or,

or,

or,

+ +d
Example9-1fa b:c ,provethat c =a or a+b+c+d=0.
b+c d+a
Solution : {ven that, ath = c+d
b+c d+a
721 Ii 1= 72-:_6:; —1 pubtracting 1 from both the sides]
a+b-b-c c+d-d-a
b+c B d+a
a-c_c-a
b+c d+a
a-c a-c
+ —
b+c d+a 0
1 1
(a_c)(b+c+d+aj_o
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d+a+b+c)
or, (G—C)WZO
or, (a—c)d+a+b+c)=0
.. HBher a-c=01e.,a=c
or, a+tb+c+d=0.

Example 10. If —— =2 =
y+z z+x x+y

1
that the value of each ratio is either equal —1 or equal —.

Solution : &f, A S
y+z z+x x+y
X=k(Y+2)euceriann. )
V=k(Z+X) e (ii
Z=k(X+ )i (iii)

Subtracting (ii) from (i), we get,
x=y=k(y=x) or, k(y-x)=~(y-x)
Sok=-1
gain, adding  (7), (ii) and (ii7) , we get,
X+y+z=k(y+z+z+x+x+y)=2k(x+y+2)
K= Ix+y+z) 1

20x+y+z) 2
1

.. Therefore, the value of each of the ratiois — 1 or —.

2 2 2
X bc ca ab
Example 11. If ax = by = cz, show that — + y oz —

yz zx Xy 2 ZTZ 02'

a
Solution : &, ax=by=cz=k

¢
x* oyt Z > bc k* ca k¥ ab bc ca ab
Now, —+ + = X— 4 X— 4+ e i il

yz oz Xy g* kbt ok k4 ; ¢’

ie, —H—+—=— .
yz oz xy g p* (7
Math-IX-X, Forma-24
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and x, y, z are not mutually equal, prove
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Exercise 11-1

If the sides of two squares be a and b metres respectively, what will be the
ratio of their areas ?

If the area of a circle is equal to the area of a square, find the ratio of their
paremetre.

If the ratio of two numbers is 3 : 4 and their I(M. is 180, find the two
numbers.

The ratio of absent and present students of a day in your class is found to be
1:4. Rress the number in percentage of absent students in terms of total
students.

Ahing is bought and sold at the loss of 28%. Find the ratio of buying and
selling cost.

Sum of the ages of father and son is 70 years. 7 years ago, the ratio of their
ages were 5 : 2. What will the ratio of their ages be after 5 years.

If a:b=>:c,prove that,

N a_ a+b N a1 1 1 s s s
(@) plarea (it) a’b’c ((13+b3+c3j:a +b +c
3 2 2
(iii) abc(a+b+c)3: (iv) a—2b+c:(a_b) :(b—c)
(ab+bc +ca) a c

1-v1-x 1 Nvatx+tNa-x

Solve: (i) ———=— ii) ——————=b
2 I++1-x 3 ) Na+x—~a-x
_ [ 2_ 2
(iii) M:é, 2a>b>0 and x#0.
a+x++a’—x* x
(iv) \/X—1+\/X—6:5 ) NJax+b + ax—b_c
Vx—=1-+/x-6 Nax+b—+ax—b
3
(vi) 81(1‘7)5) _l+x
1+x 1-x
a a’>+ab+b* P +cd+d?

c
9. If —=—, show that, (i =
b d W () 2

10.

a*—ab+b*> *—cd+d*
ac + bd _c:2+al2
ac—bd > -d*
b

Ifﬁ:—z£ , show that,
c d

(ii)
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a +b3 _b+e

() P (i) (a®+b* +c*)B* +c* +d*) = (ab+bc +cd)’
+
11. If x = , show that, x+2a+x+2b:2, a#b.
a+b x—2a x-2b
3/ 3
12. Ifx:%, prove that, X =3mx? +3x-m=0

13. If = V2a+3b +2a-3b , show that, 3bx*> —4ax+3b=0.
N2a+3b —~/2a-3b

a+b*  (a+b)’
b* +c? (a+o)

14. If

~, prove that, a, b, ¢ are ordered proportional.

b
15. If r Ly _Z , prove that, a = = ¢ .
b+c c+a a+b y+z—x z+x-y Xx+y-z
bz — - -b
16, 2 _XmeE_ A x,provethat,fzzzz.
a b c a b c
+b- b+c- +a-b
17. If a €_ cTa_cra and a+b+c#0, prove that,
a+b b+c c+a
a=b=c.
18. If al = b4 = z and x+y+z#0, show
xa+yb+zc ya+zb+xc za+xb+ yc
that, each of the ratio is =——.
a+b+c
19. If(a+b+c)p=(b+c—a)g=(c+a—-byr=(a+b-c)s,
1 1 1 1
prove that, —+—+—=—.
q r s p
2 2 2
20. If Ix = my = nz, show that, x—+y—+z—=m—;l+n—lz+l—nz.
yz zx xy I° m nm
2 /
+
21. If£=a—2 and a_NaT9q , show that, prq_r—4q q
q b b a—q a q

11-4. Successive Ratio
&t Bni$ earning be Tk. 1000, Soni$ earning be Tk. 1500 and Somi$ earning be
Tk. 2500. tfe, Bnid earning : Soni§ earning 5000 : 1500 2 : 3 ;Sonil
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earning : Sami$ earning =1500 : 2500 =3 : 5. thce, Bni$ : Sonid : Samil

earning 2 : 3 : 5.

If two ratios are of the form a - b and b : ¢, they can be put in the form a : b : c. This
is called successive ratio. Ay two or more than two ratios can be put in this form. It
is to be noted that if two ratios are to be put in the form a : b ¢, antecedent of the first
ratio and subsequent of the second ratio are to be equal. Such as, if two ratios 2 : 3
and 4 : 3 are to be put in the form a : b : ¢ the subsequent quantity of first ratio is to
be made equal to antecedent quantity of the second ratio. That is those quantities are
to be made equal to their IM.

2 2x4 8

Ele, 2:3=— —=8:12 dain, 4:3

4 4x3 12
3 3x4 12

= =—=12:9
3 3x3 9

Therefore, if the ratios 2 : 3 and 4 : 3 are put in the form,a - b : cwillbe 8 : 12 : 9.
It is to be noted that if the earning of Sami in the above eample is 1125, the ratio of
their earnings willbe 8 :12:9.

Example 12. If g, b, ¢ are quantities of same kindanda : b3 :4, b:c=$6:7, what

willbea:b:c?

Solution: =333 _9 4P _6_6x2_ 12 i raandeis12]
b 4 4x3 12 ¢ 7 7x2 14
sLarbred 1214,

Example 13. The ratio of angles of a triangle is 3 : 4 : 5. fress the angles i n
degree.
Solution : Sum of three angles 480
&t the angles, according to given ratio, be 3 x, 4x and 5x.
écording to the problem,3 x# x5 x=80 ’ or, 12x=80 ’ or, x5 ’
Therefore, the angles are 3x 3 45 45
4x415 60
and 5x=545 "F5°

Example 14. If the sides of a square increase by 10%, how much will the area be
increased in percentage ?
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Solution : &t each side of the square be a metre

. ¥ea of the square be @’ square metre
If the side increases by 10%, each side will be (a+10% of a) metre or 1-10a
metre.

In this case, the area of the square will be (1-10a)’ square metre or, 1-21a’ square
metre.
tea increases by  (1-21a” —a”) =0.21a” square metre

. . 0-21a°
.. The percentage of increment of the area will be 7261 x100% =21%
a

Activity :
1. There are 35 male and 25 female students in your class. The ratios of rice and
pulse are 3 : 1 and 5 : 2 given by each of the male and female students for

taking khisuri in a picnic. Find the ratio of total rice and total pulse.

11-5 Proportional Division
Division of a quantity into fizd ratio is called proportional division. If S is to be

divided into a : b : ¢ :d, dividing S by (a + b + ¢ +d) the parts a, b, ¢ and d are to

be taken.

Therefore,

Ist part = of §= Sa
atb+c+d atb+c+d

2nd part = of §= sb
a+b+c+d a+b+c+d

3rd part = of §= S
a+b+c+d a+b+c+d

4th part = of §= Sd
a+b+c+d a+b+c+d

In this way, any quantity may be divided into any figd ratio.
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Example 15. Divide Tk. 5100 among 3 persons in such a way that 1st persons part :

1
2nd persons part : 3rd person$ part are = 539"

1
3
. 111 1 1 .
Solution : &fe, —:—:—=|—xI18|: —><18 — M. of 2, 3, 9 is 18]
239 \2 9

=9:6:2
Sum of the quantities of ratio 9 6 2 7.

Ist person$ part = Tk.5100 x % Tk. 2700

2nd persond part =Tk.5100 x % Tk. 1800

3rd persond part = Tk.5100x % Tk. 600

Therefore, three persons will have Tk. 2700, Tk. 1800 and Tk. 600 respectively.

Exercise 11-2
1. If ab,c are ordered proportional, which one is correct of the followings ?
(a) a’ =bc () b>=ac (c)ab=bc (d)a=b=c
2. The ratio of ages of Af and Wib is 5 : 3 ;if Af is of 20 years old, how many
years later the ratio of their ages will be 7 : 5. ?
(a) 5 years (b) 6 years (c) 8 years (d) 10 years
3. die the following information :
(i) A the four quantities need not to be of same kind in proportion.

(i1) The ratio of areas of two triangles is equal to the ratio of areas of their bases.

at+tct+e+
, value of each ratio will be g

(i) If =£_¢_¢ —_—.
d f h b+d+f+h

@\a
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fthe basis of above information, which one of the followings is correct?

(2) (i) and (ii) (b) (ii) and (iii)

(c) (i) and (iii) (d) (i), (i) and (iii)

The ratio of angles of AABC is 2 : 3 : 5 and the ratio of angles of the
quadrilateral ABCD is 3 :4 :5 : 6. Based on this information, answer questions
number 4 and 5.

If the sides of a square double, how much will the area of a square be increased?
(a) 2 times (b) 4 times

(c) 8 times (d) 6 times

If x:y=7:5, y:z=5:7, z:x =how much?

The estimated cost for the construction of a wooden bridge is Tk. 90,000. But
Tk. 21,000 has been spent more. What is the percentage of the exess cost ?

The ratio of rice and husk in paddy to 7 : 3. What is the percentage of rice in it ?
The weight ot 1 cubic cm. wood is 7 decigram. What is the percentage of the
weight of wood to the equivalent volume of water ?

Distribute Tk. 300 among a, b, ¢, d in such a way that the raios are a3 part : b3
part= 2:3, b3part: cdpartd:2and cSpart: dipart3:2.

Three fishermen have caught 690 pieces of fishes. The ratios of their parts are

2 4 5
33 and rs bw many fishes each of them will get. ?

The parametre of a triangle is 45 cm. The ratio of the lengths of the sides is
3 :5:7. Find the length of each sides.

4 6

— 7

If the ratio of two numbers is 5 : 7 and their KF. is 4, what is I(M. of the

Distribute Tk. 1011 in the ratio é :

numbers.
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14.

15.

16.

17.

19.

20.

21.

22.

23.

Math

In a cricket game, the total runs scored by Sakib, Mushfique and Mashrafi were
171. The ratio of runs scored by Sakib and Mushfiques, and Mushfique and
Mashrafi was 3 : 2. What were the runs scored by them individually.

In a office, there were 2 officers, 7 clarks and 3 bearers. If a bearer gets Tk. 1, a
clerk gets Tk. 2 and an officer gets Tk. 4. Their total salary is Tk. 15,000. What
is their individual salary ?

In selecting the leader of a society, Mr. Denal won in ratio of 4 : 3 votes of the
two contestants. If total numbers of members were 581 and 91 members did
not cast their votes, what was the difference of votes by which opposite of Mr.
Denal had been defeated ?

If the sides of a square are increased by 20%, what is percentage of increment
of the area of the square ?

If the length of a rectangle is increased by 10% and the breadth is decreased by
10%, what is the percentage of increase or decrease of the area of the
rectangle?

In a field, the ratio of production is 4 : 7 before and after irrigation. In that
field, the production of paddy in a land previously was 304 quintal. What
would be the production of paddy after irrigation ?

If the ratio of paddy and rice produced from paddy is 3 : 2 and the ratio of
wheat and suzi produced from wheat is 4 : 3, find the ratio of rice and suzi
produced from equal quantity of rice and wheat.

The are of a land is 432 square metre. If the ratios of lengths and breadths of
that land and that of another land be 3 : 4 and 2 : 5 respectively, that what is the
area of another land ?

Zami and Simi take loans of different amounts at the rate of 10% simple profit
on the same day from same Bank. The amount on capital and profit which Zimi
refunds after two years, the same amount Simi refunds after three years on
capital and profit. Find the ratio of their loan.

The ratio of sides of a triangle is 5 : 12 : 13 and parametre is 30 cm.

(a) Draw the triangle and write what type of triangle in respect of angles.
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(b) Determine the area of a square drawn with the diagonal of a rectangle
taking greater side as length and smaller side as breadth as the sides of a
square.

(c) If the length is increased by 10%nd breadth is increased by 20%wha  t
will be percentage of increase of the area ?

The ratio of present and absent of students of a day in a classis 1 : 4.

(a) Rress the percentage of absent students against total students.

(b) The ratio of present and absent students would be 1 : 9 if 10 more students
were present. What was the total number of students ?

(c) Othe total number of students, the number of female students is less than

male students by 20. Find the ratio of male and female students.

Math-IX-X, Forma-25



Chapter Twelve
Simple Simultaneous Equations

with Two Variables

For soling the mathematical problems, th e most important topic of Algebra is
equation. In classes Vand M, we haw got the idea of simple equation and hae
known how to sole the simple equation with one ariable. In class MI, we hae
soled the simple simultaneous equations by the methods of substitution and
elimination and by graphs. We haw also learnt how to form and solg simple
simultaneous equations related to reallife, problems. In this chapter, the idea of
simple simultaneous equations haw been epanded and new methods of solution
haw been discussed. Besides, in this ch apter, solution by graphs and formation of
simultaneous equations related to real life problems and their solutions hag been
discussed in detail.

At the end of the chapter, the students will be able to —

> ¥ify the consistency of simple s imultaneous equations with two ariables.

»  ¥ify the mutual dependence of two simple simultaneous equations with two
ariables

»  Elain the method of crossmultiplication

» Form and solg simultaneous equations related to real life mathematical
problems

»  Ble the simultaneous equations with two ariables by graphs.

12-1 Simple simultaneous equations.

Bnple simultaneous equations means two s imple equations with two ariables when
they are presented together and the two ariables are of same characteristics. Sch
two equations together are also called system of simple equations. In class NI, we
haw soled such system of equations and learnt to form and sole simultaneous
equations related to real life problems. In this chapter, these hag been discussed in
more details.

First, we consider the equation 2x+ y =12. This is a simple equation with two
ariables.

In the equation, can we get such slues of x and y on the left hand side for which
the sum of twice the first with the second will be equal to 12 of the right hand side ;
that is, the equation will be satisfied by those two alues ?

diw, we fill in the following chart from the equation 2x+ y =12 :
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Mue of x Mue of y Mue of TH.S( 2x +y) RIS
-2 16 —-4+16 =12 12

0 12 0+12 =12 12

3 6+6 =12 12

5 10+2 =12 12
.......... =12 12

The equation has infinite number of solutions. Among those, four solutions are

(-2,16), (0,12), (3,6) and (5,2).

Again, we fill in the following chart from another equation x—y =3 :

Mueof x | Muesof y Mue of IH.S (x—y) RIS
-2 -5 -2+5=3 3

0 -3 0+3 =3 3

3 0 3-0 =3 3

5 2 5-2 =3 3
.......... =3 3

The equation has infinite number of solutions. Among those, four solutions are
(-2,-5), (0,-3), (3,0) and (5,2).
If the two equations discussed abo¥ are considered together a system, both the
equations will be satisfied simultaneously only by (5, 2). Both the equations will not
be satisfied simultaneously by any other zlues.
Therefore, the solution of the system of equations 2x+y =12 andx—y =3 is
() =6,2)
Activity : Write down fie solutions for each of the two equations x—2y+1=0
and 2x + y —3 =0 so that among the solutions, the common solutions also eists.

12-2 Conformability for the solution of simple simultaneous equations with two
variables.

2x+y=12

(a) As discussed earlier, the system of equations } hae unique (only

x—y=3
one) solution. fich system of equations are called consistent. @mparing the
coefficient of x and y (taking the ratio of the coefficients) of the two equations, we

2 1 . . .
get, T * —1 ; any equation of the system of equations cannot be epressed in terms of

the other. That is why, such system of equations are called mutually independent. In
the case of consistent and mutually independent system of equations, the ratios are
not equal. In this case, the constant terms need not to be compared.
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2x-y =6

(b) dw we shall consider the system of equations
4x-2y=12

}. Will this two

equations be soled ?

Here, if both sides of first equation are multiplied by 2, we shall get the second
equation. Again, if both sides of second equation are diided by 2, we shall get the
first equation. That is, the two equations are mutually dependent.

We know, first equation has infinite number of solutions. 8, 2nd equation has also
the same infinite number of solutions. 8ch system of equations are called consistent
and mutually dependent. ich system of equations haw infinite number of solutions.
Here, comparing the coefficients of x, y and the constant terms of the two

5B
4 -2 12\ 2)

equations, we get, — = —
That is, in the case of the system of such simultaneous equations, the ratios become equal.

2x+y :12}

(c) diw, we shall try to sole the system of equations
4x+2y =35

Here, multiplying both sides of first equation by 2, we get, 4x +2y =24
second equationis 4x+2y =5
subtracting, 0 =19, which is impossible.
8, we can say, such system of equations cannot be soled. Sch system of equations are
inconsistent and mutually independent. fich system of equations haw no solution.
Here, comparing the coefficients of x, y and constant terms from the two equations,

2 1 12
==
4 2 5

we get, That is, in case of the system of inconsistent and mutually

independent equations ratios of the coefficients of the ariables are not equal to the ratio
of the constant terms. €nerally, conditions for comformability of two simple

simultaneous equations, such as,

ax+by

ax+by=c,

- C‘} are gien in the chart below :

system of Comparison | consistent/ mutually | has solution
equations of coeff.and incon dependent/ | (how many)
const. terms sistent independent / no.
(@) | ax+by=c | a . b consistent | independent | &  (only
ax+by=c, | a, b, one)
@) | ax+by=c @ _b _¢ |consistent | dependent & (infinite
a,x+by=c, a by ¢ numbers)
(iii)| ax+by=c¢ a _ b ¢ |inconsistent | independent | N
ax+by=c, a, b, ¢
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Now, if there is no constant terms in both the equations of a system of equations ;

. o . . .. oa b

i, ¢, =c, =0, if with reference to the aboe discussion from (i), if — = b—lthe
a, )

system of equations are always consistent and independent of each other. In that

case, there will be only one (unique) solution.

From (ii)) and (iii) if ﬂ:—1, the system of equations are consistent and
a4 p)

dependent of each other. In that case, there will be infinite number of solutions.

Example : glain whether the following sy stem of equations are consistent /

inconsistent, dependent/ independent of each other and indicate the number of

solutions in each case.

(a) x+3y=1 (b) 2x-5y=3 () 3x—-5y=17
2x+6y=2 x+3y=1 6x—-10y =15
Solution :
. x+3y =1
(a) {8n system of equations are :
2x+6y=2

Rtio of the coefficients of x is %

Rrio of the coefficients of y is % or %

. . 1
Rtio of constant terms is 5

131

2 6 2

Therefore, the system of equations are consistent and mutually dependent. The
system of equations haw infinite number of solutions.

2x—5y=3}

(b) ®n system of equations are :
x+3y =1

Rtio of the coefficients of x is %

Rtio of the coefficients of y is _75

.. we hag, 2 # =3
1 3

Therefore, the system of equations are consistent and mutually independent. The
system of equations hag only one (unique) solution.
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(c) @n system of equations are :  3x—5y =7
6x—-10y =15

Rtio of the coefficients of x is % or %

Rtio of the coefficients of y is_—lso or %

. .7
ratio of the constant terms is E

3 -5 7
Soweget, —=——#—
6 —-10 15
Therefore, the system of equations are inconsistent and mutually independent. The
system of equations hag no solution.
Activity : 3fify whether the system of equations x—-2y+1=0,2x+y-3=0
are consistent and dependent and indicate how many solutions the system of
equations may hag.

Exercise 12-1

Mention with arguments, whether the following simple simultaneous equations are
consistent/inconsistent, mutually dependen t/independent and indicate the number of
solutions :

. x—y=4 2. 2x+y=3 3. x—y—-4=0
x+y=10 4x+2y=6 3x-3y-10=0

4. 3x+2y=0 5. 3x+2y=0 6. 5x-2y-16=0
6x+4y=0 9x—-6y=0 3x—§y:2

7 —lx+ =-1 8 —lx— =0 9 —lx+ =-1

75 y 75 y 75 y
x=2y=2 x=2y=0 x+y=5

10. ax—cy=0

ex—ay=c’-a’.

12-:3  Solution of simple sumultaneous equations

We shall discuss the solutions of only the consistent and independent simple
simultaneous equations. 8ch system of equation has only one (unique) solution.
Here, four methods of solutions are discussed :

(1) Method of substitution, (2) Method of elimination  (3) Method of cross-
multiplication  (4) faphical method.
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In class NI, we hag known how to solg by the methods of substitution and
elimination. Here, eamples of one for each of these two methods are gien.
Example 1. 8le by the method of substitution :

2x+y =28
3x=2y=5
Solution : {8n equations are :
2X+ Y =8 1
3x=2y =5, 2)

From equation (1), y =8—2x......... (3)
Putting the ®lue of y form equation (3) in equation (2), we get

3x-2(8-2x)=5 Putting the alue of x in equation (3)
or, 3x—-16+4x=5 y=8-2x3
or, 3x+4x=5+16 —8-6
or, 7x=21 _»
or, x=3

o Blution  (x,¥)=(3,2)
Solution by the method of substitution :
Gheniently, from any of the two equations,  &lue of one ariable is epressed in
terms of the other ariable and putting the obtained #lue in the other equation, we
shall get an equation with one ariable. Sling this equation, ®lue of the ariable
can be found. This @lue can be put in any of the equations. But, if it is put in the
equation in which one ariable has been epr essed in terms of the other ariable, the
solution will be easier. From this equation, alue of the other ariable will be found.
Example 2. Slg by the method of elimination : 2x+y=8

3x-2y=5
[N.B. : To show the difference between the methods of substitution and elimination,
same equations of eample 1 hag  been taken in this eample 2]

Solution : (8n equations are 2x+y =8, 0]
3x=2y =5 (2)
Multiplying both sides of equation (1) by 2, 4x+2y =16.............. (3)
equation (2)is 3x—2y =5........... (2)

Adding (3) and (2), 7x=21 orx=3.
Putting the alue of x in equation (1), we get

2x3+y=28
or, y=8-6
or, y=2

. Blution (x,y)=(3,2)
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Solution by the method of elimination :
Gheniently, one equation or both equations are multiplied by such a number so
that after multiplication, absolute alue of the coefficients of the same ariable
become equal. Then as per need, if the equations are added or subtracted, the
ariable with equal coefficient will be eliminated. Then, soling the obtained
equation, the slue of the eisting ariable will be found. If that slue is put
coneniently in any of the gien equations, alue of the other ariable will be found.
(3) Method of cross-multiplication :
We consider the following two equations :
ax+by+c =0..... )]
ax+byy+c, =0......... (2)
Multiplying equation (1) by b, and equation (2) by b, , we get,
aib,x +bb,y +byc, =0......... (3)
a,bx +bb,y+bic, =0........ 4
Sbtracting equation (4) from equation (3), we get
(a\by, — a,b)x + bye, —bic, =0
or, (a,b, —ab)x = bc, —b,c;
x _ 1
or becy, —b,e,  aby, —asb,

ayayx +aybyy +cya; =0....... (7)

Sbtracting equation (7) from equation (6), we get
(b —aby)y +ca, —c,0, =0
or, —(ab, —a)b)y = _1(016’2 —6ap)
y

or, Y = aby —ah 8)

From (5) and (8) we get,
X _ y _ 1

bicy =bye;  cay —cap  aib, —ayb,

From such relation between x and y, the technique of finding their alues is called
the method of crossmultiplication.

From the abow relation between x and y, we get,
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X 1 bic; — byey
= , of xX=———"—
b, —by,e, ab, —a,b, ab, —ayb,
. 1 ca, —C,a
Again, 24 = , or y=—-2 "271
Ca, —ca;  ab, —ayb a;b, —ayb,

bic, =bye, ca, _CzalJ

)
a,by —ayb  ab, — ayb,

We observe :

Huations Rlation between ~ x and y [lustration

ax+by+c =0 X y 1 x Y 1

arx+byy+c, =0 | by —bye;  cja, —cya;  apb, —ayb,

a

b ¢ a b

by ¢ a b

a,

[N.B. : The method of crossmultiplication can also be applied by keeping the
constant terms of both equations on the right hand side. In that case, changes of sign
will occur ; but the solution will remain same. ]

Activity : If the system of equations

dx—y-7=0 . ax+by+c =0
are epressed as the system of equations s
3x+y =0 ayx+byy+c,=0
find the slues of a,,b,,¢,,a,,b,,c,.
Example 3. 8le by the method of crossmultiplication : 6x—y=1
3x+2y=13
Solution : Making the right hand side of the equations 0 (ero) by transposition, we get,
6x—y—-1=0 comparing the equations with
3x+2y-13=0 ax+by,+c =0

tiel
a,x+b,y+c, =0} FeSpectivly;

we get, a;=6,b=-1,¢,=-1
a,=3,b,=2,c,=-13

By the method of crossmultiplication, we get, lustration :
x y 1
X - Y - 1 a | b ¢ a b

bic, =byey  ca, —cap  ab, —ayby

a | b, ¢ a b

Math-IX-X, Forma-26
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X 3 y 3 1
of (D) x(=13)=2x(=1) (-)x3—(=13)x6 6x2—-3x (1)
x __y 1
T2 3478 1243 A
x _y_1 6]-1 -1 6 -1
o —=-—=—
15 75 15 312 —-13 3 2
x 1 15
w—=—, or x=—=1
15 15 15
oy 1 75
Again, =—=—, or y=—=5
B s T T s
. Blution (x, y) =(1,5)
Example 4. 8l by the method of crossmultiplication : 3x-4y=0
2x-3y=-1
Solution : ®n equations are :
3x-4y=0 3x-4y+0=0
or
2x-3y=-1 2x-3y+1=0
By the method of crossmultiplication, we get, x y 1
X _ Yy _ 1 3|-4 0 3 -4
—4x1-(-3)x0 O0x2-1x3 3x(-3)-2x(-4) 201-3 1 2 =3
or x _y _ 1
-440 0-3 -9+8
or Lo 1
- -3 -1
or X221
4 3 1
x 1
w—=-, or x=4
4
Again y_1 or y=3
gain, 31 Y
o Slution (x,y) = (4,3).
Example 5. 8le by the method of crossmultiplication : %+ % =38
5x
7—3}17—3

Solution : Arranging the gien equations in the form ax+by+c =0, we get,
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Xy . 5x
2+3—8 Again, 2 3y=-3
. 3x+2y:8 . 5)6—12)/:_3
6 4
or 3x+2y—-48=0 or 5x-12y+12=0
.. the gien equations are : ~ 3x+2y—-48=0
5x-12y+12=0
By the method of crossmultiplication, we get, x_y 1
x _ y _ 1 3 2 —-48 3 2
2x12—(—12)x (—48) (—48)x5-12x3 3x(-12)=5x2 | 5 |12 12 5 -12
. X _ y _ 1
24-576 -240-36 -36-10
P X -y 1
-552 =276 -46
L X oy 1
552 276 46
i:i or, x:ﬁzn
552 46 46
Again, L:L, ory:ﬁ=6
276 46 46

o Blution  (x,y)=(12,6)
Verification of the correctness of the solution :

Putting the glues of xand y in gien equations, we get,

In 1st equation, IH.S= £+Z:E+9:6+2
2 3 2 3
=8= RIS
In 2nd equation, IH.S= % -3y= > 212 —3x6

=15-18=-3 #1.S
.. the solution is correct.
Example 6. 8lg by the method of crossmultiplication : ax—by=ab=>bx—ay.
Solution : &n equations are
ax—by:ab} ax—by—asz}
or

bx—ay=ab bx—ay—ab=0

By the method of crossmultiplication, we get,
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x - ¥ _ ! x y 1
(=b)x(=ab) - (-a)(-ab) (-ab)xb—(-ab)xa ax(-a)-bx(-b) | a | -b -ab a =-b
b|-a —ab b -a
or al = 24 = !
ab®> —a*bh  —ab*+a*h  —a’ +b*
- x _ y _ 1
—abla-b) abla-b) —(a+b)(a-b)
. X _ y _ 1
ab(a—b) —abla-b) (a+b)(a-b)
) X B 1 of x— abla—b)  ab
“ab(a-b) (a+b)a-b)’ (a+b)(a-b) a+b
Again, y _ 1 Cor y= —ab(a-b) _—ab
—ab(a—b) (a+b)(a->b) (a+b)(a-b) a+b
ab —ab
(x’y)_(a+b'a+b)
Exercise 12-2
8le by the method of substitution (1 -3) :
1. 7x-3y=31 X y X Yy
—+==1 L—+==2
9x -5y =41 2 2+3 3 a+
_ 2 2
XYy ax+by=a +b
3 2
8l by the method of elimination (4 6) :
4. 7x-3y=31 5. 7x-8y=-9 6. ax+by=c
9x -5y =41 Sx—4y=-3 a’x+b’y=¢c’
8le by the method of crossmultiplication (7 -15) :
7. 2x+3y+5=0 8 3x-5y+9=0 9. x+2y=7
4x+7y+6=0 S5x-3y—-1=0 2x-3y=0
10. 4x+3y=-12 11. =7x+8y =9 12. 3x—y-7=0=2x+y-3
2x=15 Sx-4y=-3
13. ax+by=a”+b* 14. y3+x)=x(6+y)
2bx—ay =ab 33+x)=5(y-1)

15 (x+7)(y=-3)+7=(+3)(x-1)+5



Math 205

12-4  Solution by graphical method

In a simple equation with two sriab les, the relation of eisting ariables  xand y
can be epressed by picture. This picture is called the graphs of that relation. In the
graph of such equation, there eist infin ite number of points. Plotting a few such
points, if they are pined with each other, we shall get the graph.

&ch of a simple simultaneous equations ha s infinite number of solutions. faph of
each equation is a straight line. Gordinates of each point of the straght line satisfies
the equation. To indicate a graph, two or more than two points are necessary.

dw we shall try to sole graphically the following system of equations :

45429 =6 (2) x| =103
From equation (1), we get, y=3—2x. v 5 3 -3
Taking some ®lues of x in the equation, we find the
corresponding @lues of y and make the adpining table :
.. three points on the graph of the equation are : (-1,5),(0,3) and (3, -3)|

Again, from equation (2),we get, 2y =6—4x or, y = 6-dx x | =210 6
Taking some @lues of x in the equations, we find the y 7 3 | -9
the corresponding ®lues of y and make the adpining table :

.. three points on the graph of the eguation are : (-2,7),(0,3) and (6,-9)
In a graph paper let XOX and YOY be y
respectiely the xaiks and yais and O is the
origin.

We take each side of smallest squares of the graph
paper as unit along with both ags. dw, we plot the ) 3)
points (-1,5),(0,3) and (3,—3) obtained from X X
equation (1) and pin them each other. The graph is
a straight line.

Again, we plot the points (-2, 7),(0,3) and (6,-9)
obtained from equation (2) and pin them each v
other. In this case also the graph is a straight line.

But we obsere that the two straight lines coin cide and they haw turned into the one
straight line. Again, if both sides of equation (2) are diided by 2, we get he equation
(1). That is why the graphs of the two equations coincide.

I~
A
=

Here, the system of equations, } are consistent and mutually

dependent. Sch system of equations hag  infinite number of solutions and its graph
is a straight line.
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div, we shall try to sole the system of equations :  2x—y=4........ 0
4x-2y=12.....(2)

From equation (1), we get, y=2x—4.

Taking some @lues of x in the equation, we find the corresponding

glues of y and make the adpining table : x =11 0 | 4
.. three points on the graph of the equation are :

(-1,-6),(0,-4),(4,4). Y | -6]-4| 4
Again, from equation (2), we get,

4x—-2y=12,0r 2x—y=6
or y=2x—-6

Taking some glues of x in the equation, we find the Yy |61 0 6
the corresponding slues of y and make the adpining table :
.. three points on the graph of the e,quation are : (0,-6),(3,0),(6,06)|

In graph paper let XOX and YOY be respectiely xais and yaisand O is the
origin.

Taking each side of smallest squares in the graph Y

paper as unit, we plot the points (-1, —6),(0,—4)
and (4,4) obtained from equation (1) and pin
them each other. The graph is a straight line. 2
Again, we plot the points (0,—6),(3,0),(6,6)

X 0 3 6

N

obtained from equation (2) and pin them each X 35 X
other. In this case also the graph is a straight line. OED

We obsere in the graph, though each of the gign 4 0,-6)
equations has separately infinite number of

solutions, they hag no common solution as v

system of simultaneous equations. Further, we
obsere that the graphs of the two equations are straight lines parallel to each other.
That is, the lines will neer intersect each other. Therefore, there will be no common
point of the lines. In this case we say, such system of equations hae no solution. We
know, such system of equations are inconsistent and independent of each other.

dw, we shall sole the system of tw o consistent and independent equations by
graphs. faphs of two such equations with two ariables intersect at a point. Both
the equations will be satisfied by the coordinates of that point. The ®ry coordinates
of the point of intersection will be the solution of the two equations.

Example 7. 8le and show the solution in graph : 2x+y=8
3x-2y=5
Solution : : ®n two equations are : 2x+y—8=0.c..... )]
3x=2y—=5=0.cccccuen. 2)

By the method of crossmultiplication, we get,
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X _ y _ 1
Ix(=5) = (-2)x(-8) (-8)x3—-(-5)x2 2(-2)-3x1
Y

or r - 4 = !

-5-16 —-24+10 -4-3
or oy 1 H
-21 -14 -7
or Xo¥ 1 X X
21 14 7

.l—l, or x=—=3

21 7

.oy 1 14
Again, —=—, or y=—=2 g
T YTy Y

. solution is (x,y) =(3,2)

& XOX and YOY be xais and yais respectiely and O, the origin.

Taking each two sides of the smallest squares along with both ags of the graph
paper as one unit, we plot the point (3, 2).

. x| =110 1] 3
Example 8. 8le with the help of graphs :

3x-y=3 y|-6]-3]6
Sx+y=21
Solution : : ®n equations are : 3x—py =3 6))
Sxty=20.(2) | % |3 |4 |3
From equation (1), we get, 3x—y=3,0or y=3x-3 vy 16 |11 "y

Taking some alues of x in equation (1), we get

corresponding ®lues of y and make the table beside :
.. three points on the graph of the equation are : (—1,-6),(0,—3),(3,6)
Again, from equation (2), we get, Sx + y =21, or

y=21-5x Y

Taking some glues of x in equation (2), we find /

the corresponding zlues of y and make the Viatey
adpining table : A

- three points on the graph of the equation are : fimg 3aua: X
(36),(41),(5-4). jEEsiis

&t XOX andYOY be respectiely xais and )

yaisand O be the origin. 6 \

We take each side of the smallest square of the / 4

graph paper as unit. y
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dw, we plot the points  (—1,-6),(0,-3),(3,6) obtained from equation (1) and pin
them successiely. The graph is a straigh t line. 8nilarly, we plot the points
(3,6),(4,1),(5,—4) obtained from equation (2) and pin them successiely. In this
case also the graph is a straight line. & the two straight lines intersect each other at
P . It is seen from the picture that the coordinates of P are (3,6).
.. solution is (x, y) = (3,6)
Example 9. 8le by graphical method: 2x+5y=-14
4x-5y =17 x| 3

Solution : 8n equations are :  2x+5y=—14........... o

4x =5y =17u(2)

N | —

From equation (1), we get, 5y =—14—2x, or y = —

Taking some conegnient alues of  x in the equation, we
find the corresponding zlues of y and make the adpining table :
.. three points on the graph of the equation are :

) X 3 1 ]-2
(3,-4), (5 —3), (—2,—2)) . 2
. . _ 4x - 17 y _ 1 _ 3 _ 5
Again, from equation (2), Sy=4x-17, or y= s
Taking some conenient ®lues of  x in the equation (2),
we find the corresponding @lues of y and make the adpining table :
". three points on the graph of the equation are : y
G 1),(1,—3}(—2,—5) :
2
&  XOX andYOY be xais and yais
respectigly and O, the origin. X T X
We take each two sides of the smallest squares as unit SRSE : 17 -
along with both ass. =

YV
obtained from equation (1) in the graph paper and pin them each other. The graph is

dw, we plot the points (3’_4)’(;’_3J and (-2,-2)

a straight line. Bmilarly, we plot the points (3,_1),(15_3}(_2,_5) obtained from
2

equation (2) and pin them each other. The graph is a straight line.
&t the straight lines intersect at P . It is seen from the graph, coordinates of P are (l 1_3) .
2

. solution is (x, y) :(%,—3)



Math 209

Example 10. Sl with the help of graphs: 3 — %x =8—-4x x|1=210 2

Solution : &n equation is 3- % x=8—-4x

&t, y=3—%x=8—4x x 1 2 3

O, Taking some slues of  x in equation (1), we find the
corresponding @lues of y and make the adpining Y
table :

.. three points on the graph of the equation (1) are :
(=2,6),(0,3),(2,0) 2N
Again, taking some zlues of x in equation (2), we
find the corresponding alues of y and make the
adpining table : (314
... three points on the graph of the equation (2) are :
(1,4), (2,0), (3,-4) .

& XOX and YOY be xais, yais respectiely
and O, the origin. We take each side of the smallest squares along with both ags as
unit. dwv, we plot the points  (-2,6),(0,3),(2,0), obtained from equation (1) on the
graph paper and pin them each other. The graph is a straight line. In the same way,
we plot the points (1,4),(2,0),(3,—4) obtained from equation (2) and pin them each
other. This graph is also a straight line. &t the two straight lines intersect at P. It is
seen from the picture that the coordinates of the point of intersection are (2,0).

*. solutionis x =2, or solution is 2

L= 44

YN

Y’

Activity : Find four points on the graph of the equation 2x — y —3 = 0 in terms of
a table. Then, taking unit of a fizd length on the graph paper, plot the points and
pin them each other. Is the graph a straight line ?

Exercise 12-3

Solve by graphs :

1. 3x+4y=14 2. 2x—y=1 3. 2x+5y =1
4x-3y=2 S5x+y=13 x+3y=2

4. 3x—2y=2 5. %%:2 6. 3x+y=6
5x-3y=5 2x+3y =13 S5x+3y=12

Math-IX-X, Forma-27
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7. 3x+2y=4 8. §+f:3 9.3x+2=x-2

3x-4y=1 Y4+2=3

10. 3x—-7=3-2x
12-5 Formation of simultaneous equations from real life problems and
solution.

In eeryday life, there occur some such ma thematical problems which are easier to
sole by forming equations. For this, from the condition or conditions of the
problem, two mathematical symbols, mostly the ariables x,y are assumed for two
unknown epressions. Two equations are to be formed for determining the zlues of
those unknown epressions. If the two equations thus formed are soled, alues of he
unknown quantities will be found.
Example 11. If 5 is added to the sum of the two digits of a number consisting of two
digits, the sum will be three times the digits of the tens place. Moreogr, if the places
of the digits are interchanged, the number thus found will be 9 less than the original
number. Find the number.
Solution : &t the digit of the tens pl ace of the required number be x and its digits
of the units place is y. Therefore, the number is 10x + y.
.. by the 1st condition, x+ y+5=3x........ Q)
and by the 2nd condition, 10y + x = (10x + ) - 9.......(2)
From equation (1), we get, y=3x—x-5, or y=2x-5....... 3)
Again from equations (2), we get,

10y—y+x—-10x+9=0 putting the ®lue of x in (3), we get,
or 9y-9x+9=0 y=2x4-5
or y—x+1=0 —8_5
or 2x—-5-x+1=0
or x=4 =3
.. the number will be
[putting the value of | 10x+y=10x4+3
Y from (3)] —40+3

=43
.. the number is 43
Example 12. 8 years ago, father’s age was eight times the age of his son. After 10
years, father’s age will be twice the age of the son. What are their present ages ?

Solution : &t the present age of father be x year and age of son is y year.
.. by 1st condition x—8=8(y —8)........ 0]
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and by 2nd condition, x +10=2(y +10).......(2)
From (1), we get, x—8 =8y — 64
or x=8y—64+8
or x=8y—56....... (3)
From (2), we get, x+10=2y+20
or 8y—-56+10=2y+20 putting the glue of x from (3)]
or 8y—-2y=20+56-10
or 6y=066
or y=I11
.. from (3), we get, x =8x11-56 =88 —56 =32
". at present, Father’s age is 32 years and son’s age is 11 years.
Example 13. Twice the breadth of a rectangular garden is 10 metres more than its
length and perimeter of the garden is 100 metre.
a. Assuming the length of the garden to be x metre and its breadth to be y metre,
form system of simultaneous equations.
b. Find the length and breadth of the garden.
There is a path of width 2 metres around the outside boundary of the garden. To
make the path by bricks, it costs 110-00 per square metre. What will be the
total cost ?
Solution : a. éngth of the rectangular garden is x metre and its breadth is y metre.
.. by Ist condition, 2y = x+10........ 0]
and by 2nd condition, 2(x + y)=100.......(2)
b. From equation (1), we get, 2y = x+10........ Q)
From equation (2), we get, 2x+2y =100.......(2)

¥ metre

or 2x+x+10 =100 putting the slue of 2y from (1)] X metre
or 3x=90
or x=30
" from (1), we get, 2y =30+10 putting the slue o
of x] N >
3
or, 2y =40 3 8
@
or, y=20
.. length of the garden is 30 metres and its breadth
34 metre

is 20 metres.
c. ength of the garden with the path is (304) metres.
34 metres
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and breadth is (204) metres 224 metres.
.. Area of the path Area of the graden with the
path— area of the garden
(34 x 24 —30 % 20) square metre
(816 —600) square metre
=216 square metre

.. cost for making the path by bricks
Tk. 216x110
Tk. 23760

Activity : If in triangle A4BC, ZB=2x degree,ZC =x degree,
ZA = ydegree and L4 = /B + ZC, find the alue of x and y.

Exercise 12-4
1. For which of the following conditions are the system of equations
ax+by+c=0 and px+ gy +r =0 consistent and mutually independent ?

a b a b ¢ a_ b _c a b
a —#— b.—=—=— C.—=—#— d —=—
P 49 p q r p q r P q
2. If x+y=4,x—y=2,which one of the following is the alue of (x, y)?
a. (2,4) b. (4,2) c. 3, d. (1,3)
3. If x+y=06 and 2x =4, what is the alue of y ?
a. 2 b. 4 c. 6 d. 8
4.  For which one of the following equation is the adpining chart correct?
a.y=x-4 b. y=8-x <] 0 1214
c.y=4-2x d y=2x-4 7] -4]10]4
5. If2x—y=8and x—2y=4,whatis x+y ?
a. 0 b. 4 c. 8 d. 12

6. ©byere the following information : :
i. The equations 2x —y =0 and x—2y =0 are mutually dependent.
ii. faph of the equation x—2y+3 =0 passes through the point (-3,0).
iii. faph of the equation 3x+4y =1 is a straight line.
Wthe basis of information abog, which one of the following is correct ?
a. i and ii b. ii and iii c. i and iii d. i,ii and iii
7. &ngth of the floor of a rectangular r oom is 2 metres more than its breadth and
perimeter of the floor is 20 metres.
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Answer the following questions :
(1) What is the length of the floor of the room in metre ?

a. 10 b. 8 c. 6 d. 4
(2) What is the area of the floor of the room in square metre ?
a. 24 b. 32 c. 48 d. 80

(3) How much taka will be the total cost for decorating the floor with mosaic at
Tk. 900 per square metre ?
a. 72000 b. 43200 c. 28800 d. 21600

Solve by forming simultaneous equations (8 - 15) :
8. If 1 is added to each of numerator and denominator of a fraction, the fraction

will be g Again, if 5 is subtracted from each of numerator and denominator,

the fraction will be % . Find the fraction.

9. If 1 is subtracted from numerator and 2 is added to denaminator of a fraction,

the fraction will be % Again, if 7 is subtracted from numerator and 2 is

. . . 1 . .
subtracted from denominator, the fraction will be 3 Find the fraction.

10. The digit of the units place of a number consisting of two digits is 1 more than
three times the digit of tens place. But if the places of the digits are
interchanged, the number thus found will be equal to eight times the sum of the
digits. What is the number ?

11. Difference of the digits of a number consisting of two digits is 4. If the places of
the digits are interchanged, sum of the numbers so found and the original
number will be 110 ; find the number.

12. Present age of mother is four times the sum of the ages of her two daughters.
After 5 years, mother’s age will be twice the sum of the ages of the two
daughters. What is the present age of the mother ?

13. If the length of a rectangular region is decreased by 5 metres and breadth is increased
by 3 metres, the area will be less by 9 square metres. Again, if the length is increased
by 3 metres and breadth is increased by 2 metres, the area will be increasd by 67
square metres. Find the length and breadth of the rectangle.
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4. A boat, rowing in favour of current, goes km per hour and rowing against the
current goes %km per hour. Ind the speed of the boat and current.

$ A labourer of a garments serves on the basis of monthly salary. At the end o f
every year she gets a fizd increment. Her monthly salary beomes Tk. 46
after 4 years and Tk. thfter § years. Ind the salary at the beginning of he r

service and amount of annual increment of salary.
6 A system of simple equations are x+y=0

3x-2y=0
a. Bow that the equations are consistent. How many solutions do they have ?
b. Slving the system of equations, find (x, ).
c. Ind the area of the triangle formed by the straight lines indicated by the
equations with the x ais.
T If 7s added to the num. of a fraction, the value of the fraction is the integer 2. Again
if 2 is subtracted from the denominator, value of the fraction is the integer 1
a. brm a system of equations by the fraction 5
b. hd  (x,y) by solving the system of equations by the method of cross-
multiplication. Nt is the fraction ?
c. Baw the graphs of the system of equations and verify the correctness of the
obtained values of (x,y) .



Chapter Thirteen
Finite Series

The term drder’is widely used in our day to day life. Sch as, the concept of order
is used to arrange the commodities in the shops, to arrange the incidents of drama
and ceremony, to keep the commodities in attractive way in the godown. Again, to
make many works easier and attractive, we use large to small, child to old, light to
originated heavy etc. types of order. Mathematical series have been of all these
concepts of order. In this chapter, the relation between sequence and series and
contents related to them have been presented.

At the end of this chapter, the students will be able to —

> Bcribe the sequence and series and determine the difference between them

» Eplain finite series

» brm formulae for determining the fix d term of the series and the sum of
fixd numbers of terms and solve math ematical problems by applying the
formulae
Blermine the sum of squares and cubes of natural numbers
Slve mathematical problems by appl ying different formulae of series
@hstruct formulae to find the fisd  term of a geometrical progression and
sum of figd numbers of terms and solv ¢ mathematical problems by applying
the formulae.

Y V V

Sequence
&t us note the following relation :

1 2 3 45 s 7 TR

N R \2

D4 G 8 ) e o} B TRSR
Here, every natural number 7 is related to twice the number 27. That is, the set of
positive even numbers {2,4,6,8,....... } is obtained by a method from the set of
natural numbers N ={1,2,3,....... }. This arranged set of even number is a sequence.

Hence, some quantities are arranged in a particular way such that the antecedent and
subsequent terms becomes related. The set of arranged quantities is called a
sequence.

The aforesaid relation is called a function and defined as f(n) =2n. The general
term of this sequence is 27n. The terms of any sequence are infinite. The way of
writing the sequence with the help of general term is <2n >, n=1,2,3,...... or,
fn}” or,2n>
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The first quantity of the sequence is called the first term, the second quantity is
called second term, the third quantity is called the third term etc. The first term of the
sequence 3, 57.is.lthe second term is 2 etc.

bllowings are the four eamples of sequence :

I, 2, 3, JHLy eeeeeenenes
1, 3, 5, ,(2n—1), ,,,,,,,,,,,,,,,,
I, 4, 9, JRE e
L2 3 LT
E’ E’ Z’ ’ n+1’

Activity : 1 €heral terms of the sixsequences  are given below. e down the
sequences :
N1 . =1 | . 1 n . n
0~ @)= @) — ) — W)y~ i) (-~ :
n n+1 2" 2 D n+l D 2n+1
2. Each of you write a general term and then write the sequence.

Series

If the terms of a sequence are connected successively by #sign, a series is obtained.
Sch as, 1+3+5+7+..... is a series. The difference between two successive
terms of the series is equal. Again, 2+4+8+6 +........ is a series. The ratio of two
successive terms is equal. Hence, the characterstic of any series depends upon the
relation between its two successive terms. Among the series, two important series are
arithmetic series and geometric series.

Arithmetic series

If the difference between any term and its antecedent term is always equal, the series
is called arithmetic series.

Example : 1+3+5+7+9+1 is a series. The first term of the series is ] the
second term is 3, the third term is Setc.

Here, second term -first term = 3—1=2, third term second term= 5-3=2,
fourth term -third term = 7 —5 =2, fifth term fourth term= 9-7=2,

sith term fifth term= 1 —9=2.

Hence the series is an arithmetic series. In this series, the difference between two
terms is called common difference. The common difference of the mentioned series
is 2. The numbers of terms of the series are figd. That is why the series is finite
series. It is to be noted that if the terms of the series are not figd, the series is called
infinite series, such as, 1+4+7+0 +...... is an infinite series. In an arithmetic
series, the first term and the common difference are generally denoted by a and d
respectively. Then by definition, if the first term is a, the second term is a + d, the
third term is a + 2d, etc. Hence, the series will be a+ (a+d)+(a+2d)+...
Determination of common term of an arithmetic series

&t the first term of arithmetic series be a and the common difference be d,
terms of the series are :
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first term =a =a+(1-1)d
secondterm =a+d =a+(2-1)d
third term =a+2d =a+3-1)d

forth term =a+3d =a+(@l-1)d

s nthterm=a+ (n—1)d
This nth term is called common term of arithmetic series. If the first term of an
arithmetic series in ¢ and common difference is d, all the terms of the series are
determined successively by putting n=1,2,3,4,... ... in the nth term.
&t the first term of an arithmetic series be 3 and the common difference be 2. Then
second term of the series =3+2=35, third term =3+2x2=7, forth term
=3+3x2=09 etc.
Therefore, 7th term of the series =3+ (n—1)x2=2n+1.
Activity : If the first term of an arithmetic series is 5and common difference is 7
find the first siserms, 22nd term, 7 th term and (2p}th term.

Example 1. ©the series, 5+8+1 +4 +----.- which term is 383 ?
Solution : The first term of the series a=5, common difference
d=8-5=1 -8=3
.. It is an arithmetic series.
&, nth term of the series = 383
Wknow that, nmthterm= a+(n—1)d.

soa+(m-1)d =383

or, 5+(n—1)3=383

or, 5+3n—-3=383

or, 3n=383-5+3

or, 3n=381
381
or, n=—n
3
n=27

. 27 ™term of the given series = 383.
Sum of n terms of an Arithmetic series
&t the first term of any arithmetic series be a, last term be p, common difference be
d, number of terms be # and sum of 7 numbers of terms be S,.
Mfing from the first term and conversely from  the last term of the series we get,
S =a+(a+d)+(a+2d)+-- - +(p-2d)+(p-d)+p (@)
and S, =p+(p—-d)+(p-2d)+- - +(@+2d)+(a+d)+a (if)

Adding, 28, =(@+p)+(@+p)+(a+p)+... .. +@+p)r@+p)@+p)
Math-IX-X, Forma-28
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or,25, = n(a + p) [ number of terms of the series is 7]
S, = g(a +p) (ii)
Again, nthterm = p = a+ (n—1)d. Putting this value of p in (iii) we get,
S, = g[a+ {a+(n—1)d}

ie., S, =g{2a+(n—l)d} (iv)

If the first term of arithmetic series a, last term p and number of terms » are
known, the sum of the series can be determined by the formula (iii). Bt if first term
the a, common difference d, number of terms » are known, the sum of the series are
determined by the formula (iv).

Determination of the sum of first » terms of natural numbers

& S, be the sum of #naumbers of natural numbers i.e.

S, =1+243+ 0 enn +(n-1)+n )
Mfing from the first term and conversely fr om the last term of the series we get,
S =14+243 4w +(m=-2)+(n-1)+n ()
and S, =n+(@n—-1)+@E—2)+- - +3 +2 +1 (ii)
Adding, 25, =(n+)+(m+D)+(n+1)+--- oo +(n+1) [ naumber of terms]
or, 28 =n(n+1)
L5 ="t (”; D (iif)

Example 2. id the sum total of first §erms of natural numbers.
Solution : king formula (i) we get,

S, :wzzsm -13

*. The sum total of first thatural numbers is 23
Example 3. [+2+3+44------ - +9 = what?
Solution : The first term of the series a =1, common difference d =2—-1=1 and
the last term p 9
.. It is an arithmetic series.

&t the nth term of the series = 9 Alternative method :

8 know, nth term of an arithmetic | fice

progression = a + (n —1)d n
a+(n-1d=9 Sn—g("“”)

o, l+m-D1=9 9
o, l+n-1=9 S S :7(“9)
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:9 x0 _48
2

tom ( iv) formula, the sum of first #terms of an arithmetic series

S = g{Za +(n-1)d}

Hence, the sum Qerms of the series Sy = 97 {2x1+(9 -Dx1} = 9?(2 +9 )

9 x0
=——=9 x0 =48
Example 4. Wt is the sum of 3Qerms of the series T+2 +T +-eeveeees
Solution : Fst term of the series a =7, common difference d =2 —-7=5
.. It is an arithmetic series. Here, number of terms 7 = 30.
$know that the sum of  zterms of an arithmetic series

S, = g 0a+(n-1)d)

8, the sum of 3Germs S50 =3—20{2.7 +(30-1)5} =3 @ +29x%5)

=5 @ +45 )=% x9
=2385
Example 5. A deposits Tk. 20from his salary in the first month and in every
month of subsequent months, he deposits Tk. @more than the previous months.
(i) How much does he deposit in 7th month ?
(ii) Egpress the aforesaid problem in series upto 7 terms.
(771 ) How much does he deposit in first 7 months ?
(iv) How much does he deposit in a year ?
Solution : (7) In the first month, he deposits Tk. 20
In the second month, he deposits Tk. 20 +0 ) =Tk. 30
In third month, he deposits Tk. (30 +0 ) =Tk. 40
In forth month, he deposits Tk. @0 +0 ) Jk. 6
Hence, it is an arithmetic series whose first term is a =20 , common difference
d=30 -20 =0
nth term of the series =a+ (n—1)d
=20 +(n-1)0 =20 +0 n-0
=0 n+0
Therefore, he deposits Tk. @ 7#+0 ) in nth month.
(ii) The series, in this case upto 7 aumbers of terms will be
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20 +30 +40 4--eeeeees +0@ n+0 )
(iii ) In naumbers of months, he deposits Tk. g{Za +(n-1d}

Tk. g{2><10 +(n-10 }

Tk. 3(240 +0 n-0 )k gx2(ﬂ) +6 n)

Tk. n® n+d )
(iv) ®know that lyear = 2 months. Here n =2 .
Therefore, A deposits in lyearTk. 2 (6 x2 +6 )
Tk. 2 06 +6 )
Tk. 2 x@
Tk. 20

Exercise 13.1
1 Ind the common difference and the 2th terms of the series

2-5-2 -9 —--.
2. Mchterm of the series 8+1 +4 +7 +--------- is 39 ?
3. MWich term of the series 4+7+0 +3 +--------- is 30 ?
4. Ifthe pthterm of an arithmetic series is p” and g th term is ¢*, what is

(p + g) th term of the series ?
5 Ifthe mthtem of an arithmetic series is # and nth term is m, what is
(m + n)th term of the series ?

6 MMt is the number of  » terms of the series 1+3+5+7+-++------ ?

7 Wt is the sum of first Qerms of the series 8+b +24+------ - n?

8. S5+1 +T +23+--------- +9 = MNdt?

9 29+25+21+-+--vce-- —23=Ndt?

0The 2th term of an arithmetic series is 7Nt is the sum of the first 23 terms?

11f the th term of an arithmetic series is — 20, what will be the sum of first 31
terms ?

2. The total sum of first # terms of the series 9+ 7 +5+--- -+« --- is —44 .Id
the value of n.

3. If the sum of first 7 terms of the series 2+4+6+8+--- -+ -+ is 26find the
value of n.

4. If the sum of first # terms of the series is n(z + 1), find the series.

$If the sum of first  # terms of the series is #(n+1), what is the sum of first 0
terms ?

61f the sum of 2 terms of an arithmetic series is 44 and first 2Qerms is 8find
the sum of first Germs.
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TThe sum of the first m terms of an arithmetic series is 7 and the first » terms is
m. Ihd the sum of first ( m+n) terms.
8. If the pth, gth and r th terms of an arithmetic series are a, b, ¢, respectively,
show that a(q —r)+ b(r — p) +c(p —q) =0.
9Bow that, [4+34+5+T7+0eeeeee +25 =6 +7T +F +----eoee +20 .
20A man agrees to refund the loan of Tk. 20in some parts. Each part is Tk. 2
more than the previous part. If the first part is Tk. ]in how many parts will the
man be able to refund that amount ?
Determinaton of the sum of Squares of the first » numbers of Natural Numbers
&t S, be the number of squares of the first # numbers of natural numbers
ie, S, =422 +37 40 oon e +n
Sknow,
=3 +3r-1=(r-1)
or, ¥’ —(r—17° =3r*-3r+1
In the above identity, putting, » =1, 2, 3,... ... ,n we get,
’-0'=3.1"-3.1+1
2 -1 =32"-32+1

3'-2'=33"-33+1

n—-m-1°=3n"-3n+1
Adding, we get,

n =0 =3(1" +27+3% 4 e e +17) =31 +2+3+w e )+ (L+T+1+en e ene +1)
or, n3:3Sn—3.M+n [ 142434 weeeeees +n:n(n+1)}
2 2
or, 3Sn=n3+73n(n+l)—n
20’430’ +3n-2n 210’ +3n° +n_ n(2n* +3n+1)
- 2 N 2 - 2
_ n(2n* +2n+n+1) _n{2n(n+D)+1(n+1)}
2 2
or, 3Sn=n(n+1)(2n+l)
2
g _n(n+1)(2n+1)

! 6
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The sum of cubes of the first » numbers of Natural Numbers
&t S, be the sum of cubes of the first # numbers of natural numbers.

Thatis, S, =1 +2°+3% +---ov oo +n
Wknow that,  (r+1) —(r—1)? = (2 + 2r + 1) = (F = 2r +1) = 4r.

or, (r+1)*r? —r*(r—1)> = 4r.r> =4r* Multiplying both the sides by ]
In the above identity, putting » =1, 2, 3,... ... N

¥get,
2207 -10° =4.1°
32’ -2 =42

(n+1’n’ —n*(n-1y =4n’
Adding, we get, (n+1)°1n° —=17.0° =4(1* +2° + 3% +--+ -+ --- +n’)

or, (n+1y>°n* =4S,

2 2
or, Sn:m
4
2
s _{wl)}
! 2
dessary formulae :
+1
1+2+3+ ......... J,-n:n(nz )
12422 432 4eee e e L 2 Mt )2n+ 1)
6
P23 4334 +n3:{n(n+1)}2
2
NB IP+2°+334..0i. = (42434 e +n).

Activity : 1ind the sum of natural even numbers of the first  naumbers.
2. nd the sum of squares of natural odd numbers of the first #aumbers.
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Geometric series

If the ratio of any term and its antecedent term of any series is always equal i.e., if any term
divided by its antecedent term, the quotient is always equal, the series is called a geometric
series and the quotient is called common ratio. Sch as, of the series 2+4+8+6 +32,
the first term is 2, the second term is 4, the third term is 8, the fourth term is fand the

fifth term is 32. Here, the ratio of the second term to the first term = g =2, the ratio of the

. 8 . .
third term to the second term = Z =2, the ratio of the fourth term to the third term =

% =2, the ratio of the fifth term to the fourth term = ;—2 =2.

In this series, the ratio of any term to its antecedent term is always equal. The
common ratio of the mentioned series is 2. The numbers of terms of the series are
fizd. That is why the series is finite geomet ric series. The geometric series is widely
used in different areas of physical and biological science, in organiations like Bk
and Ife Insurance etc, and in different b ranches of technology. If the numbers of
terms are not fird in a geometric series, it is called an infinite geometric series.

The first term of a geometric series is generally epressed by « and common ratios
by 7. 8 by definition, if the first term is a, the second term is ar, the third term is
ar?, etc. Hence the series willbe a+ar +ar® +ar’ 4+ -+ ---

Activity : e down the geometric series in the following cases :

(i) The first term 4, common ratio 0 (i) The first term 9common ratio

(iii) The first term 7common ratio S (iv) The first term 3, common ratio
0

— W=

(v) The first term Jcommon ratio 1 (vi) The first term 3, common ratio —1
2

General term of a Geometric series
&t the first term of a geometric series be g, and common ratio be ». Then, of the
series,

first term = a = ar'™”, second term = ar = ar*™

third term = ar> = ar*", fourth term = ar’ = ar*™

nth term = ar"”"'
This nth term is called the general term of the geometric series. If the first term of a
geometric series a and the common ratio » are known, any term of the series can be
determined by putting r=1,2,3,...... etc. successively in the #th term.
Example 6. Wt is the th term of the series 2+4+8+6 +--- - ?
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. . 4
Solution : The first term of the series a = 2, common ratio » = E =2,

.. The given series is a geometric series.
. . -1
Wknow that the  nth term of geometric series = ar”

5. 0 "™term of the series = 2x2° !
=2x2° =4

Example 7. Wdt is the general term of the series 28 +8 +32+------.-- ?

. . 4 1
Solution : The first term of the series @ =28 |, common ratio » = ﬁ = 5

" Itis a geometric series.
Bknow that the general term of the series = ar™”
n-1 7
Hence, the general term of the series = 28 x [1j ~2 1 .
2n—l 2)1—[—7 2n—8

Example 8. The first and the second terms of a geometric series are 27and 7id
the th and the th terms of the series.
Solution : The first term of the given series a = 27, the second term is 9.

1
Then the common ratio » = — = —.
2 3
1 1
The th term = s-1 o 2 22ix1_ 2
ar 27x(3] %373
n o3 11
and the ¢h term = ar"’*1:27><(7j -2 1 ___
3 Fx3° 3% 729

Determination of the sum of a Geometric series
&t the first term of th e geometric series be a, common ratio 7 and number of terms
n. If S, is the sum of 7 terms,
S =a+ar+ar’ +--- e +ar"? +ar™! @)
and .S, =  artar’+ar’te-ooeee +ar" +ar" pultiplying () byr] (i)
Sbtracting, S, —-7rS,=a—ar”
o, S,(1-r)=a(ll-r")

S":M, when 7 < 1

n=2

Again, subtractﬂlg (i) form (i) we get,

rS,—=S,=ar"—a or, S,(r—-D)=a("-1)

a(r"—1)
(r=1)

Observe : If common ratio is » =1, each term = a

ie., S, = , when > 1.
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Hence, in this case S, =a+a+a+--- - upto n.
=an.
Activity : A employed a man from the first April for taking his son to school and
taking back home for a month. His wages were figd to be -ene paisa in first day,
twice of the first day in second day i.e. two paisa, twice of the second day in the
third day i.e. four paisa. If the wages were paid in this way, how much would he
get after one month including holidays of the week ?

Example 9. Wt is the sum of the series 2 +24+48+--- .. --. +8 2

24
Solution : The first term of the series is @ =2 , common ratio » = I— =2>1.

", the series is a geometric series.
&t the nth term of the series = 8

know, nthterm= ar"!
S ar"' =8
or, 2 x2"'=8
or, pnl_ L 6
2
or, 2t = 9f
or, n—-1=6
: n="17.
Therefore, the sum of the series = M, whenr > 1
(r-1

227 -1
2-1
Example 10. ind the sum of first eight terms of the series 1+l+7 b e e
2

=2 x28 —1)=2 x27 =14

1
Solution : The 1% term of the series is @ = 1, common ratio ,—2 —

-, It is a geomeric series.
Here the number of terms # = 8.
®know, sum of 7 terms of a geometric series
s =90="") when r <1.
! 1-r

8
1x{1 ) } o
Hence, sum of eight terms of the series is S, = __ 26

o1 1
2 2
:2[26 _ljzgzlli
26 28 28

Math-IX-X, Forma-29
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Exercise 13.2

1 If a,b,c,d are cosecutive four terms of a arithmetic series, which one is correct
?

c+d b+c b+d a+c
a) b= b) a = c)c=—— d) d=
(@) 7 (b) a > (¢) c > (d) 5
2. WIfa+(a+d)+a+2d)+...... the sum of first #is terms of the series is
n
3203}
(i) BB+t  n= W
(iii) B St.......... + Qn-1)=n’
R¥ch one of the followings is correct according to the above statements.
(a)iandii (b) i and iii (c) ii and iiii (d) 1, ii and iii
Answer the questions 3 and 4 on the basis of following series :
log 2 tog 4 tog 8 +.......
3. Nch one is the common difference of the series ?
(a) 2 (b)4 (c) log 2 (d) 2 log2

4. Wch one is the th term of the series
(a) log32 (b) logé (c) log28 (d)log26
5 Bermine the 8th term of the s eries 8 82 68 +............
6 Blermine the sum of first fourteen te  rms of the series 3 92%.............

7 Nch of the term is % of the series 28 4 82 +..........

3 82
8. If the th terms of a geometric series and the th term are \8/7’ find the

3rd term of the series.

. 1
9 Wchofthe termis  8+/2 of the sequence ——, —1,4/2,++ -+ -+ ?

V2

0If S5+ x+y+35 isgeometric series, find the value of x and y.
1 If 3+x+y+z+243 is geometric series, find the value of x, y and z.

2. Nét is the sum of first seven terms of the series 2—4+8—06 +------ e ?
3. Ind the sum of (27 +1) terms of the series 1 —1+1—-1+--+ -+ -
4. Wdt is the sum of first ten terms of the series ~ log2+log4+1log8+:-+ -+ - ?
$id the sum of first twelve terms of the series
log2+logh +log® +--- ---?
6If the sum of » terms of the series2+4+8+6 +--- --- --- is 28, what is the

value of n ?
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TNt is sum of (2n+2) terms of the series 2—2+2—2+--- -+ --. ?

8. If the sum of cubes of 7 natural numbers is 44]find the value of 7 and find the
sum of those terms.

91If the sum of cubes of the first 7 natural numbers is 225, find the value of »
and find the sum of square of those terms ?

20Bow that  1°+2° +3°+ ... 0 °=(1+2+3+....+0 )*.
3 3 3 3

o LFZ 43 T _20 , whatis the value of 7 ?
1+2+3+ ......... +n

22. A ironbar with length one metre is divided into tenpieces such that the lengths
of the pieces form a geometric progression. If the largest pieces is ten times of
the smallest one, find the length in appoknate millimetre of the smallest piece.

23. The first term of a geometric series is a, common ratio is r, the fourth term of the
series is 2 and the th termis 8+/2.

(a) Epress the above information by two equations.

(b) Ind the 2th term of the series.

(c) Ind the series and then determine th e sum of the first seven terms of the
series.

24. The nth term of The a series is 2n 4.

(a) Ind the series.

(b) Ind the th term of the series and determine the sum of first 2@erms.

(c) Ghsidering the first term of the obta ined series as 4t term and the common
difference as common ratio, construct a new series and find the sum of first 8
terms of the series by applying the formula.



Chapter Fourteen
Ratio, Similarity and Symmetry

br comparing two quantities, their ratios are to be considered. Again, for
determining ratios, the two quantities are to be measured in the same units. In
algebra we have discussed this in detail.

At the end of this chapter, the students will be able to

» Eplain geometric ratios
» Eplain the internal division of a line segment
» Verify and prove theorems related to ratios
» Verify and prove theorems related to similarity
» Egplain the concepts of symmetry
» Verify line and rotational symmetry of real obgcts practicallv ,
14-1 Properties of ratio and proportion
(#)) Ifa:b=x:y and c:d=x:y, itfollowsthat a:b=c:d. A
(ii) Ifa:b=0b:a, itfollowsthat a=b E F
(iit) Ifa:b=x:y,itfollowsthat bt a=y t x (inversendo)
(v) Ifa:b=x:y,itfollowsthat a t x=5b t y (alternendo)
(v) Ifa:b=c:d itfollowsthat ad = bc(cross multiplication)
(vi) Ifa:b=x:y,itfollowsthat a+b t b=x+y t y (componendo)

and a-b t b=x—-y t y (dividendo)
c a+b c+d

(vii) If %:g , it follows that (componendodividendo)

a-b c-

Geometrical Proportion

Earlier we have learnt to find the area of a triangular region. Two necessary concept
of ratio are to be formed from this.

(1 If the heights of two triangles are equal, their bases and areas are
proportional.

B a [5: E o F

&t the bases of the triangles A4ABC and DEF be BC = a, EF = d respectively and the
height in both cases be /.



Math 229

Hence, the area of the triangle ABC = %axh and the area of the triangle

DEF=%d><h.

Therefore, area of the triangle ABC :area of the triangle DEF :% axh : %d xh

=a:d=BC: EF thatis, the areas and bases ate proportional.
(2) If the bases of two triangles are equal, their heights and areas are
proportional.

A D
h k
B Py ¢ E Q b F

&t the heights of the triangles ABC and DEF be AP = h, DQ = k respectively and
the base in both cases be 5. Hence, the area of the triangle ABC = %bx h and the

area of the triangle DEF= % bxk

Therefore, area of the triangle ABC :area of the triangle DEF :%b xh : %b xk

=h:k=A4P: DQ
Theorem 1
A straight line drawn parallel to one side of a triangle intersects the other two
sides or those sides produced proportionally.
Proposition : In the figure, the straight A
line DE is parallel to the side BC of the
triangle ABC. DE intersects AB and AC D E
or their produced sections at D and E B C
respectively. It is required to prove that,
AD : DB = AE : EC. B ¢ b E
Construction: din B, E and C, D. jreal g2
Proof:

A

fps stificaltin

() The heights of AADE and ABDE are | [The bases of the triangles of equal height
equal. are proportional]
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. AADE  AD

" ABDE DB The bases of the triangles of equal
(2) Again, The heights of AADE and | height are proportional]

ADEC are equal. f the same base and between same
AADE AE pair of lines]

" ADEC ~ EC
(3) ® ABDE = ADEC

. AADE  AADE

" ABDE  ADEC
(4) Therefore, 4D = AE

DB EC

ie.,, AD t DB=AE t EC.

Corollary 1. If the line parallel to BC of the triangle ABntersects the sides 4B and

AC at D and E respectively, AB = AC and AB = £

AD AE BD CE
Corollary 2. The line through the mid point of a side of a triangle parallel to another
side bisects the third line.
The proposition opposite of theorem lis al so true. That is, if a line segment divides
the two sides of a triangle or the line produced proportionally it is parallel to the third
side. Here follows the proof of the theorem.
Theorem 2
If a line segment divides the two sides or their produced sections of a triangle
proportionally, it is parallel to the third side.
Proposition : In the triangle ABC the
line segment DE divides the two sides
AB and AC or their produced sections
proportionally. Thatis, AD : DB = AE :
EC. 1t is required to prove that DE and

B C
BC are proportional.
Construction: din B, Eand C, D. B B
Proof:
feps hstificaltin
AADE  AD
a NBDE _ DB [Triangles with equal height ]

[Triangles with equal height]
AADE _ AE Biven]

and ADEC _ EC fom (i) and (ii)]
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om AL _ AE
DB EC
AADE AADE
(3) Therefore, ABDE _ ADEC
ABDE = ADEC

(4) 8 ABDE and ADEC are on the
same side of the common base DE. 8
they lie between a pair of parallel lines.
Hence BC and DE are parallel.

Theorem 3

The internal bisector of an angle of a triangle divides its opposite side in the
ratio of the sides constituting to the angle.

Proposition : In A4BC the line segment 4D bisects E

the internal angle £A4 and intersects the side BC at D.

It is required to prove that BD : DC = BA : AC. A /
Construction: faw the line segment CE parallel to

DA, so that it intersects the side B4 produced at E.

Proof: ’ ’ c
feps fistificaltin

(1 Bace DA Il CE and both BC and AC are their | by construction]
transversal forresponding angles]
and ZAEC = Z/BAD hlternate angles]
and ZACE = ZCAD pupposition]
2)B 4£BAD = ZCAD [Theorem ]

ZAEC = ZACE o AC=AE btep (2)]

(3) Again, since DA Il CE,

_BD _ BA

" DC  AE

(4B AE=AC

. BD _ BA

" DCAC
Theorem 4

If any side of a triangle is divided internally, the line segment from the point of
division to the opposite vertex bisects the angle at the vertex.
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Proposition : & ABC be a triangle and the line segment 4D Pl
from vertex A4 divides the side BC at D such that BD : DC = o
BA : AC. It is required to prove that AD bisects ZBAC, o
i.e. ZBAD =ZCAD.
Construction : aw at C the line segment CE parallel to -

DA, so that it intersects the side BA produced at E. DR
Proof:
feps hstificaltin
(JIn ABCE , DAl CE by construction]
" BAt AE=BD t DC [Theorem ]
2Bt BDt DC=BAt AC [supposition ]
~ BAt AE=BA t AC from steps (Jand (2) ]
. AE =A4C Bse angles of isosceles are equal]
Therefore, ZACE = ZAEC prresponding angles ]
4B ZLAEC = 4ZBAD hlternate angles ]
and ZACE = ZCAD from step (2) ]
Therefore, /BAD = ZCAD
i.e., the line segment 4D bisects ZBAC .

Exercise 14-1

1 The bisectors of two base angles of a triangle intersect the opposite sides at X
and Yespectively. If Xs parallel to the base, prove that the triangle is an
isosceles triangle.

2. Prove that if two lines intersect a few parallel lines, the matching sides are
proportional.

3. Prove that the diagonals of a trapems m are divided in the same ratio at their
point of intersection.

4.  Prove that the line segment pining the mid points of oblique sides of a
trapemm and two parallel sides are parallel.

5 The medians AD and BE of the triangle ABC intersects each other at G. A line
segment is drawn through G parallel to DE which intersects AC at F. Prove that
AC=6 EF.

6  Inthe triangle ABC, X is any point on BC and O is a point on AX. Prove that
AAOB t AAOC =BX t XC

7 In the triangle ABC, the bisector of £4 intersects BC at D. A line segment
drawn parallel to BC intersects AB and AC at E and F respectively. Prove that
BD :DC =BE : CF.



Math 233

8. If the heights of the equiangular triangles ABC and DEF are AM and DN
respectively, prove that AM : DN = AB : DE.

14-2 Similarity
The congruence and similarity of triangles have been discussed earlier in class VIIL. In

general, congruence is a special case of similarity. If two figures are congruent,
they are similar; but two similar triangles are not always congruent.

Equiangular Polygons:

If the angles of two polygons with equal number of sides are sequentially equal, the
polygons are known as equiangular polygons.

P D c s R
A
B C 0 R 4 B P Q
Equiangular triangle Equiangular quadrilateral

Similar Polygons:

If the vertices of two polygons with equal number of sides can be matched in such a
sequential way that

(1) The matching angles are equal
(i1) The ratios of matching sides are equal, the two polygons are called similar

polygons.

In the above figures, the rectangle ABCD and the square PORS are equiangular since the
number of sides in both the figures is 4 and the angles of the rectangle are sequentially
equal to the angles of the square (all right angles). Though the similar angles of the
figure are equal, the ratios of the matching sides are not the same. Hence the figures are
not similar. In case of triangles, situation like this does not arise. As a result of matching
the vertices of triangles, if one of the conditions of similarity is true, the other condition
automatically becomes true and the triangles are similar. That is, similar triangles are
always equiangular and equiangular triangles are always similar.

If two triangles are equiangular and one of their matching pairs is equal, the triangles
are congruent. The ratio of the matching sides of two equiangular triangles is a
constant. Proofs of the related theorems are given below.

Math-IX-X, Forma-30
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Theorem 5
If two triangles are equiangular, their matching sides are proportional.

Proposition : & ABC and DEF be triangles with s
/A = /D, /B = ZE and ZC = ZF. We need to i
prove that AB _AC _BC E Q
DE DF EF
Construction: @nsider the matching sides of the = = =
triangles ABC and DEF unequal. Take two points P D

and Q on AB and AC respectively so that AP = DE
and AQ = DF. din P and Q and complete the
construction.

E F
Proof:

Steps nistificaltin

(1) In the triangles AP@nd BF
AP=DE, AQ=DF, /ZA=/D
Therefore, AAPQ = ADEF [SAS theorem]
thee, ZAPQ = ZDEF = ZABC
and ZAQP = Z/DFE = ZACB.
That is, the corresponding angles produced as a
result of intersections of 4B and AC by the line
segment PQ are equal.

Therefore, PO Il BC; AB = AC or,
AP 49 fheorem 1]
4B _ ac
DE DF’
(2) Similarly, cutting line segments EDand EF
from B and Bespectively, it can be shown that
Qe BA _ BCEF
ED fheorem 1]
AB_BC. . AB_AC_ BC
"7 DE EF’ " DE DF EF’
The proposition opposite of theorem Ss also true.
Theorem 6

If the sides of two triangles are proportional, the opposite angles of their
matching sides are equal.
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Proposition : &t in AABC and ADEF , A
AB _AC _BC
DE DF EF’ B Q
It is to prove that, B C
LA=24D, /B=/E, LC=/F.

D

Construction: 6hsider the matching sides of the
triangles ABC and DEF unequal. Take two points A
P and Q on 4B and AC respectively so that AP =

DE and AQ = DF. din P and Q. £ £
Proof:
Steps istificaltin

. AB _ AC AB AC
(1) Since —=——
DE DF’ AP AQ

Therefore, PQ Il BC [Theorem 2]
. ZABC = ZAPQ and ZACB = ZAQP firesponding angles made
by the transversal AB
. Triangles ABC and APQ are equiangular. prresponding angles made
AB BC AB _BC by the transversal AC
Therefore, T = 0’ ) " DE- 40
e o Theorem $
BC BC AB BC
. — =—— Bpupposition]; .. —=——
EF PO DE EF
EF = PQ

Therefore AAPQ and ADEF are congruent.
[SSS Theorem]
LPAQ =/ZEDF,/APQ = ZDEF ZAQP = ZDFE,
. LAPQ = ZABC and LAQP=/ZACB
LA=/D, /B=/E, LC=/F.

Theorem 7

If one angle of a triangle is equal to an angle of the other and the sides adjacent
to the equal angles are proportional, the triangles are similar.

Proposition : &t in AABC and ADEF, /A =/I A

and 2B _AC /\
DE DF’ P Q
It is to be proved that the triangles AABC /
and ADEF are similar. B c

Construction: 6hsider the matching sides
of AABC and ADEF unequal. Take two points P and
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D
QO on AB and AC respectively so that AP = DE A
and AQ = DF. din P and Q.
Proof: L F
Steps distificaltin
(1) In AAPQ and ADEF, AP =DE, AQ = DF BAS Theorem]
and included £4 = included £D
.. AABC = ADEF
S LA=/D, LAPQ=/E, ZAQP=/F.
(2) Again,

Theorem 2]

4B _AC  AB_AC
since PE DF g9 AP A4Q
- PO Il BC
Therefore, ZABC = ZAPQ and ZACB = ZAQP
. LA=4D, LB=/E and /C = /LF
i.e., triangles ABC and DEF are equiangular.
Therefore AABC and ADEF are similar.

Theorem 8

The ratio of the areas of two similar triangles is equal to the ratio of squares on

any two matching sides.

Proposition : &t the triangles 4BC and DEF
be similar and BC and EF be their matching
sides respectively. It is required to prove that
AABC t ADEF = BC* t EF*®
Construction: Aw perpendiculars AG and
DH on BC and EF respectively. & AG =h,
DH = p.

Proof:

A D

Steps

hstificaltin

(1) AABCz%BC.h and ADEF:%EF.p

AABC 3BCh _ hBC h BC
= = =22

ADEF  JEF.p pEF p EF

(1) B in the triangles ABG and DEG, 4B =

ZE, ZAGB = ZDHE (4 right angle)
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. 4BAG = LZEDH
(3) because AABC and ADEF are similar. [riangles ABind BF
h AB BC are similar]
p DE EF

MBC _h BC _ BC BC _BC’
ADEF p EF  EF EF pp»

14-1 Internal Division of a Line Segment in definite ratio
If 4 and B are two different points in a plane and m and » are two natural numbers,
we acknowledge that there exits a unique point X lying between 4 and B and AX : X4

=m:n. m n

A X B
In the above figure, the line segment 4B is divided at X internally in the ratio m : n,
ie.AX: XB=m: n.
Construction 1
To divide a given line segment internally in a given ratio.
&t the line segment AB be divided internally in the
ration m . n.
Construction: & an angle £BAXbe drawn at A. From
AX cut the lengths AE = m and EC = n sequentially.
din B, C. At E, draw line segment ED parallel to CB
which intersects AB at D. Then the line segment AB is
divided at D internally in the ratio m : n.
Proof: Since the line segment DE is parallel to a side

BC of the triangle ABC
SAD :DB =AE:EC=m: n.
Activity :

1. Dide a given line segment in definite ra tio internally by an alternative method.

Example 1. Dide a line segment of length Tm internally in the ratio 3.2.
Solution: BAw any ray AG. From AG, cut a
line segment 4B =7cm. Rw an angle
ZBAX at A.

From AX, cut the lengths AE =3 cm and EC =
2 cm. from EX. bin B, C. At E, draw an
angle ZAED equal to ZACB whose side
intersects 4B at D. Then the line segment AB
is divided at D internally in the ratio 3:2.




238 Math

Exercise 14-2
1. @nsider the following information:
i. ratios are considered to compare two expressions
ii. to find ratio, expressions are measured in the same unit
iii. to find ratio, expressions must be of the same type.
Which case of the following is true?

a.iandii b. ii and iii c.iand iii d. 1, ii and ii1
A
(I

Vi 1L >

« D 0

k¢ the information from the above figure to answer the questions 2 and 3.
2. What is the ratio of the height and base of the triangle ABC?

a. 1 b. 4 C. 2 d. 3
2 5 5 4
3. What is the area of triangle ABD in sq. units?
a.6  b.20 c. 40 d. 6 B
4.  Intriangle ABC, if PQ | BC, which of the following is true?
a.AP: PB=A40: Q0C b.AB: PO =AC: PQ
c.AB:AC=PQ:BC d. PO : BC=BP:BQ P Q
5 Inasquare how many lines of symmetry are there? B ¢
a. 10 b.8 c.6 d. 4

6 Prove that if each of the two triangle s is similar to a third triangle, they are
congruent to each other.

7  Prove that, if one acute angle of a right angled triangle is equal to an acute
angle of another right angled triangle, the triangles are similar.

8 Prove that the two right angled triangles formed by the perpendicular from the
vertex containing the right angle are similar to each other and also to the
original triangle.

9 In the adjacent figure, /B = ZD and i
CD 4 AB.Prove that BD=5 BL. ?\ .

10. A line segment drawn through the vertex 4 of the parallelogram ABCD intersects the
BCand DC at M and N respectively. Prove that BM x DN is a constant.
11. In the adjacent figure, BD L AC and '.f"

o

DQ=B4A=2A40 = %QC. BD =5BL. Prove that, DA 1 DC. N |



Math 239

12. In the triangles ABC and DEF ZA = ZD. Prove that,
AABC t ADEF =AB.AC t DE.DF.
13. The bisector AD of ZA of the triangle ABC intersects BC at D. The line
segment CE parallel to DA intersects the line segment B4 extended.
a. Baw the specified figure.
b. Prove that ,BD : DC = BA : AC.
c. If a line segment parallel to BC intersect AB and AC at P and Q respectively,
prove that BD : DC = BP : CQ.
14.  Inthe figure, ABC and DEF are
two similar triangles.

a. Mmne the matching sides and A D
matching angles of the triangles. J\ J\
b. Prove that,
B M C E N F
A4BC _ 4AB* _ AC* BC?

ADEF DE*  DF® pgp?
. BC 3
c.If BC=3cm,EF=8cm,ZB=60 ’EZE and ZABC 3 sq cm,
draw the triangle DEF and find its area.
14.4 Symmetry
Symmetry is an important geometrical concept, commonly exhibited in nature and is
used almost in every field of our activity. Artists, designers, architects, carpenters
always make use of the idea of symmetry. The treeleaves, the flowers, the beehives,
houses, tables, chairs -everywhere we find symmetrical designs. A figure has line

symmetry, if there is a line about which the figure may be folded so that the two
parts of the figure will coincide.

T mE

Each of the above figures has the line of symmetry. The last figure has two lines of symmetry

Activity:

1. Sumi has made some papereut design as shown in the
adjacent figure. In the figure, mark the lines of symmetry.
blv many lines of symmetry does the figure have?

2. Write and identify the letters in English alphabet having line
symmetry. Also mark their line of sysmmetry.

14.5 Lines of Symmetry of Regular Polygons
A polygon is a closed figure made of several line segments. A polygon is said to be
regular if all its sides are of equal length and all its angles are equal. The triangle is a
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polygon made up of the least number of line segments. An equilateral triangle is a
regular polygon of three sides. An equilateral triangle is regular because its sides as
well as angles are equal. A square is the regular polygon of four sides. The sides of a
square are equal and each of the angles is equal to one right angle. Similarly, in
regular pentagons and hexagons, the sides are equal and the angles are equal as well.

Each regular polygons is a figure of symmetry. Therefore, it is necessary to know
their lines of symmetry. Each regular polygon has many lines of symmetry as it has
many sides.

Three lines of Four lines of Five lines of Six lines of
symmetry symmetry symmetry symmetry
i % : ] b s Y
Equilateral triangle | Square | Regular pentagon | Regular hexagon

The concept of line symmetry is closely related to mirror reflection. A geometrical
figure, has line symmetry when one half of it is the mirror image of the other half.
So, the line of symmetry is also called the reflection symmetry.

Exercise 14.3

1. Which of the following figures have line symmetry?
(a) A house (b) A mosque (c) A temple (d) A church (e) A pagoda
(f) Parliament house (g) The Tajmahal.

2. The line of symmetry is given, find the other hole:

AN Q)

3. In the following figures, the line of symmetry is given; complete and identify the
figure.

444 dCc




Math 241

4. Identify the lines of symmetry in the following geometrical figures:

& I AN K
o &8

5. Complete each of the following incomplete geometrical shapes to be symmetric
about the mirror line:

6. Find the number of lines of symmetry of the following geometrical figures:

(a) An isosceles triangle (b) A scalene triangle  (c) A square
(d) A rhombus (e) A pentagon (f) A regular hexagon
(g) A circle

7. Draw the letters of the English alphabet which have reflection symmetry with respect to

(a) a vertical mirror

(b) a horizontal mirror

(¢) both horizontal and vertical mirrors.
8. Draw three examples of shapes with no line of symmetry.
14.6 Rotational Symmetry
When an object rotates around any fixed point, its shape and size do not change. But the
different parts of the object change their position. If the new position of the object after
rotation becomes identical to the original position, we say the object has a rotational
symmetry. The wheels of a bicycle, ceiling fan, square are examples of objects having
rotational symmetry etc.. As a result of rotation the blades of the fan looks exactly the
same as the original position more than once. The blades of a fan may rotate in the
clockwise direction or in the anticlockwise direction. The wheels of a bicycle may rotate in
the clockwise direction or in the anticlockwise direction. The rotation in the anti
clockwise direction is considered the positive direction of rotation.
This fixed point around which the object rotates is the centre of rotation. The angle
of turning during rotation is called the angle of rotation. A full-turn means rotation
by 360°; a half-turn is rotation by 180°.
In the figure below, a fan with four blades rotating by 90° is shown in different
positions. It is noted that us a fall turn of the four positions (rotating about the angle
by 90°, 180°, 270° and 360°), the fan looks exactly the same. For this reason, it is
said that the rotational symmetry of the fan is order 4.

Math-IX-X, Forma-31
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D C B A D
A (ID CcD QD B C (ID '\BjLD AﬁLz
B\W/‘A\W/D\W/C \W/B
Here is one more example for rotational symmetry. €hsider the intersection of two
diagonals of a square the centre of rotation. In the quarter turn about the centre of the
square, any diagonal position will be as like as the second figure. In this way, when
you complete four quarterturns, the square re aches its original position. It is said
that a square has a rotational symmetry of order 4.

| p |

|
: Pg[]f‘ ;
N

90 90°
P P ] :

bxerve also that every object occupies sa me position after one complete revolution.
8 every geometrical object has a rotationa 1 symmetry of order 1. Sch cases have
no interest for us. For finding the rotational symmetry of an object, one need to
consider the following matter.

(a) The centre of rotation

(b) The angle of rotation

(c) The direction of rotation

(d) The order of rotational symmetry.

O

0°

W
¥

Activity:
1.&ve examples of 5 plane objects  from your surroundings which have
rotational symmetry.
2. Find the order of rotational symmetry of the following figures.

) HO B A

14-7 Line Symmetry and Rotational Symmetry

8Vhave seen that some geometrical shapes have only line symmetry, some have
only rotational symmetry and some have both line symmetry and rotational
symmetry. For example, the square has four lines of symmetry as well rotational
symmetry of order 4

The circle is the most symmetrical figure, because it can be rotated around its centre
through any angle. Therefore, it has unlimited order of rotational of symmetry. At
the same time, every line through the centre forms a line of reflection symmetry and
so it has unlimited number of lines of symmetry.
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Activity:
1. Determine the line of symmetry and the rotational symmetry of the given
alphabet and complete the table below:
Letter Line of Number of Rotational Order of
symmetry lines of symmetry rotational
symmetry symmetry
V4 o0 0 & 2
H
(¢}
E
C

Exercise 14-4
1. Find the rotational symmetry of the following figures:

(©) d

S
X[ x Vias e
L_| - .L_'_'_' g i

2. Rén you slice a lemon the crosssection looks as shown in
the figure. Determine the rotational symmetry of the figure.

3 Fill in the blanks:

Shape Centre of Order of Angle of
Rotation Rotation Rotation

§uare
Betangle
Rombus

Huilateral
triangle

Smieircle

Reular pentagon

4 dme the quadrilaterals which have line of symmetry and rotational symmetry of
order more than 1.

5. &h we have a rotational symmetry of a body of order more than 1 whose angle
of rotation is 18stify your answer.




Chapter Fifteen
Area Related Theorems and Constructions

know that bounded plane figures may have different shapes. If the region is
bounded by four sides, it is known as quadrilateral. Quadrilaterals have classification
and they are also named after their shapes and properties. Apart from these, there are
regions bounded by more than four sides. These are polygonal regions or simply
polygons. The measurement of a closed region in a plane is known as area of the
region. For measurement of areas usually the area of a square with sides of 1 unit of
length is used as the unit area and their areas are expressed in square units. For
example, the area of Bhgladesh is 1.4  lacs square kilometres (approximately).
Thus, in our day to day life we need to know and measure areas of polygons for
meeting the necessity of life. 8, it is important for the learners to have a
comprehensive knowledge about areas of polygons. Areas of polygons and related
theorems and constructions are presented here.

At the end of the chapter, the students will be able to

kplain the area of polygons

8tify and prove theorems related to areas

@hstruct polygons and justify construction by using given data
@hstruct a quadrilateral with area equal to the area of a triangle
Ghstruct a triangle with area equal to the area of a quadrilateral

VVVYYV

15:1 Area of a Plane Region

Eery closed plane region has definite area. In order to measure such area, usually
the area of a square having sides of unit length is taken as the unit. For example, the
area of a square with a side of length 1 cm. is 1 square centimetre.

8Vknow that,

(a) In the rectangular region ABCD if the b S
length AB = g units (say, metre), breadth b
BC = b units (say, metre), the area of the
region ABCD = ab square units (say, A a B
square metres). D c

(b) In the square region ABCD if the length
of a side AB= ¢ units (say, metre), the
area of the region ABCD = a* square
units (say, square metres).
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When the area of two regions are equal, the
sign ‘=" is used between them. For example,
in the figure the area of the rectangular
region ABCD = Area of the triangular region
AED.

It is noted that if A4ABCand ADEF are
congruent, we write AABC = ADEF . In this
case, the area of the triangular region ABC =
area of the triangular region DEF.

But, two triangles are not necessarily , ¢k
congruent when they have equal areas. For b
example, in the figure, area of AABC = area

of ADBC but AABC and ADBC are not

congruent.

-

B C
Theorem 1
Areas of all the triangular regions having same base and lying between the same

pair of parallel lines are equal to one another.
E A F D

B C

Let the triangular regions ABC and DBC stand on the same base BC and lie between
the pair of parallel lines BC and 4D. It is required to prove that, A region ABC = A
region DBC.

Construction : At the points B and C of the line segment BC, draw perpendiculars
BE and CF respectively. They intersect the line AD or AD produced at the points E
and F respectively. As a result a rectangular region EBCF is formed.

Proof : According to the construction, EBCF is a rectangular region. The triangular
region ABC and rectangular region EBCF stand on the same base BC and lie between

the two parallel line segments BC and ED. Hence, A region ABC = % (rectangular
region EBCF)

Similarly, A region DBC = % (rectangular region EBCF)

.. Aregion ABC = A region DBC (proved).
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Theorem 2
Parallelograms lying on the same base and between the same pair of parallel
lines are of equal area.

D C H G

A B L E K F

Let the parallelograms regions 4BCD and EFGH stand on the same base and lie
between the pair of parallel lines AF and DG and AB = EF. It is required to prove
that, area of the parallelogram 4BCD = area of the parallelogram EFGH.

Construction :
The base EF of EFGH is equal. din AC and EG. From the points C and G, draw

perpendiculars CL and GK to the base AF respectively.
1
Proof: The area of AABC = EAB x CL and the area of AEFG is %EF xGK .

*+ AB=EF and CL = GK (by construction)
Therefore, area of AABC = area of the triangle EFG

= % area of the parallelogram ABCD = % area of the parallelogram EFGH

Area of the parallelogram ABCD = area of the parallelogram EFGH. (Poved)
Theorem 3 (Pthagoras Theorem)

In a right angles triangle, the square of the hypotenuse is equal to the sum of
squares of other two sides.

Proposition: Let ABC be a right angled triangle in which G

ZACB is a right angle and hypotenuse is AB. It is to be c K
proved that AB* = BC* + AC”. r

Construction: Draw three squares ABED, ACGF and A EmG

BCHK on the external sides of 4B, AC and BC
respectively. Through C, draw the line segment CL

parallel to AD which intersects AB and DE at M and L b L

respectively. din C, D and B, F.

Proof:

feps Hstification

(1)In A CAD and A FAB, CA=AF ,AD=AB and

included ZCAD = ZCAB+ ZBAD [£BAD= ZCAF= 1
=ZLCAB+ LCAF right angle]

=included ZBAF




Therefore, A CAD = A FAB
(2) Triangular region CAD and rectangular B.Sheorem]
region ADLM lie on the same base 4D and between the
parallel lines AD and CL .

Therefore, Bctangular region ADLM = 2(triangular
region CAD ) Theorem 1]
(3 Triangular region BAF and the square ACGF lie on the
same base AF and between the parallel lines

AF and BG .

Hence §uare region ACGF = 2(triangular region FAB) = Theorem 1]
2(triangular region CAD )

(#Bctangular region ~ ADLM = square region ACGF

rom (2) and
(5) Bnilarly joining C,E and 4,K , it can be proved that From (2) and(3]
rectangular region BELM = square region BCHK
. N -
(pBctangular region (  ADLM + BELM )= square From Chand (5)]

region ACGF square region BCHK

or, square region ABED = square region ACGF square
region BCHK

That is, AB> = BC* + AC* Poved]

Construction 1

Construct a parallelogram with an angle equal to a definite angle and area
equal to that of a triangular region.

B E C
Let ABC be a triangular region and Zx be a definite angle. It is required to construct
a parallelogram with angle equal to /x and area equal to the area of the triangular
region ABC.
Construction:

Bect the line segment BC at E. At the point E of the line segment EC, construct
ZCEF equal to Zx. Through A, construct AG parallel to BC which intersects the
ray EF at F. Again, through C, construct the ray CG parallel to EF which intersects
the ray AG at G. Hence, ECGF is the required parallelogram.

Proof: din A, E. diw, area of the triangular region ABE = area of the triangular
region AEC [since base BE = base EC and heights of both the triangles are equal]

. area of the triangular region ABC = 2 (area of the triangular region AEC).
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Again, area of the parallelogram region ECGF is 2 (area of the triangular region
AEC) [since both lie on the same base and ECIl 4AG).

-, area of the parallelogram region ECGF = area of the triangular region ABC.
Again ZCEF = /x fince EF|| CB by construction]
8 the parallelogram &is the required parallelogram.
Construction 2
Construct a triangle with area of the triangular region equal to that of a
quadrilateral region.

D c

A B

Let ABCD be a quadrilateral region. To construct a triangle such that area of the is
triangular region equal to that of a rectangular region ABCD.

Construction :
din D, B. Through C, construct CE parallel to DB which intersects the side 4B
extended at E. din D, E. Then, ADAE is the required triangle.

Proof: The triangles BDC and BDE lie on the same base BD and DBIl CE (by
construction).

. area of the triangular region BDC = area of the triangular region BDE.

" area of the triangular region BDC + area of the triangular region ABD = area of
the triangular region BDE -area of the triangular region ABD

..area of the quadrilateral region ABCD = area of the triangular region ADE .
Therefore, AADE is the required triangle.
N.B. Applying the above mentioned method innumerable numbers of triangles can
be drawn whose area is equal to the area of a given quadrilateral region.
Construction 3
Construct a parallelogram, with a given an angle and the area of the bounded
region equal to that of a quadrilateral region.

K\L/‘ D H/

Let ABCD be a quadrilateral region and Zx be a definite angle. It is required to
construct a parallelogram with angle Zx and the area equal to area of the
quadrilateral region ABCD.



Construction:

din B, D. Through C construct CF parallel to DB which intersects the side 4B
extended at F. Find the midpoint G of the line segment AF. At 4 of the line segment
AG, construct ZGAK equal to Zx and draw GH Il AK through G. Again draw
KDH| | AG through D which intersects AK and GH at K and H respectively.

Hence AGHK is the required parallelogram.

Proof: din D, E. Bconstruction AGHK is a parallelogram.

where ZGAK = Zx. Again, area of the triangular region DAF = area of the
rectangular region ABCD and area of the parallelogram AGHK = area of the
triangular region DAF. Therefore, AGHK is the required parallelogram.

Exercise 15

1. The lengths of three sides of a triangle are given, in which case below the
construction of the right angled triangle is not possible ?
(a) Tm, £m, 5 cm (b) &m, &m, 1&m
(¢) 5 cm, Tm, Tm (d)5cm, 12 cm, 1Tm
2. bxerve the following information :
i. &ch of the bounded plane has definite area.
ii. If the area of two triangles is equal, the two angles are congruent.
iii. If the two angles are congruent, their area is equal.
R¥ch one of the following is correct ?
(a)iandii  (b)iandiii  (c)iiand iii (d) i, ii and iii
Answer question no. 3and 4on the basis of the information in the figure below,
AAB(; is equilateral, AD1BC and AB=2:

/N

B C
3 BD=Ndt ?

@1 (b2 (c)2 ()4
4 N9t is the height of the triangle ?

(a) % sq. unit  (b) NG sq. unit  (c) %

5. Bove that the diagonals of a parallelo gram divide the parallelogram into four
equal triangular regions.

6 Pove that the area of a square is half the area of the square drawn on its
diagonal.

sq. unit (d) 3 sq. unit.
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7 Pove that any median of a triangle divides the triangular region into two regions
of equal area.

8 A parallelogram and a rectangular region of equal area lie on the same side of the
bases. Bow that the perimeter of the pa rallelogram is greater than that of the
rectangle.

9 Xand Y are the mid points of the sides AB and AC of the triangle ABC. ®yve tha t

. . 1 . .
the area of the triangular region AXY = 7 (area of the triangular region ABC)

10In the figure, ABCD is a trapem with sides AB and CD parallel. Find the area
of the region bounded by the trapemum ABCD.
11. P is any point interior to the parallelogram ABCD. Pove that the area of the

triangular region PAB +the area of the triangular region PCD =% (area of the

parallelogram ABCD).

12. A line parallel to BC of the triangle ABC intersects AB and AC at D and E
respectively. Pove that the area of the triangular region DBC = area of the
triangular region EBC and area of the triangular region DBF = area of the
triangular region CDE.

13 ZA=1 right angle of the triangle ABC. D is a point on AC. Pove tha t
BC?+AD* =BD* + AC*.

14 ABC is an equilateral triangle and AD is perpendicular to BC. Pove tha t
44D* +34B°.

15. ABC is an isosceles triangle. BC is its hypotenuse and P is any point on BC.
Pove that PB*+ PC* =2PA".

16 Cis an obtuse angle of AABC; AD is a perpendicular to BC. Bow that.
AB’=AC’B 2

17 C is an acute angle of AABC ; AD is a perpendicular to BC. Bow that
AB* = AC* + BC* =2BC.CD.

18 AD is a median of AABC. Bow that, AB*+ AC* =2(BD* + AD*).



Chapter Sixteen
Mensuration

The length of a line, the area of a place, the volume of a solid etc. are determined for
practical purposes. In the case of measuring any such quantity, another quantity of the
same kind having some definite magnitude is taken as unit. The ratio of the quantity
measured and the unit defined in the above process is the amount of the quantity.
Quantity measured

Unit quantity
In the case of a fixed unit, every magnitude is a number which denotes how many
times of the unit of the magnitude is the magnitude of the quantity measured. For
example, the bench is 5 metre long. Here metre is a definite length which is taken as
a unit and in comparison to that the bench is 5 times in length.

i.e. magnitude =

At the end of the Chapter, the students will be able to —

»  Determine the area of polygonal region by applying the laws of area of triangle
and quadrilateral and solve allied problems.

»  Determine the circumference of the circle and a length of the chord of a circle.

»  Determine the area of circle.

»  Determie the area of circle. Determining the area of a circle and its part, solve
the alied problems.

»  Determine the area of solid rectangles, cubes and cylinder and solve the allied
problems.

»  Determine the area of uniform and non uniform polygonal regions.

16-1 Area of Triangular region

. . . 1 .
In the previous class, we learned that area of triagular region = 5 base x height.

(1) Right Angled Triangle : A
Let in the right angled triangle 4BC, BC=a and AB=b are
the adjacent sides of the right angle. Here if we consider BC the b

base and AB the height,
Area of AABC = % base x height

- Lo
2

(2) Two sides of a triangular region and the angle included between them are
given.



252

&t in AABCthe sides are :
BC=a,CA=b, AB=c.

AD is drawn perpendicular from 4 to BC.
&t altitude height) AD=h.

Ghsidering the angle Cwe get, % =sinC
or, % =sinC or, h=bsinC

Area of A ABC = lBC>< AD

8nilarly, area of A ABC = %bc sin 4

1 .
= —casin B

(3) Three sides of a triangle are given.
gtin AABC, BC=a, CA=b and AB=c.
. Brimeter of the triangle 2s=a+b+c
®draw 4D L BC
&, BD=x,s0 CD=a-x
In right angled AABD and AACD
.. AD* = AB* - BD* and AD* = AC* - CD?
. AB* - BD* = AC* - CD?
or, > —x* =b* —(a—x)*
or, ¢ —x*=b*—a* +2ax—x*
or, 2ax=c*+a* - b
+a’ - b
x=0 T2 79
2a

Again, AD* =¢* —x?

2
, [P +ad* b
I
2a

A+d-1 A+d-1
=|c+ c—
2a 2a

|

Math
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2ac++a* —b* 2ac—F—at+ b

2a 2a
_{c+ra) by b —(c-a)}
44
_(a+b+cdda+b+c-2bya+b+c—-2ala+b+c—2c)
4q*
_ 25(2s —2b) 25 —2aj 25 — 2¢)
4q*
_4s(s—a) s—bj s—c¢)
pe

AD:E\/s(s—aQ s—bf s—c)
a

Area of A ABC = lBC-AD

-a-z\/s(s—aﬁ s—bf b—c)
a

N | —

= \/s(s—aﬁ s—bj b—c)
(4) Equilateral Triangle :
&t the length of each side of the equilateral triangular region 4BC be a.

Draw 4D 1 BC .. BD=CD=§

In right angled A4BD

BD? + AD* = 4B’ A
2 2 2
or, ADZ:ABQ—BDzzaZ—(GJ g a3 .
2 4 4
. ap=3
2 B aD C
2
Area of A ABC = %-BC-AD
1 3a 3 2 A
=—.g— or, —a
2 2 4
(5) Isosceles triangle : a 4
&t ABC be an isosceles triangle in which AB=AC =a
and BC=b
B D C
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Draw 4D 1 BC. .. BD:Cng

In AABD right angled
2 bfz _ 4(12 - b2
4 4

2
. AD* = AB* - BD® =a2—[[2)J =a

Vaa® - b*

2

AD =

Area of isosceles A ABC = l -BC-AD

Example 1. The lengths of the two sides of a right angled triangle, adjcent to right
angle are 6 cm. and 8 cm. respectively. Find the area of the triangle.

Solution : &, the sides adacent to right angle are a=8cm. and b=6cm.
respectively.

1
o Its area = Eab 6 cm

1
= EX 8x 6 square cm. = 24 square cm. 8 cm

Bquired area 24 square cm.

Example 2. The lengths of the two sides of a triangle are 9 cm. and 10 cm.
respectively and the angle included between them is 60°. Find the area.

Solution : &, the sides of triangle are a=9 cm. and 5 =10 cm. respectively.

Their included angle 6 = 60°.

.. Area of the triangle= lab sin 60°
2 9cm

:l><9><10x£ sq. cm. /)
2 2 10cm
= 38-97 sq. cm. épprox)
Bquired area 3897 sq. cm. @pprox)
Exmple 3. The lengths of the three sides of a triangle are 7 cm., 8§ cm. and 9 cm.
respectively. Find its area.
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Solution : &t, the lengths of the sides of the triangle are a=7 cm., b=8 cm. and
c=9 cm.
a+b+c T+8+9
= cm. = 12 cm.
2 2 9cm 8 cm

.. 8mi perimeter s =

. Itsarea = \/s(s—a}[ s—bj s—c)
= J1202-7§ 12-8§12-9) sq. cm. 7em
= 412x5x6x7 sq. cm. = 50-2 sq. cm. @pprox)
*. The area of the triangle is 50-2 sq. cm. épprox)
kample 4. The area of an equilateral triangle increases by 33 sq. metre when the

length of each side increases by 1 metre. Find the length of the side of the triangle.
Solution : &t, the length of each side of the equilateral triangle is a metre.

" Its area = %az sq. m.

i

The area of the triangle when the length of each side increases by Im. = 73(51 +1)°

sq. metre.
According to the question, ? (a+1)y’ - ?az =33

up 7
4

or, @ +2a+1-a*=12 or, 2a=11 or, a=5-5
The required length is 5-5 metre.
Example 5. The length of the base of an isosceles triangle is 60 cm. If its area is
1200 sq. metre, find the length of equal sides.
Solution : &t the base of the isosceles triangle be b =60cm. and the length of
equal sides be a.

.. Area of the triangle = %\/4612 - b

According to the question, S\Maz —b* =1200

or, (a+ l)2 —a*=12 ;fividee by

or, 67? 4a* - (60)* =1200

or, 15v4a* — 3600 = 1200 60 em

or, V4a® —3600 =80
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or, 4a” —3600 = 6400 ;py squaring]

or, 4a* =10000

or, a’ =2500

wa=50
.. The length of equal sides of the triangle is 50 cm.
Example 6. From a definite place two roads run in two directions makng are angle
120° . From that definite place, persons move in the two directions with speed of 10
kn per hour and 8 kn per hour respectiv ely. Ndt will be the direct distance
between them after 5 hours ?
Solution : & two men start from A4 with velocities 10 knhour and 8 knhour
respectively and reach B and C after 5 hours. Then after 5 hours, the direct distance
between them is BC . From C perpendicular CD is drawn on BA produced.
S AB=5x10 n=50k, AC=5x8 kn=401.

and ZBAC =120° C
.. ZDAC = 180° — 120° = 60°
From the right angled triangle ACD 40
120°
- CD _in60° or. CD = ACsin60° = 40x 33 = 2043 60°
AC 2 D

and AD =cos60° or, AD = AC cos60° :40><l:20
AC 2

Again, we get from right angled ABCD ,
BC? = BD? + CD* = (BA + AD)* + CD?
= (50 +20)* + (204/3)* = 4900 +1200 = 6100
.. BC=78-1 app.)
Bquired distance is 781 k. approx)
Example 7. The lengths of the sides of a triangle are 25, 20, 15 units respectively.
Find the areas of the triangles in which it is divided by the perpendicular drawn from
the vertex opposite of the greatest side.
Solution : &t in triangle A4BC, BC = 25units, AC = 20 units, AB =15units.
The drawn perpendicular AD from vertex A on side BCdivides the triangular
region into AABD and AACD.
& BD=xand AD=h

. CD=BC-BD=25-x A
In right angle A4BD 0
BD? + AD* = AB* or, x* + h* = (15) 15/ |k
xR =225, )
and AACD is right angled * S
B D 25 C

CD* + AD* = AC* or, (25— x)* + h* = (20)
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or, 625—50x +x° + i” = 400

or, 625 —50x + 225 = 400 ;fvith the help of equation (i) ]

or, 50x=450; ... x=9

Bting the value of x in equation (i), we get,

8l+h* =225 or, ¥ =144 . h=12

Area of A ABD = %BD -AD :%x9>< 12 square units = 36 square units

and area of A ACD = %BD -AD = %(25 —9)x12 square units

%x 16 x12 square units = 96 square units
Bquired area is 36 square units and 96 square units.

Exercise 16-1
1. The hypotenuse of a right angled triangle is 25 m. If one of its sides is %th of the

other, find the length of the two sides.

2. A ladder with length 20m. stands vertically against a wall. How much further
should the lower end of the end of the ladder be moved so that its upper end
descends 4 metre?

3. The perimeter of an isosceles triangle is 16 m. If the length of equal sides is %th

of base, find the area of the triangle.

4. The lengths of the two sides of a triangle are 25 cm., 27 cm. and perimeter is 84
cm. Find the area of the triangle.

5. Nén the length of each side of an eq uilateral triangle is increased by 2 metre, its
area is increased by 63 square metre. Find the length of side of the triangle.

6. The lengths of the two sides of a triangle are 26 m., 28 m. respectively and its
area is 182 square metre. Find the angle between the two sides.

7. The perpendicular of a right angled triangle is 6¢cm less than % times of the

base, and the hypotenuse is 3 cm less than g times of the base. Find the length

of the base of the triangle.

8. The length of equal sides of an isosceles triangle is 10m and area 48 square
metre. Find the length of the base.

Math-IX-X, Forma-33
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9. Two roads run from a definite place with an angle of 135° in two dinrections.
Two persons move from the definite place in two directions with the speed of 7
kn per hour and 5 kn per hour respectiv ely. Ndt will be the direct distance
between them after 4 hours?

10. If the lengths of the perpendiculars from a point interior of an equilateral triangle
to three sides are 6 cm., 7 cm., 8 cm. respectively;find the length of sides of the
triangle and the area of the triangular region.

16-2 Area of Quadrilateral Region b C
(1) Area of rectangular region
&t, the length of 4B = a, breadth d b

BC =b and diagonal AC =d, of rectangle ABCD .
®kow, the diagonal of a rectangle divides.
the rectangle into two equal triangular regions.

.. Area of the rectangle ABCD =2 x area of AABC= 2x % a-b=ab

perimeter of the rectangular region, s =2(a +b)

the AABC is right angled.

AC?=AB*+BC? or, d* =a*+b*; .. d=\a*+b?
(1) Area of square region

&t the length of each side of a square 4ABCD

be a and diagonal d. The diagonal AC

divides the square region into two equal D c
triangular regions.
". Area of square region ABCD = 2x area of A ABC d

2

= 2><la~a= a
2

Observe that, the perimeter of the square region s = 4a

and diagonal d =+va*>+a* = 2a% =\2a

(3) Area of parallelogram region.

(a) Base and height are given.

&t the base AB=0>

and height DE = h of parallelogram ABCD

The diagonal BD divides the parallelogram into

two equal triangular regions.

.. The area of parallelogram ABCD = 2 x area of A ABD

= 2xlb~h
2

= bh
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(b) The length of a diagonal and the length of a perpendicular drawn from the
opposite angular point on that diagonal are given.

&t, the diagonal be AC =d and the perpendicular from opposite angular point D
on AC be DE=h of a parallelogram ABCD. Diagonal AC divides the
parallelogram into two equal triangular regions.

.. The area of parallelogram region ABCD = 2x area of A ACD

= led-h
2

=dh
(4) Area of Rhombus Region
Two diagonals of a rhombus region are given
&t the diagonals be AC=d,, BD = d, of the thombus ABCD and the diagonals
intersect each other at O. Diagonal AC divides the rhombus region into two equal
triangular regions.
8kow that the diagonals of a rhombu s bisect each other at right angles.

". Height of AACD = %

Area of the rhombus region ABCD = 2x area of A ACD

= 2><ld1><i
2 2

1
=—dd
5 4%

(5) Area of trapezium region
Two parallel sides of trapezium region and the distance of perpendicular
between them are given.
& ABCD be a trapezium whose lengths of parallel sides are AB = a unit, CD =5
unit and distance between them be CE =h. Diagonal AC divides the trapezium
region ABCD into AABC and AACD.
Area of trapezium region ABCD

= Area of the triangular region ABC -Area of the triangular region ACD.

1 1 F Dy c
= —ABxCE+—CDx AF
2 2
= lah+lbh = lh(a+b) b
2 2 2
A E B

a
Example 1. éngth of a rectangular room is % times of breadth. If the area is 384

square metre, find the perimeter and length of the diagonal.
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Solution : &t breath of the rectangular room is x metre

... ength of the room is 37)6 metre

2
3x X
.. Area 7>< X or, — square metre.

2
According to the question, 3% =384 or, 3x? =768 or, x? =256 ;. x=16 metre

.. ength of the rectangular room = %x 16 metre = 24 metre

and breath = 16 metre.
.. It perimeter = 2 24 4 6)metre = 80 metre.

and length of the diagonal = +/(24)* +(16)* metre = ~/832 metre = 28-84 metre

épp-)

The required perimetre is 80 metre and length of diagonal is 28-84 metre a@pprox)
Example 2. The area of a rectangular region is 2000 square metre. If the length is
reduced by 10 metre, it becomes a square region. Find the length and breadth of the
rectangular region.

Solution : &t length of the rectangular region be x metre and breadth y metre.

.. Area of the rectangular region = xy square metre

According to the question xy =2000................ @)
and x—10=y.....coc..... ()]
get, from equation @) y=x—10........... ©)

From equations ()and 8) we get,
x(x—10)=2000 or, x* —10x —2000 = 0
or, x* —50x+40x—2000=0 or, (x—50§ x+40)=0
~ x=50=0 or, x+40=0
or, x=50 or, x=-40
B length can never be negative.
. x=50
Now puting the value of x in equation 8) we get
y=50-10=40
". length = 50 m. and breadth = 40 m.
Example 3. There is a road of 4 metre width inside around a 4 metre
square field. If the area of the road is 1 hector, determine the area
of the field excluding the road.
Solution : &t, the length of the square field is x metre.
. Its area is x* square metre.
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There is a road around the field with width 4 m.
.. tngth of the square field excluding the road = (x—2x4), or (x—8) m
. Area of the square field excluding the road is (x—8) square m.
Area of the road = {x*> —(x—8)*} square m.
8kow, | hector= 10000 square m.
According the question, x* — (x —8)* = 10000

or, x> —x* +16x—64 =10000

or, 16x =10064

L x=629

Area of the square field excluding the road = (629 —8)* square m.

= 385641 square m.

= 38-56 hector @pprox.)
The required area is 38-56 hector épprox.)
Example 4. The area of a parallelogram is 120 sq. cm. and length of one of its
diagonal is 24 cm. Determine the length of the perpendicular drawn on that diagonal
from the opposite vertex.
Solution : & a diagonal of a parallelogram be d =24cm. and the length of the
perpendicular drawn on the diagonal from the opposite vertex be /# cm.
.. Area of the parallelogram = dh square cm.
As per question, dh =120 or, h= 120 _120 5 v

d 24

The required length of the perpendicular is 5 cm.
Example 5. If the length of the sides of a parallelogram are 12 m. 8 m. If the length
of the smaller diagonal is 10 m, determine the length of the other diagonal.
Solution : &, in the parallelogram ABCD ; AB=a=12m. and AD =c¢ =8m. and
diagonal BD =b =10m. &t us draw the perpendiculars DF and &rom D and C
on the extended part of 4B, respectively. din 4,C and B, D.

.. 8mi perrimeter of AABD is s =w m.= 15 m. D ¢
<. Area of the triangular region ABD = \[s(s —a} s —6] s —c) 8 ¥
= JI515-12§ 15—-10§ 15—8) sq. m. e
= /1575 sq. m.

= 39-68 sq. m. gpprox.)
Again, area of the triangular region ABD = %AB x DF

or, 39~68:%><12><DF or, 6-DF =39-68; .. DF =6-61
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dWw, in right angled triangle ABCE,
BE? = BC? —CE* = AD* - DF* =8* - (6-61)* =20-31

. BE=4.5

Therefore, AE = AB+BE =12+4-5=16-5
From right angled triangle ABCE, we get,

AC? = AE* —CE* =(16-5)* —(6-61)* =315-94

.. AC=17-77 épprox.)

.. The required length of the diagonal is 17-77 m. @pprox.)
Example 6. The length of a diagonal of a thombus is 10m. and its area is 120 sq. m.
Determine the length of the other diagonal and its perimeter.

Solution : &t, the length of a diagonal of rhombus ABCD is BD =d, =10 metre
and another diagonal AC = d, metre. D C

.. Area of the thombus = %a’la’2 sq. m.

120x2 _120x2 o4

10 10 A B
kow, the diagonals of rhombus bisect each other at right angles. &t the
diagonals interset at the point 0.

OD:OB:% m.= 5 m. and OA:OC:22—4 m. =12 m.

As per question, %a?,al2 =120 or, d, =

and in right angled triangle AAOD , we get

AD* =04 +OD* =5* +(12)* =169; .. AD =13

.. The length of each sides of the rhombus is 13 m.

.. The perimeter of the thombus = 4x13 m. = 52 m..

The required length of the diagonal is 24 m. and perimeter is 52 m.

Example 7. The lengths of two parallel sides of a trapezium are 91 cm. and 51 cm.

and the lengths of two other sides are 37 cm and 13 cm respectively. Determine the

area of the trapezium.

Solution : &, in trapezium ABCD; AB=91 cm. CD =51 cm. & us draw the

perpendiculars DF and CF on AB from D and C respectively.
CDEF is a rectangle. D

51 C
.~ EF=CD=51 cm.
&, AE=xand DE=CF=h 13 N
~ BF=AB—AF =91-(AE+EF)=91—(x+51)=40—x " "
.. From right angled triangle AADE , we get, ATE 91 F B

AE? + DE* = AD? or, x> +h* =(13)* or, x> +1* =169......... 0)
Again, from right angled triangle ABCF , we get,
BF?*+CF?*=BC? or, (40—-x)* +h* =(37)*
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or, 1600—80x + x> +/4* =1369

or, 1600 —80x +169 =1396 {vith the help of (]}

or, 1600+169—1396 =80x;or, 80x=400; .. x=5
Now putting the value of x in equation () we get
52+ h =163 or, h=169-25=144 ; . h=12

Area of ABCD = %(AB +CD)-h

= %(91+51)><12 square cm.

= 852 square cm.
The required area is 852 square cm.
16:3 Area of regular polygon
The lengths of all sides of a regular polygon are equal. Again, the angles are also
equal. Bgular polygon with # sides produces # isocsceles triangles by adding centre
to the vertices.

.. Area of the regular polygon = nx area of one triangular E D
region.

&t ABCDEF be a regular polygon whose centre is O. F Q c
.. It has n sides and the length of each side is a. pin O, 4 ; \\ Ak

O, B. A M B

soetin AAOB height OM =h and ZOAB =6
.. The angle produced at each of the vertices of regular polygon = 20 .
.. Angle produced by » number of vertices in the polygon= 20 -n
Angle produced in the polygon at the centre = 4 right angles.
The sum of angles of # number of triangles = 20 (n + 4) right angles.
~.Bm of 3 angles of AOAB =2 right angles.
.. The wise, summation of the angles of #» numbers of triangles = n-2 right angles
.. 20(n + 4) right angles = -2 right angles
or, 20 -n=(2n—4) right angles
2n—4
2n

or, g = (1 - 3) right angles
n

or,0 = right angles

180°
n

or, 0 =[1—Zj><90°=90°—

Now, tang :E:%; soh=2tan0
a 2

ol
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. Area of AOAB =

:ai t180°
4C0 n

. . a’ 180°
.. Area of a regular polygon having » sides = 400{”)
Example 8. If the length of each side of a regular pentagon is 4 cm, determine its
area.
Solution : &t, length of each side of a regular pentagonis a=4 cm.
and number of sides n =5
a*> 180

8kow, area of a regular polygon = TCOtT

2 180°

TCOtT §. cm.
= 4xcot 36° sq. cm.
= 4x1-376 sq. cm. vith the help of calculator]
= 5.506 sq. cm. épprox.)

The required area = 5-506 sq. cm. épprox.)

Example 9. The distance of the centre to the vertex of a regular hexagon is 4 m.
Determine its area.

Solution : &, ABCDEF is a regular hexagon whose centre is O, O is pined to
each of the vertex and thus 6 triangles of equal area are formed.

360" .
N WAVAS
&t the distance of centre O to its vertex is a m. vAv

soa=4.

.. Area of the pentagon =

.. ZLCOD =

.. Area of ACOD _ 1 a-asin60’ =

2
3

= 7><42 sq. m. = 43 sq. m.

W
W
o

2
a—=—a

2 4

N | —

.. Area of the regular hexagon
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= 6x43 sq, m.
=24+/3 sq. m.

10.

11.

12.

Exercise 16-2

The length of a rectangular region is twice its width. If its area is 512 sq. m.,
determine its perimeter.

The length of a plot is 80 m. and the breadth is 60 m. A rectangular pond was
excavated in the plot. If the width of each side of the border around the pond is 4
metre, determine the area of the border of the pond.

The length of a garden is 40 metre and its breadth is 30 metre. There is a pond in

side the garden with around border of equal width. If the area of the pond is % of

that of the garden, find the length and breadth of the pond.

Outside a square garden, there is a path 5 metre width around it. If the area of the
path is 500 square metre, find the area of the garden.

The perimeter of a square region is equal to the perimeter of a rectangular region.
The length of the rectangular region is thrice its breadth and the area is 768 sq.
m. How many stones will be required to cover the square region with square
stones of 40 cm each?

Area of a rectangular region is 160 sq. m. If the length is reduced by 6 m., it
becomes a square region. Determine the length and the breadth of the rectangle.

The base of a parallelogram is %th of the height and area is 363 square inches.

Determine the base and the height of the parallelogram.

The area of a parallelogram is equal to the area of a square region. If the base of
the parallelogram is 125m. and the height is 5 m, find the length of the diagonal
the square.

The length of two sides of a parallelogram are 30 cm and 26 cm, If the smaller
diagonal is 28 cm, find the length of the other diagonal.

The perimeter of a thombus is 180 cm. and the smaller diagonal is 54 cm. Find
the other diagonal and the area.

Deference of the length of two parallel sides of a trapezium is 8 cm. and their
perpendicular distance is 24 cm. Find the lengths of the two parallel sides of the
trapezium.

The lengths of two parallel sides of a trapezium are 31 cm. and 11 cm.
respectively and two other sides are 10 and 12 cm. respectively. Find the area of
the trapezium.

Math-IX-X, Forma-34



266 Math

13. The distance from the centre to the vertex of a regular octagon is 1.5 m. Find the
area of the regular octagon.

14. The length of a rectangular flower garden is 150 m. and breadth is 100 m. For
nursing the garden, there is a path with 3 m. width all along its length and
breadth right at the middle of the garden.

(a) Describe the above information with figure.

(b) Determine the area of the path.

(c) bv many bricks of 25 cm. length and 12 -5 cm. width will be required to
make the path metalled ?

15. From the figure of the polygon determine its area. {2cm

22¢cm

22cm

16. From the information given below determine the area of the figures :

D _24cm ¢ D _24cm ¢ xm
3cm Km
4 4cm B A 4cm

6.4 Measurement regarding circle

(1) Circumference of a Circle

The length of a circle is called its circumference. & » be the radius
of a circle,

its circumference ¢ = 2n r, where © =3-14159265.......... which is an irrational
number value of T = 3-1416 is used as the actual value.

Therefore, if the radius of a circle is known, we can find the approximate value of
the circumference of the circle by using the value of 7 .

Example 1. The diameter of a circle is 26 cm. Find its circumference.

Solution : &t, the radius of the circleis 7.

.. diameter of the circle = 2r and circumference = 2rt r

As per question, 2r =26 or, r = ? Sor=13 B

>

... circumference of the circle = 2w » = 2x3-1416x13 cm.
= 3.1416x26 cm (approx.)
The required circumference of the circle is 81-68 cm. (approx.)



Math 267

(2) Length of arc of a circle

&t e the centre of a circle whose radius is r and are AB =s, which produces
0° angle at the centre.

.. fcumference of the circle= 2n r

Total angle produced at the centre of the circle = 360° and arc s produces angle 0 °
at the centre. $Vknow, any interior angle at the centre of a circle produced by any
arc is proportional to the arc.

.0 s o

So—= or, s =

360 2mr 180

(3) Area of circular region and circular segment

The subset of the plane formed by the union of a circle and its

interior is called a circular region and the circle is called the
boundary of the such circular region.

Circular segment: The area formed by an arc and the radius
related to the pining points of that arc is called circular segment.

If 4 and B are two points on a circle with centre (the subset of
the plane formed by the union of the intersection of £40B and

the interior of the circle with the line segment OA, OB and the arc

AB, is called a circular segment.

In previous class, we have learnt that if the radius of a circle is 7, the

area is = 7’

dVknow, any angle produced by an arc at the centre of a circle is C 5
proportional to the arc. p
8, at this stage we can accept that the area of two circular
segments of the same circle are proportional to the two arcs on
which they stand.

&t us draw a radius  » with centre O.

The circular segment 4OB stands on the arc APB whose measurement is 6 . Draw a
perpendicular OC on OA.

Area of circular segment AOB _ Measurement of Z40B
Area of circular segment AOC Measurement of Z40C

Area of circular segment 4OB _ 0 | _one
Area of circular segment AOC ~ 90 ' [£40C =907]

or,
or, Area of circular segment 40B = % x area of circular segment AOC

= 7><l>< area of the circle
90 4
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x>

360

X7’

8, area of circular segment =

Example 2. The radius of a circle is 8 cm. and a circular segment substends an angle

56° at the centre. Find the length of the arc and area of the circular segment.

Solution : &, radius of the circle, »=8cm, length of arc is s and the angle

subtended by the circular segment is 56° .

Wknow, oo T _31416x8x56
180 180

m.. = 7-82 cm. (approx)

Area of circular segment = 320 xr’

6
=360 X 31416 x 8% sq.cm.

= 62-55 sq. cm. (approx)
Example 3. If the difference between the radius and circumference of a circle is 90
cm., find the radius of the circle.
Solution : &t the radius of the circle be r
*. Diameter of the circler is 27 and circumference = 2nr
As per question, 2mr —2r =90
90 45
2m-1) 3-1416-1
The required radius of the circle is 21-01 cm. (approx.).
Example 4. The diameter of a circular field is 124 m. There is a
path with 6 m. width all around the field. Find the area of the path. .,\
Solution : &t the radius of the circular field be 7 and radius of the
field with the path be R.

" r:% m.= 62 m.and R =(62+6)m.= 68 m.

or, 2r(m —1)=90 or, r=

=21-01 (approx.)

Area of the circular field = mr?

and area of the circular field with the path = nR’

.. Area of the path = Area of field with path -Area of the field
= (MR’ —1wr’)=n(R* —r?)
= 3-1416¢ 68)° —(62)*} sq. m.
= 3.1416(4624 —3844)
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=3-1416x780 sq. m.
= 2450-45 sq. m. (approx)
The required area of the path is 2450-44 square m. (approx.)

Activity : Gcumference of a circle is 440 m. Determine the length of the sides of
the inscribed square in it.

Example 5. The radius of a circle is 12 cm. and the length of an arc is 14 cm.
Determine the angle subtended by the circular segment at its centre.

Solution : &, radius of the circle is » = 12 cm., the length of the arc is s = 14 cm.
and the angle subtended at the centre is 0 °.

_ ms6

180

or, 0 =180 xs

180 xs _ 180 x14
- —66-85
w 3-1416x12 (approx)

*. The required angle is 66-85° (approx)
Example 6. Diameter of a wheel is 4.5 m. for traversing a distance of 360 m.;how
many times the wheel will revolve ?

Solution : ven that, the diameter of the wheel is 4.5 m.

know, s

or, 6 =

*. The radius of the wheel, r = % m. and circumference = 2mr

&t, for traversing 360 m, the wheel will revolve » times
As per question, nx2mr =360
360 360x2

2 2x3-1416x4-5
.. The wheel will revolve 25 times (approx) for traversing 360 m..

Example 7. Two wheels revolve 32 and 48 times respectively to cover a distance of
211 m. 20 cm. Determine the difference of their radii.

Solution : 211m. 20 cm. = 21120 cm.

&t, the radii of two wheels are R and r respectively ;where R >r.

.. @cumferences of two wheels are  2nR and 2mr respectively and the difference
of radiiis (R—r)

As per question, 32 x 2rR= 21120

21120 _ 21120 ~105-04 (approx)

32x2m  32x2x3-1416
and 48x2mr=21120

21120 21120
48x2m  48x2x3-1416

or, n= =25.46 (approx)

or, R=

=70-03 (approx)

5



270 Math

.. R—r=(105-04-70-03) cm.. = 35-01 cm. = -35 m. (approx)

.. The difference of radii of the two wheels is -35m (approx)

Example 8. The radius of a circle is 14 cm. The area of a square is equal to the area
of the circle. Determine the length of the square.

Solution : &t the radius of the circle, » =14 cm. and the length of the square is a

. Area of the square region = a’ and the area of the circle = mr

According to the question, a® = mr?

.. Bdius of the half circle r= 2—22 m.=11m.

or, a =+mr =+/3-1416 x14 = 24 .81 (approx)

The required length is 24-81 cm. (approx.)

Example 9 : In the figure, ABCD is a square whose length of each side is 22 m. and
AED region is a half circle. Determine the area of the whole region.

Solution : &, the length of each side of the square ABCD be a. E
. Area of square region = @’ /‘ ™
Again, AED is a half circle. Armggin P

&t ;be its radius

.. Area of the half circle, AED = %nr2 g

.. Area of the whole region = Area of the square ABCD + area of the half circle AED.

1
= a’+—mr?
2

( 22 +%x3~1416x(l 1)? 5q. metre

22
f=22,r= T =11]

=674.07 sq. m (app.)
The required area is 674.07 square metre (approx)
Example 10. In the figure, ABCD is a rectangle whose the length is 12 m., the
breadth is 10 m. and DAFE is a circular region.
Determine the length of the arc DE and the area of the whole region.
Solution : &t the radius of the circular segment, r=A4D =12 m. and the angle

subtended at centre 6 =30° E
.. length of the arc DE = v <
180 12
= W m. = 6.28 m. (approx.) 1 T
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Area of the circular segment DAE = anrz :%><3~1416><(12)2 sq. m. =

360

37.7 sq.cm (approx)

The length of the rectangle 4ABCD is 12 m. and the breadth is 10 m.

.. Area of the rectangle = length x breadth =12 x 10 sq. m = 120 sq. m.
.. Area of the whole region = (37.7 + 120) sq. m. = 157.7 square metre.
The required area is 157.7 square metre. (approx)

Activity : Determine the area of the dark marked region in the figure. =

e
K "“\\

10.

Exercise 16.3

. Angle subtended by a circular segment at the centre is 30°. If the diameter of the

circle is 126 cm., determine the length of the arc.
A horse turned around a circular field with a speed of 66 m per minute in 1%

minute. Determine the diameter of the field.

Area of a circular segment is 77 sq. m. and the radius is 21 m. Determine the
angle subtended at the centre by the circular segment.

The radius of a circle is 14 cm. and an arc subtends an angle 76° at its centre.
Determine the area of the circular segment.

There is a road around a circular field. The outer circumference of the road is
greater than the inner circumference by 44 metres. Find the width of the road.
The diameter of a circular park is 26 m. There is a road of 2 m. width around the
park outside. Determine the area of the road.

The diameter of the front wheel of a car is 28 cm. and the back wheel is 35 cm.
To cover a distance of 88 m, how many times more the front wheel will revolve
than the back one ?

The circumference of a circle is 220 m. Determine the length of the side of the
inscribed square in the circle.

The circumference of a circle is equal to the perimeter of an equilateral triangle.
Determine the ratio of their areas ?

Determine the area of the dark marked region with the help of the information
given below :

‘
(o)) | |
‘ 110 cm

m _/”—y*\‘\ . 12 cm

: s
8 cm 2% e
0em 4 <m ¥ 5|

12cm
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6-5 Rectangular solid

The region surrounded by three pairs of parallel rectangular planes is known as
rectangular solid.

&, ABCDEFGH is a rectangular solid, whose length 4B =a, and breadth

BC =b and height AH =c
(1) Determining the diagonal: AFis the diagonal of the rectangular solid
ABCDEFGH
In AUBC, BC L AB and AC is hypotenuse
5 AC*=AB*+BC*=d’ +b’

Again, in AACF, FC L AC and AF is hypotenuse

AR =ACP+CF? =a* + b +¢°

" AF =Nd* +b*+
. the diagonal of the rectangular solid = va* + b* + ¢*

(2) Determination of area of the whole surface : H ¢
There are 6 surfaces of the rectangular solid where
the opposite surfaces are equal figure . P
Area of the whole surface of the rectangular solid 2 ,

=2 (area of the surface of ABCD -area of the e o
surface of ABGH -+area of the surface of : ! 3
BCFG) S B
= 2(ABx AD + ABx AH + BC x BG)
= 2(ab+ ac + bc)
= 2(ab + bc + ca)
(3) dlume of the rectangular solid #ength ~ x width x height
= abc
Example 1. The length, width and height of a rectangular solid are 25 cm., 20 cm.
and 15 cm. respectively. Determine its area of the whole surface, volume and the
length of the diagonal.
Solution : &, the length of the rectangular solid is & =25cm., width b =20 cm.
and height ¢ =15 cm.
.. Area of the whole surface of the rectangular solid = 2(ab + bc + ca)
= 2(25%20+20x15+15%25) sq. cm.
= 2350 square cm.

Mume = abc
= 25%x20x15 cube cm.
= 7500 cube cm.

And the length of its diagonal = va* + b* + ¢*
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= (257 + (207 + (15 cm.
— J625+400+ 225 cm.

= 41250 cm.

= 35-353 cm. (approx.)
The required area of the whole surface is 2350 cm’., volume 7500 cm’. and the
length of the diagonal is 35-353 cm. (approx.).

Activity : Determine the volume, area of the whole surface and the length of the
diagonal of your mathematics book calculating its length, width and height.
6-6 Cube
If the length, width and height of a rectangular solid are
equal, it is called a cube.
&, ABCDEFGH is a cube.
Its height =width sheight = a
(1) The length of diagonal of the cube = Va* + a* +a* = \/3%72 = \Ba
(2) The area of the whole surface of the cube = 2(a-a+a-a+a-a)
= 2(a* +a* +a*) = 6a°
(3) The volume of the cube = a-a-a = o’
Example 2. The area of the whole surface of a cube is 96 m”. Determine the length
of its diagonal.
Solution : &, the sides of the cube is a

. The area of its whole surface = 64* and the length of diagonal = \Ba

As per question, 6a° =96 or, a* =16; .. a=4

.. The length of diagonal of the cube = Ba=+3x4=6-928 m. (approx.)
The required length of the diagonal is 6-928 m. (approx.)

Activity : The sides of 3 metal cube are 3 cm., 4 cm. and 5 cm. respectively. A
new cube is formed by melting the 3 cubes. Determine the area of the whole
surface and the length of the diagonal of new cube.
6-7 Cylinder :
The solid formed by a complete revolution of any rectangle
about one of its sides as axis is called a cylinder or a right ~ wewn— |
circular @¢linder. The two ends of a right circular cylinder T
are circles. The curved face is called curved surface and the
total plane is called whole surface. The side of the
rectangle which is parallel to the axis and revolves about the axis is called the
generator line of the cylinder.
&t, figure (a) is a right circular cylinder, whose radius is 7 and height 4
(1) Area of the base = r*
Math-IX-X, Forma-35
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(2) Area of the curved surface
Pperimeter of the base x height
= 2nrh '
(3) Area of the whole surface
= (- + 2rh+10r%) = 2mr(r + h)
(4) The volume -area of the base x height
= r’h
Example 3. If the height of a right circular cylinder is 10 cm. and radius of the base
is 7 cm, determine its volume and the area of the whole surface.
Solution : &t, the height of the right circular cylinder is 4 =10 cm. and radius of
the base is r.
. Its volume = mr?h = 3-1416x 7% x 10
=1539-38 cube cm. (approx.)
And the area of the whole surface = 2nr(r + h)
=2x3-1416x7(7+10) sq. cm. (approx.)
= 747-7 sq. cm. (approx.)

Activity : Make a right circular cylinder using a rectangular paper. Determine the
area of its whole surface and the volume.

Example 4. The outer measurements of a box with its top are 10 cm., 9 cm. and

7em. respectively and the area of the whole inner surface is 262 cm”. Find the

thickness of its wall if it is uniform on all sides.

Solution : &t, the thickness of the box is x cm.

The outer measurements of the box with top are 10 cm., 9 cm. and 7 cm.

respectively.
The inside measurement of the box are respectively a=(10-2x)cm.,
b= -2x)cm. and ¢ =(7-2x) cm.

.. The area of the whole surface of the inner side of the box = 2(ab + bc + ca)

As per question, 2(ab + bc + ca) = 262

or, (10—-2x)(9—2x)+(9—2x)(7-2x)+(7-2x)(10-2x) =131

or, 90 —38x +4x” + 63 —32x +4x” + 70— 34x +4x* ~131=0

or, 12x* —~104x+92 =0

or, 3x* —26x+23=0

or, 3x* —=3x —23x+23=0

or, 3x(x—1)—-23(x-1) =0

or, (x—D(Bx—-23)=0

or, x—1=0 or, 3x-23=0

or, x=1or, x= ? =7-67 (approx.)
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B the thickness of a box cannot be greater than or equal to the length or width or height
Sox=1
The required thickness of the box is 1 cm.
Example 5. If the length of diagonal of the surface of a cube is 82 cm., determine
the length of its diagonal and volume.
Solution : &t, the side of the cubeis a.
.. The length of diagonal of the surface = \2a
&ngth of diagonal = Ba
And the volume = 4’

As per question, 2a=82; - a=38
.. The length of the cube$ diagonal = 3x8 cm. 8 /3 cm.

And the volume = 8 cm’. = 512 cm’.
The required length of the diagonal is 8 \/5 cm. (approx) and the volume is 512 cm’.
Example 6. The length of a rectangle is 12 cm. and width 5 cm. If it is revolved
around the greater side, a solid is formed. Determine the area of its whole surface
and the volume.
Solution : yen that, the length of a rectangle is 12 cm. and width 5 cm. If it is
revolved around the greater side, a circle based right cylindrical solid is formed with
height /=12 cm. and radius of the base » =5 cm.
.. The whole surface of the produced solid = 2nr(r + /)

=2x3-1416x5(5+12) sq. sm.
= 534-071 sq. cm. (approx.)
And the volume = 1
= 3.1416x5*x12 cm’.
= 94248 cube cm’. (approx.)

The required area of whole surface is 534-071sq. cm. (approx.) and the volume is
942 -48 cm’. (approx.)

Exercise 16-4

1. The length and witdth of two adacent sides of a parallelogram are 7 cm., and 5
cm. respectively. What is the half of its perimeter in cm.. ?

(a) 12 (b) 20 (c) 24 (d) 28
2. The length of the side of an equilateral triangle is 6 cm. What is its area (cm?) ?
(a) 343 (b) 443 (c) 63 (d) 93

3. If the height of a trapemum is 8 cm. and the lengths of the parallel sides are 9 cm.
and 7 cm. respectively, what is its area (cm?) ?
(a) 24 (b) 64 (c) 96 (d) 504
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4. Follow the information given below :

(i) A square stone with the side of 4 cm. has 16 cm. perimeter.

(ii) The area of circular sheet with the radius 3 cm.is 37 cm®.

(iii) The volume of a cylinder with height of 5cm. and the radius of 2 cm. is 20m cm?’.
According to the information above, which one of the following is correct ?

(a) i and ii (b) i and iii (c) ii and iii (d) i, ii and iii
Answer the following questions (5 — 7) as per information from the picture below:

103
D 4

F Fscm

5. What is the length of the diagonal of the rectangle ABCD in cm. ?

(a) 13 (b) 14 (c) 14-4 (app.) (d) 15
6. What is the area of the circular segment ADF in sq. cm.?

(a) 16 (b) 32 (c) 64 (d) 128
7. What is the circumference of the half circle AGB in cm. ?

(a) 18 (b) 18-85 (app.) (¢) 37-7 (app.) (d) 96

8. The length, width and height of a rectangular solid are 16 m. 12 m. and 4-5 m.
respectively. Determine the area of its whole surface, length of the diagonal and
the volume.

9. The ratios of the length, width and height of a rectangular solid are 21:16:12
and the length of diagonal is 87 cm. Determine the area of the whole surface of
the solid.

10. A rectangular solid is standing on a base of area 48 m? Its height is 3m and
diagonal is 13 m. Determine the length and width of the rectangular solid.

11. The outer measurements of a rectangular wooden box are 8 cm., 6 cm. and 4 cm.,
respectively and the area of the whole inner surface is 88 cm”. Find the thickness
of the wood of the box.

12. The length of a wall is 25 m, height is 6 m. and breadth is 30 cm. The length,
breadth and height of a brick is 10 cm. 5 cm. and 3 cm. respectively. Determine
the number of bricks to build the wall with the bricks.

13. The area of the surface of a cube is 2400 sq. cm. Determine the diagonal of the
cube.

14. The radius and the height of a right circular cylinder are 12 cm. and 5 cm.
respectively. Find the area of the curved surface and the volume of the cylinder.

15. The area of a curved surface of a right circular cylinder is 100 sq. cm. and its
volume is 150 cubic cm. Find the height and the radius of the cylinder.
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16.

17.

18.

19.

20.

The area of the curved surface of a right circular cylinder is 4400 sq. cn. If its
height is 30 cm., find the area of its whole surface.
The inner and outer diameter of a iron pipe is 12 cm. and 14 cm. respectively. If
the height of the pipe is 5 m., find the weight of the iron pipe where weight of 7.2
gm. iron= cm °
The length and the breadth of a rectangular region are 12 m. and 5m.
respectively. There is a circular region jst around the rectangle. The places
which is are not occupied by the rectangle, are planted with grass.
(a) Describe the information above with a figure.
(b) Find the diameter of the circular region.
(c) If the cost of planting grass per sq. m. is Tk. 50, find the total cost.
AABC and ABCD are on the same base BC and on the same parallel lines BC
and 4D.
(a) Draw a figure as per the description above.
(b) Brofthat A region ABC = A region BCD.
(c) Draw a parallelogram whose area is equal to the area of AABC and whose
one of the angles is equal to a given angle (construction and description of
construction is must).
ABCD 1is a parallelogram and BCEF is a rectangle and BC is the base of both
of them.
(a) Draw a figure of the rectangle and the parallelogram assuming the same
height.
(b) Bow that the perimeter of ABCD is greater than the perimeter of BCEF .

(c) Ratio of length and width of the rectangle is 5 : 3 and its perimeter is 48

m. Determine the area of the parallelogram



Chapter Seventeen
Statistics

@ing to the contribution of information an d data, the world has become a global
village for the rapid advancement of science and information. {@baliation has been
made possible due to rapid transformation and expansion of information and data.
8, to keep the continuity of development and for participating and contribute in
globaliations, it is essential for the studen ts at this stage to have clear knowledge
about information and data. In the context, to meet the demands of students in
acquiring knowledge, information and data have been discussed from class Vand
class-wise contents have been arranged step by step. In continuation of this, the
students of this class will know and learn cumulative frequency, frequency polygon,
give curve in measuring of central tenden cy mean, median, mode etc. in short-cut
method.

At the end of this chapter, the students will be able to -

Explain cumulative frequency, frequency polygon and ogive curve;

Explain data by the frequency polygon, and ogive curve ;

Explain the method of measuring of central tendency ;

Explain the necessity of short-cut method in the measurement of central
tendency ;

Find the mean, median and mode by the short-cut method ;

Explain the diagram of frequency polygon and ogive curve.

YV VVYY

Y V

Presentation of Data : We know that numerical information which are not
qualitative are the data of statistics. The data under investigation are the raw
materials of statistics. They are in unorganigd form and it is not possible to take
necessary decision directly from the unorganie d data. It is necessary to organiz and
tabulate the data. Ad the tabulation of da ta is the presentation of the data. In
previous class we have learnt how to organie the data in tabulation. We determine
know that it is required to the range of data for tabulation. Then determining the
class interval and the number of classes by using tally marks, the frequency
distribution table is made. fe, the metho ds of making frequency distribution table
are to be re-discussed through example for convenient understanding.

Example 1. In a winter season, the temperature (in celsius) of the month of dnuary
in the district of imangal is placed belo w. Find the frequency distribution table of
the temperature.

14°, 14°, 14°, 13°, 12°, 13°, 10°, 10°, 11°, 12°, 11°, 10°, 9°, 8°, 9°,

11°, 10°, 10°, 8°,9°,7°, 6°, 6°, 6°, 6°, 7°, 8°,9°, 9°, 8°, 7°.
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Solution : tfe the minimum and maximum numerical values of the data of
temperature are 6 and 14 respectively.
thee therange <4 -6 9.

If the class interval is considered to be 3, the numbers of class will be % or, 3.

Considering 3 to be the class interval, if the data are arranged in 3 classes, the
frequency table will be :

Temperature (in celcius) Tally Frequency
6° —8° Plgitigl 11
9°—11° Pl gl 13
12° - 14° Pl 7
Total 31

Activity : Form two groups of all the students studying in your class. Find the
frequency distribution table of the weights (in Es) of all the members of the
groups.

Cumulative Frequency :

In examplel, considering 3 the class interval and determining the number of classes,
the frequency distribution table has been made. The numbers of classes of the
mentioned data are 3. The limit of the first class is 6° — 8°. The lowest range of the
class is 6° and the highest range is 8°C. The frequency of this class is 11.

The frequency of the second class is 13. dw if the frequency 11 of first class is
added to the frequency 13 of the second class, we get 24. This 24 will be the
cumulative frequency of the second class and the cumulative frequency of first class
as begins with the class will be 11. gain, if the cumulative frequency 24 of the
second class is added to the frequency of the third class, we get 24 7 31 which is
the cumulative frequency of the third class. Thus cumulative frequency distribution
table is made. In the context of the above discussion, the cumulative frequency
distribution of temperature in example 1 is as follow :

Temperature (in celsius) Frequency Cumulative Frequency
6° —8° 11 11
9°—11° 13 (1143)=24
12° - 14° 7 24 #) 31

Example 2. The marks obtained in English by 40 students in an annual examination
are given below. Make a cumulative frequency table of the marks obtained.

70, 40, 35, 60, 55, 58, 45, 60, 65, 80, 70, 46, 50, 60, 65, 70, 58, 69, 48, 70, 36, 85,
60, 50, 46, 65, 55, 61, 72, 85, 90, 68, 65, 50, 40, 56, 60, 65, 46, 76.
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Solution : Range of the data highest numerical value fowest numerical value) #

90 -35+
=54
36
&t the class interval be 5, the number of classes = 5
41 2orl2
thce the cumulative frequency distribution table at a class interval of 5 will be as follow :
Obtained | Frequency | Cumulative | Obtained | Frequency | Cumulative
marks frequency marks frequency
35-39 2 2 70 — 74 4 48135
40 — 44 2 224 B 1 18536
45-49 5 549 80 —84 1 18637
50 -54 3 3942 85— 89 2 28789
55-59 5 542 47 0  —94 1 18940
60 — 64 8 84725 DS —-99 0 04040
65 - 69 6 62531

Variable : We know that the numerical information is the data of statistics. The numbers
used in data are variable. fich as, the numbers indicating temperatures are variable.
Bnilarly, in example 2, the secured marks used in the data are the variables.

Discrete and Indiscrete Variables : The variables used in statistics are of two
types. 8ch as, discrete and indiscrete vari ables. The variables whose values are only
integers, are discrete variables. The marks obtained in example 2 are discrete
variables. Bnilarly, only integers are used in population indicated data. That is why,
the variables of data used for population are discrete variables. Ad the variables
whose numerical values can be any real number are indiscrete variables. Sch as, in
example 1, the temperature indicated data which can be any real number. 8ides,
any real number can be used for the data related to age, height, weight etc. That is
why, the variables used for those are indiscrete variables. The number between two
indiscrete variables can be the value of those variables. Sme times it becomes
necessary to make class interval indiscrete. To make the class interval indiscrete, the
actual higher limit of a class and the lower limit of the next class are determined by
fixing mid-point of a higher limit of any class and the lower limit of the next class.
Sch as, in example 1 the actual higher-lower limits of the first class are 8 -5° and
5-5° respectively and that of the second class are 11-5° and 8-5° etc.

Activity : Form a group of maximum 40 students of your class. Form frequency
distribution table and cumulative frequency table of the group with the
weightsheights of the members.
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Diagram of Data : We have seen that the collected data under investigation are the
raw materials of the statistics. If the frequency distribution and cumulative frequency
distribution table are made with them, it becomes clear to comprehend and to draw a
conclusion. If that tabulated data are presented through diagram, they become easier
to understand as well as attractive. That is why, presentation of statistical data in
tabulation and diagram is widely and frequently used method. In class MI, different
types of diagram in the form of line graph and histogram have been discussed
elaborately and the students have been taught how to draw them. tte, how
frequency polygon, pie-chart, ogive curve drawn from frequency distribution and
cumulative frequency table will be discussed.

Frequency Polygon : In class MI, we have learnt how to draw the histogram of
discrete data. tfe how to draw frequency polygon from histogram of indiscrete data
will be put for discussion through example.

Example 3. The frequency distribution table of the weights (in kg) of 60 students of
class X of a school are is follows :

Weight (in kg) 46-50 | 51-55 | 56-60 | 61 —65 66 — 70
Frequency 5 10 20 15 10
(N of fidents)
(a) Draw the histogram of frequency distribution.

(b) Draw frequency polygon of the histogram.

Solution : The class interval of the data in the table is discrete. If the class interval
are made indiscrete, the table will be :

Class interval of the weight (in | Discrete class | Mid point of | Frequency
kg) interval class
46 - 50 45.5 -50-5 48 5
51-55 50-5—55-5 53 10
56 — 60 55-5-60-5 58 20
61 — 65 60-5 — 65-5 63 15
66 — 70 65-5-170-5 68 10

(a) Htogram has been drawn taking each square of graph paper as unit of class
interval along with x -axis and frequency along with y -axis. The class interval along
with x-axis has started from. The broken segments have been used to show the
presence of previous squares starting from from origin to 45-5.

Y

o 455 505 555 60.5 655 70.5

Math-IX-X, Forma-36
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(b) The mid-points of the opposite sides parallel H
to the base of rectangle of the histogram have
been fixed for drawing frequency polygon from 2
histogram. The mid-points have been pined by
line segments to draw the frequency polygon
(shown in the adacent figure). The mid-points o5
of the first and the last rectangles have been ©
pined with x-axis representing the class interval by the end points of line segments
to show the frequency polygon attractive.

45.5 50.5 555 60.5 65.5 70.5

Frequency Polygon : The diagram drawn by pining frequency indicated points
opposite to the class interval of indiscrete data by line segments successively is
frequency polygon.

Example 4. Draw polygon of the following frequency distribution table :

Class interval | 10-20 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70 | 70-80 | 80-90
Mid-point 15 25 35 45 55 65 75 85
Frequency 8 10 15 30 45 41 15 7

Solution : Htogram of frequency distribution is
drawn taking two squares of graph paper as 5 units of
class interval along with x-axis and 2 squares of |
graph paper as 5 units of frequency along with y-
axis. The mid-points of the sides opposite to the base  *
of rectangle of histogram are identified which are the
mid-points of the class. dw the fixed mid-points are
j)ined. The end-points of the first and the last classes o 1020 30 40 50 60 70 80 90
are pined to x-axis representing the class interval to

draw frequency polygon.

Y

Activity : Draw frequency polygon from the marks obtained in Bigla by the
students of your class in first terminal examination.

Example S. The frequency distribution table of the marks obtained by 50 students of
class X in science are given. Draw the frequency polygon of the data (without using
histogram) :

Class interval of | 31-40 | 41-50 | 51-60 | 61-70 | 71-80 | 81-90 | 91-100
marks obtained

Frequency 6 8 10 12 5 7 2

Solution : &fe the given data are discrete. In this case, it is convenient to draw
frequency polygon directly by finding the mid-point of class interval.
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Class interval | 31-40 | 41-50 | 51-60 | 61-70 | 71-80 | 81-90 | 91-100

Mid-point 40+31 | 455 555 65-5 755 85-4 95-5

2
=35-5

Frequency 6 8 10 12 5 7 2

The polygon is drawn by taking 2 squares of graph
paper as 10 units of mid-points of class interval along
with x-axis and taking two squares of graph paper as
one units of frequency along with y -axis. s =

ml [
o 30 40 S0 60 70 80 90 100

X

Activity : Draw frequency polygon from the frequency distribution table of
heights of 100 students of a college.

tlights (in 141-150 151-160 161-170 171-180 181-190
cm.)

Frequency 5 16 56 11 4

Cumulative Frequency Diagram or Ogive curve : Cumulative frequency diagram
or @live curve is drawn by taking the upper limit of class interval along with  x -axis
and cumulative frequency along with y -axis after classification of a data
Example 6. The frequency distribution table of the marks obtained by 50 students
out of 60 students is as follow :
Class interval of 1-10|11-20| 21-30 | 31-40 41 -50
marks obtained
Frequency 8 12 15 18 7
Draw the @ive curve of this frequency distribution.
Solution : The cumulative frequency table of frequency distribution of the given data is :

Class interval of 1- 11-20 21-130 31-40 41 - 50
marks obtained 10

Frequency 8 12 15 18 7
Cumulative 8 84220 152035 18 8553 75340
frequency

give curve of cumulative frequency of data is drawn
taking two squares of graph paper as unit of upper limit | ¢
of class interval along with X -axis and one square of | .
graph paper as 5 units of cumulative frequency along | s«
with ) -axis. =

o 01 10 20 30 40 50
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Activity : Make cumulative frequency table of the marks obtained 50 and above in Mathematics by
the students of your class in an examination and draw an give curve.

Central Tendency : Central tendency and its measurement have been discussed in
class N'and MI. We have seen if the da  ta under investigation are arranged in order
of values, the data cluster round near any central value. gain if the disorganied
data are placed in frequency distribution table, the frequency is found to be abundant
in a middle class i.e. frequency is maximum in middle class. In fact, the tendency of
data to be clustered around the central value is number and it represents the data. The
central tendency is measured by this number. €herally, the measurement of central
tendency is of three types (1) Athmetic means (2) Median (3) Mode :
Arithmetic Mean : We know if the sum of data is divided by the numbers of the
data, we get the arithmetic mean. 8t this method is complex, time consuming and
there is every possibility of committing mistake for large numbers of data. In such
cases, the data are tabulated through classification and the arithmetic mean is
determined by short-cut method.
Example 7. The frequency distribution table of the marks obtained by the students of
a class is as follows. Find the arithmetic mean of the marks.

Class interval 25-34 | 35-44 | 45-54 | 55-64 | 65-74 | 75-84 | 85-94

Frequency 5 10 15 20 30 16 4
Solution : fe class interval is given and that is why it is not possible to know the
individual marks of the students. In such case, it becomes necessary to know the
mid-value of the class.

Mid-value of the class = Class upper value + class lower value

2
If the class mid-value is x,(i =1, ....... , k) , the mid-value related table will be as follows:
Class interval Class mid-value x, Frequency f; [
25-34 29-5 5 147-5
35-44 39-5 10 395-0
45 - 54 49-5 15 742-5
55— 64 59-5 20 1190-0
65 —74 69-5 30 2085-0
75 -84 79-5 16 1272-0
85-94 89-5 4 358-0
Total 100 6190-0

. 1&
The required mean= — " fx,
n

i=1

_ 1
~ 100
61 9.

x 6190
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Athmetic mean of classified data (short-cut method)
The short-cut method is easy for determining arithmetic mean of classified data.
The steps to determine mean by short-cut method are :
1. To find the mid-value of classes.
2. To take convenient approximated mean (a) from the mid-values.
3. To determine steps deviation, the difference between class mid-values and
approximate mean are divided by the class interval i.e.
_ mid value — approximate mean

class interval
4. To multiply the steps deviation by the corresponding class frequency.
5. To determine the mean of the deviation and to add this mean with approximate
mean to find the required mean.
Short-cut method : The formula used for determining the mean of the data by this

.= 1 - . . . .
method is x :a+fz fiu; xh where x is required mean, a is approximate
n

mean, The f; is class frequency of ith class, u,f, is the product of step

deviation with class intervals of ith class and # is class interval.
Example 8. The production cost (in hundred taka) of a commodity at different stages is
shown in the following table. Find the mean of the expenditure by short-cut method.

Poduction cost 2-6 | 6-10 | 10-14 | 14-18 | 18-22 | 22-26 | 26-30 | 30-34

(in hundred taka)

Frequency 1 9 21 47 52 36 19 3
Solution : To determine mean in the light of followed steps in short-cut method, the
table will be :

Class Mid- Frequency f; | Step deviation | Frequency and class
interval | value X, g =X=a interval f; u,
" h
2-6 4 1 -4 -4
6-10 8 9 -2 -27
10-14 12 21 -3 -42
14-18 16 47 -1 -47
18 —22 20 a 52 0 0
22 - 26 24 36 1 36
26 — 30 28 19 2 38
30-34 32 3 3 9
Total 188 -37

Mean x=a+

721('”‘ xh
n
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-37

=20+ —"Cx4
188
20 --79
49 22
*. Mean production cost is Tk. 19-22 hundred.
Weighted mean : In many cases the numerical values x,, x,,......., x, of statistical data
under investigation may be influenced by different reasons /importance fveight. In such
case, the values of the data x,, x,,....... x, along with their reasonsimportance weight
Wiy Wy w, are considered to find the arithmetic mean.
If the values of » numbers of data are X, X,,....... x, and their weights are
Wiy Wy w, , the weighted mean will be
ix,.w,
Ty =l
i=1

Example 9. The rate of passing in degree bho wur3 class and the number of students
of some department of a hiversity are pres ented in the table below. Find the mean
rate of passing in degree honours$ class of those departments of the university.

dne of the Math | fatistics |English | Bngla #ology Bl.
department Sience
Rate of passing (in 70 80 50 90 60 85
percentage)
Nmber of fiidents 80 120 100 225 135 300

Solution : e, the rate of passing and the numb er of students are given. The weight
of rate of passing is the number of students. If the variables of rate of passing are x
and numerical variable of students is w, the table for determining the arithmetic
mean of given weight will be as follows :

Department X; w; X, W,
Math 70 80 5600
fhtistics 80 120 9600
English 50 100 5000
Bhgali 90 225 20250
dology 60 135 8100
Bl. Sience 85 300 25500
Total 960 74050
5
X W,
x, = _T4050 4704

" ZGZW' 960

i=2

Mean rate of passing is 77-14
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Activity : Collect the rate of passing students and their numbers in .
examination of some schools in your ph#la and find mean rate of passing.
Median

We have already learnt in class MI the va lue of the data which divide the data when
arranged in ascending order into two equal parts are median of the data. We have
also learnt if the numbers of data are #» and » is an odd number, the median will be

+1 . . . . .
the value of nTth term. Bt if  # is an even number, the median will be numerical

mean of the value of g and (; + 1) th terms. tte we present through example how

mean is determined with or without the help formulae.
Example 10. The frequency distribution table of 51 students is placed below. Find
the median.

tight (in cm.) 150 155 160 165 170 175

Frequency 4 6 12 16 8 5
Solution : Frequency distribution table for finding mean is an follows :

#ight (in cm.) 150 155 160 165 170 175

Frequency 4 6 12 16 8 5

Cumulative Frequency 4 10 22 38 46 51
tte, 7 =51 which is an odd number.

51+1

.. Median =the value of 5 th term

sthe value of 26 th term =65
Required median is 165 c.m.
Note : The value of the terms from 23th to 38th is 165.
Example 11. The frequency distribution table of marks obtained in mathematics of
60 students is as follows. Find the median :

Marks obtained | 40 | 45 | 50 | 55 | 60 | 70 | 80 | 85 | 90 | 95 | 100
Frequency 2 4 4 3 7 10 |16 | 6 4 3 1
Solution : Cumulative frequency distribution table for determining median is :

Marks obtained | 40 | 45 | 50 | 55 | 60 | 70 | 80 | 85 | 90 | 95 | 100
Frequency 2 4 4 3 7 10 | 16 | 6 4 3 1

Cumulative 2 6 10 | 13 | 20 | 30 | 46 | 52 | 56 | 59 | 60
frequency

Ete, n =60 which is an even number.
The sum of values of % th and % +1th terms
2

.. Median =
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_ The sum of values of 30th and 31th terms

2
_70+80 150
T2 ~ 277
.. Required Median is 75.

Activity : 1. Make frequency distribution table of the heights (in cm.) of 49
students of your class and find the mean without using any formula.
2. From the above problem, deduct the heights of 9 students and then
find the median of heights (in cm.) of 40 students.

Determining Median of Classified Data

If the number of classified data is », the value of ﬁth term of classified data is

2

. . . n .
median. Ad the formula used to determine the median or the value of fth term is :

Median = [ + [g -F j x L , where L is the lower limit of the median class, 7 is the

m

frequency, F,, is the cumulative frequency of previous class to median class, f,, is
the frequency of median class and # is the class interval.

Example 12. Determine median from the following frequency distribution table :

Time (insec.) |30-35 |36—41 |42-47 |48-53 |54-59 | 60-65

Frequency 3 10 18 25 8 6
Solution : Frequency distribution table for determining median :
Time (in sec.) Frequency Cumulative
(class interval) Frequency
30-35 3 3
36 —41 10 13
42 - 47 18 31
48 - 53 25 56
54 -59 8 64
60 — 65 6 70
n 0
tte, n=70 and g:§or35‘

Therefore, median is the value of 35th term. 35th term lies in the class (48 —53).
thce the median class is (48 -53).

Therefore, L=48, F =31, F =25 and h=6.

Median = L+(E—F.]xi
2 ) f,
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48435 —31)x 0 484 x O
25 25

480 96

48 .96

Required median is 48-96

Activity : Make two groups with all the students of your class. (a) Make a
frequency distribution table of the time taken by each of you to solve a problem,
(b) find the median from the table.
Mode :
In class MI, we have learned that th e number which appears maximum times in a
data is the mode of the data. In a data, there may be one or more than one mode. If
there is no repetition of a member in a data, data will have no mode. dw we shall
discuss how to determine the mode of classified data using formula.
Determining Mode of Classified Data
The formula used to determine the mode of classified data is :

Mode = L+Lxh, where L is the lower limit of mode-class i.e. the class
f+f
1 2

where the mode lies, f; sfrequency of mode-class -frequency of the class previous
to mode class, f, = frequency of mode class —frequency of next class of mode

class and % =lass interval.
Example 13. Find the mode from the following frequency distribution table.

Class Frequency
31-40 4
41-50 6
51-60 8
61-70 12
71 -80 9
81-90 7
91 -100 4

Solution

Mode= 1+~
f+7

tfe, the maximum numbers of repetition of frequency is 12 which lies in the class
(61 70). thce, L=61

[ =12-8=4
[ =12-9=3
h=10

Math-IX-X, Forma-37
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) 4 _ 4
. Mode 61 + 4+3><10—61—i—7><10
%1 + 2261—%5-7:66-7

Therefore, the required mode is 66-714
Example 14. Find the mode from the frequency distribution table below :

Solution : e, maximum numbers Class Frequency
of frequency are 25 which lie in the 41 -50 25
class (4150). 8 it is evident that 51 —-60 20
mode is in this class. We know that 61-70 15
S
Mode = L+—1—xh _
f] N fz 71 -80 8

tte, L =41][f the frequency is maximum in the first class, the frequency of
previous class is gro]

/=250
/,=25-20 =5
25
- Mode 41+ 2
ode 25+5><10
41 + %xm=ﬁ+&w
49 33

Therefore, required mode is 49-33
In classified data, if the first class is mode class the frequency of previous class is
considered to be ero.

Example 15. Determine the mode of the following frequency distribution table :

Solution : The maximum numbers of Class Frequency
frequency are 25 which lie in the class 10 - 20 4
(41 -50). 8 it is obvious that this class is the 21 =30 16
class of mode. We know that, 31-40 20
Mode =, J, < 41 -50 25
1+,
tte, L=41

f=25-20=5
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h=10
Therefore, mode 41 + % x10
412 =43
The required mode is 43.

Exercise 17
Put tick (\/) mark in the correct answer :
1. ©xhe following, which one is class interval ?
(a) The difference between the highest and the lowest data
(b) The difference between the first and the last data
(c) The difference between the highest and the lowest number of each class
(d) The sum of the highest and the lowest numbers of each class.
2. Which one indicates the data included in each class when the data are classified?
(a) Class limit (b ) Mid-point of the class
(c) dmbers of classes (d) Class frequency
3. If the disorganied data of statistics are arranged according to the value, the data
cluster round near any central value. This tendency of data is called
(a) mode  (b) cetral tendency (c) mean (d) median
In winter, the statistics of temperatures (in celsius) of a region in &gladesh is
10°,9°, 8°, 6°, 11°, 12°,7°, 13°, 14°, 5°. In the context of this statistics, answer
the questions from (4 -6).
4. Which is the mode of the above numerical data ?

(a) 12° (b) 5° (c) 14° (d) no mode
5. Which one is the mean of temperature of the above numerical data ?

(a) 8° (b) 8.5° (c)9.5° (d)9°
6. Which one is the median of the data ?

(a) 9.5° (b) 9° (c) 8.5° (d) 8°

7. The number of classified data included in the table is », the lower limit of
median class is L, the cumulative data of previous class to median class is F,,
the frequency of median class is f,, and class interval is /. In the light of these
information, which one is the formula for determining the median ?

(a)L+[g—F;j><fi_ (b)L+(ﬁ—fmjxi
I

2 F
(c) L—(2_chxfm (d)L—[E—f};JxF—

m
m
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Class Interval 31-40 | 41-50 | 51-60 | 61-80 | 71-80 | 81-90 91-100
Frequency 6 12 16 24 12 8 2
Cumulative Frequency 6 18 34 58 70 78 80
8. In how many classes have the data been arranged ?
(a6 (b) 7 (c) 8 (d9
9. What is the class interval of the data presented in the table ?
@5 (b) 9 (c) 10 (d) 15
10. What is the mid value of the 4" class ?
(a)71.5 (b) 61.5 (c) 70.5 (d) 75.6
11. Which one is the median class of the data ?
(a) 41-50 (b) 51-60 (c) 61-70 (d) 71-80
12. What is the cumulative frequency of the previous class to the median class ?
(a) 18 (b) 34 (c) 58 (d) 70
13. What is the lower limit of median class ?
(a) 41 (b) 51 (c) 61 (d) 71
14. What is the frequency of median class ?
(a) 16 (b) 24 (c) 34 (d) 58
15. What is the median of the presented data?
(a) 63 (b) 63.5 (c) 65 (d)65.5
16. What is the mode of the presented data ?
(a)61.4 (b) 61 (c) 70 (d) 70.4

17. The weights (in kg) of 50 students of class X of a school are :
45, 50, 55, 51, 56, 57, 56, 60, 58, 60, 61, 60, 62, 60, 63, 64, 60,
61, 63, 66, 67, 61, 70, 70, 68, 60, 63, 61, 50, 55, 57, 56, 63, 60,
62, 56, 67,70, 69, 70, 69, 68, 70, 60, 56, 58, 61, 63, 64.

(a) Make frequency distribution table considering 5 as a class interval.
(b) Find the mean from the table in short-cut method.
(c) Draw frequency polygon of the presented data in frequency distribution table.

18. Frequency distribution table of the marks obtained in mathematics of 50 students
of class X are provided. Draw the frequency polygon of the provided data.

Class interval | 31-40 | 41-50 | 51-60 | 61-70 | 71-80 | 81-90 | 91-100

Frequency 6 8 10 12 5 7 2

19. The frequency distribution table of a terminal examination in 50 marks of 60

students of a class is as follows :

Marks obtained 1-10 | 11-20 | 21-30 31-40 41-50

Frequency 7 10 16 18 9
Draw an @ive curve of the data.

20. The frequency distribution table of weights (in kg) are provided below.
Determine the median.

Weight (kg) 45 50 55 60 65 70

Frequency 2 6 8 16 12 6
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21. The frequency distribution table of weights (in kg) of 60 students of a class are:

Interval 45-49 | 50-54 | 55-59 | 60-64 | 65-69 | 70-74
Frequency 4 8 10 20 12 6
Cumulative Frequency 4 12 22 42 54 60

(a) Find the median of the data.
(b) Find the mode of the data.
22. In case of data, Mode is-
(1) Measures of central tendency
(i1) Represented value which is mostly occured
(ii1) May not unique in all respect
Which is correct on the basis of above information?

a)iand ii b) i and iii
c) ii and iii d) 1, ii, and iii

23. The following are the marks obtained in Mathematics of fifty students of class IX
in a school :

76, 65, 98, 79, 64 68, 56, 73, 83, 57
55, 92, 45, 77, 87 46, 32, 75, 89, 48
97, 88, 65, 73, 93 58, 41, 69, 63, 39
84, 56, 45, 73,.93 62, 67, 69, 65 53
78, 64, 85, 53, 73 34, 75, 82, 67, 62
(a) What is the type of the given information? What indicate frequency in a class
of distribution?
(b) Make frequency table taking appropiate class enterval.
(¢) Determine the mean of the given number by shortcut method.
24.

v

03 / \
0 \

X

(a) In the above figure, what is class midvalue?
(b) Express by data of information demonstrated in the figure (b).
(c) Find the median of frequency obtained from (b).
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Exercise 1
. .. . . 2 35 2 71
4. (@) 0:16 (b) 063 () 33 (353 5.a) 5 (b) 5 (@) T @3y,

(e) 6% 6 (a) 2-333, 5-235 (b) 7-266, 4-237 (c) 5-777777, 8-343434,

6-245245 (d) 12-3200, 2-1999, 4-3256 7.(a) 0-5 (b) 0-589 (c) 17-1179
(d) 1-92631 8.

(a) 1-31 (b) 1-665 (c) 3-1334 (d) 6-11062 9.(a) 0-2 (b) 2 (c) 0-2074

(d) 12-185 10.(a) 0-5 (b) 0-2 (c) 5-21951 (d) 4-8 11.(a) 3-4641, 3-464
(b) 0-5025, 0-503 (c) 1-1595, 1-160 (d) 2-2650, 2-265

12.(a) Rational (b) Rational (c) Irrational (d) Irrational (e) Irrational (f)
Irrational (g) Rational * (h) Rational 13. ()9 (b) 5 (c) 8

Exercise 2.1
1.(a) 4,5 (b) #3,+4.+5+6 (¢) {6,12,1836)  (d) 3,4
2.(a) {xe N:x is odd number and 1<x <13} (c) {x € N:x, in the multiple
of 36}
(c) {x € N :x, is the multiple of 4 and x <40} (d) {xeZ:x*>16
andx’ <216}
3.( 1 (L) 123,44 (b) 2} (c) 23,44 (d) {2}
5.4 0), (), 04,03, {{m, n, D), (m,n), (m, 1}, {n, I} Amy, {n} AT}, 0}
7.(a) 2,3 (L) (a,¢) (b) (1,5
8.(a) {(a.b),(a,0)},{(ba)(c,a)} (b) {(4,x),(4),5x),65 1)}
(©) 3,3),(53),(7.3)}
9.{1,3,5,7,9,15,35,45} and {1,5} 10. {35,105} 11.5 persons
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Exercise 2-2
4

X

4.{3,2), (4,2)} 5.1{(2,4), (2, 6)} 6. -7, 23, 1—67 7.2 8.1or2or309.
11.(a) {2}, {1, 2, 3} (b) {=2,—1, 0, 1, 2),(2,—1)}

1.5
(©) {2, 1, 2}, 0, 1,-1,2, 2}

12. (a) {(-1,2), (0,1), (1,0), (2,-D}, {-1, 0, 1,2}, {2, 1, 0,1}
(b) {(_15_2)» (0: 0)’ (1’ 2)}7 {_15 Oa 1}’ {—2, 0’ 2}
13. (a) /41 (b) 5 (¢) 13

Exercise 3-1
4

2
1. (a) 4a® +12ab+9b* (b) 4a’h* +12ab’c+9bc* (¢) x*+ 4% +—
Y y

d) & +2+ Lz (e) 16y* —40xy+25x*  (f) a*b* —2abc + ¢*
a

(2) 25x4—10xzy+y2 (h) x2+4y2+1622+4xy+16yz+82x
)9p% +16¢% +25r + 24 pg — 40qgr =30 pr () 9b* + 25¢* + 4a* — 30bc + 20ca —12ab
H9p q pq—40q P
(k) a*x’ + b y2 +c2 - 2abxy + 2bcyz — 2cazx
() &® +b* +* +d* —2ab + 2ac — 2ad — 2bc + 2bd - 2cd
(m) 4a* +9x* +4y* +252% +12ax —8ay — 20az —12xy —30xz +20yz  (n) 10201
(0) 994009 (p) 10140491
2. (a) 16a* (b) 36x% (¢) p>+492 —14rp (d) 36n>=24pn+4p> (e) 100
P P pn+4p
(f) 4410000  (g) 10 (h) 3104

3.+£16 4.+1 5. £3m 6.130 8.% 11.19 12.25 13.6 14.138

15. 9 17. Qa+b+cy*—(b—a—-c)* 18. (x—1)* -8 19. (x+57*-120. () 3



296

Math

Exercise 3-2
(@) 8x* +60x* +150x +125  (b) 8x° +36x*y? + 54x%y* +27)°
(c) 64a® —240a°x* +300ax* —125x°  (d) 343m° — 294m"n + 84m*n* — 81’
(e) 65450827 (P) 994011992
(f) 84° —b* —27¢* —12a’h — 36a°c + 6ab* + 54ac® — 9b*c — 27bc* + 36abc
() 8x° +27y° +2° +36x7y +12x7z +54xy° + 27y’ 2+ 6x2° +9yz> +36x)z
(@) 8a° (b) 64x° (c) 8x° (d) 1 (e) 8b+c)® (f) 64m’n’® (g) 2(x* +y* +2°)
(h) 64x°
665 4.54 5.8 6. 42880 7.1728 10. (a) 3 (b) 9 11. (a) 133
(b) 665
a’—3a 13. p3+3p 13. 4645

Exercise 3-3

(a+b)(a+c) 2. (b+Da-)
2x—y)(x+y+2) 4. b(x—y)a--c)
(3x+4)° 6. (a*+5a-1)(a*-5a-1)

(% + 2xp — yH)(x* = 2xy — »?) 8. (ax+by+ay—by)(ax+bx—ay+bx)

(2a—3b+2¢)(2a—3b—2c) 10. 9(x+ a)(x — a)(x + 2a)(x — 2a)
(a+y+2)a—y+4) 12. (4x-5y)@dx+5y—2z2)
(a+b+c)b+c—a)c+a-b)a+b—c) 14. (x+dH(x+9)

(x+2)(x = 2)(x* +5) 16. (a—18)(a—12)

Y -3)(x*y* +2) 18. (a*-2)a*+1)
(ab+T)(ab—15) 20. (x+13)(x—15)
(x+2)(x—2)2x+3)2x—3) 22. (2x—=5)(6x—4)

Y(x+1)(9x—14) 24, (x+3)(x—3)(4x* +9)
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25.
27.

29.
31.
33.

35.

37.

39.

41.
43.

e e

11.
13.
15.
17.
19.

(x+a)(ax+1) 26.
(2z-3x-5)(10x+7z+3) 28.
(x+ay+y)ax—x+y) 30.

(a+b)*(a* —2a°b + 6a°b* — 2ab> + b*)

(a-3)a*—3a+3) 34.

(2x —3)(4x* +12x +21) 36.

%(Za —1)(4d* +2a+1) 38.

(Za—l)(Za—lﬂﬂ) 40.
2a 2a

(x +6)(x —10) 42.

(x* —8x+20)(x* —8x +2)

(@ +2a—4)(3a* + 6a—10)
—(Ba +17b)(9a + 7b)
3x(2x — 1)(4x* + 2x + 1)
32, (x+2)(x*+x+1)

(a—b)2d* + 5ab + 8b*)

%(65; +b)(36a” —6ab+b?)

i—bz 6’—4+012b2 +b*
3 9 3

(a+4)(19a> —13a+7)

(x> +Tx+4)(x* + 7x—18)

Exercise 3-4

(6x-D(x-1) 2.
(x+ y)(x =3y)(x +2y)

2x =3)(x +1) 6.

(x=2)(x+1)(x+3) 8.

(a+3)(a* -3a+12) 10.
(a+1)a—4)(a+2) 12.
(a—Db)(d* —6ab+b*) 14.
(x+ ) (x+3y)(x+2y) 16.
@x—D)(x+1)(x+2)2x+1) 18.
(4x—-D(x* —x+1) 20.

Math-IX-X, Forma-38

(a+1)(3a* =3a+5)

4. (x-6)(x+1)

(x—3)(3x+2)
(x—D(x +2)(x +3)
(a-)(a—1)(a*+2a+3)
(x=2)(x* —x+2)

(x=3)(x* +3x+8)

(x —2)2x + )(x* +1)

x(x =D +x+D)(E—x+1)

Qx +D3x +2)Bx —1)
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Exercise 3-5

. (o) 2. (@) 3. (b) 4. (b)
5. (d) 6. () 7. (d) 8. (d)
. (2 10. (c) 11. (d) 12. (b)
13. (a) 14. (b) 15. (c) 16. (b)
17. (a) 18. (b) 19. (c) 20. (d)
21.(2)(b)  21.(3) () 22. %(p+r) days 23. 5 hours

24, Y days 25. 95 persons
X+y

26. Speed of current is d[l—lJ km per hour and speed of boat is d[l + 1J
2\qg p 2\p ¢
km. per hour.

27. The speed of the oar is 8 km/hour and the speed of current is 2 km/hour

28 1% minutes 29. 240liter  30. Tk. 10  31. Tk.48 32. (a)

t2 tl
Tk. 120, (b) Tk. 80, (c) Tk. 60 33. Purchase value Tk. 450 34. 4% 35. Tk.
625 36. Tk. 5%

37. Tk. 522-37 (approx.) 38. Tk. 780 39. Tk. 61

40. VATis Tk. 22X ; the amount of VAT is Tk. 300.
100 + x

Exercise 4-1

2
10 L 3.27 4. L 5.343 6.1
7 3a+2b b
] 3
7.4 8. — 17. 2 18. 3 19. 5 20. 0, 1
9 2

Exercise 4-2

1. (a) 4 (b)% © % © 4 (o) %
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2.(a) 125 (b)5 (c) 4
4.(a) Log2 (b) % ) 0

Exercise 4-3
I.b 2.d 3.c4.a5c¢c7.d8(1)d (2c (3)a
9.(a) 6-530x10° (b) 6-0831x10° (c) 2-45x10™* (d) 3-75x107
(e) 1-4x1077
10. (a) 100000 (b) 0-000001 (c) 25300 (d) 0-009813 (e) 0-0000312
11.(a)3 (b) 1(c) 0 (d)2 (e) 5
12. (a) characteristics 1, Mantissa -43136 (b) characteristics 1, Mantissa
-80035

(c) characteristics 0, Mantissa -14765 (d) characteristics 2, Mantissa
65896

(e) characteristics 4, Mantissa - 82802

13. (a) 166706 (b) 1-64562 (c) 0-81358 (d) 3-78888

14. (a) 0-95424 (b) 1-44710 (c) 1-62325

15.a2 a*-5® b. 6-25x10 c. characteristics 1, Mantissa - 79588

Exercise 5-1

1.1 2.ab 3.-6 4 -1 5.3 62
5 2
7.9%0 e b
9. ";b 10. 43 1. 2 12, 401+2)

13. f~a}  14.0

15. {-;} 16. {’";”} 17. {-;} 18. ) 19. £ @52+ )}

20. 28,70 21. % 22,72 2372 24.18 25. 9
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26. Number of coin of twenty five and fifty paisa are 100 and 20 respectively.
22.120 km.

Exercise 5-2
l.Le 2.b 3.b 4c¢ 5d 6.b 7.a 8(1)d 2c 3)a

3\7 2[ 3

9.-2,43 10. -2 22 [1.-1,6 12.+7 13.—6,5
14,1, - >
20

15. % 2 16 0,% 17. +Jab  18.0, a+b 19. {3, —;}

20. {—2, z}
3

21. {—a, —=b}  22.{, -1} 23. {1 24. {0, 2a} 25. {; 1} 26. 78

or 87 27. Length 16 metre, breadth 12 metre  28. 9 cm., 12 cm. 29. 27

cm.
30. 21 persons, Tk. 20 31.70 32.a. 70—9x, 9x+7 b. 34 c. 5 cm. 542 cm.
33.b.5cm..c. 2:5:8

Exercise 9.1

2. cosd= A:i,cotAzﬁ,secA:i,cosecA:f
V7 3 7
8
3. sind=—,c0sA=—
17
4. sin® = El ,cosno —E ,tan©® —i
13 13’ 12
2 2
2. 1033 242 g5 @b
2 4 3 a +b
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Exercise 9.2

242

6. > 7.2 3 22 17.4-30,8-300 18, 4=30

42 5

19. A:37% ,B=7% 21.0290° 22.0=60° 23.0=60° 24. 8 =45 25. 3

N | —

Exercise 10
7. 45.033 metre (app.) 8. 34.641 metre (app.) 9. 12.728 metre (app.)
10. 10 metres
11. 21.651 metre (app.) 12. 141.962 metre(app.) 13.83.138 metre (app.) and
48 metre
14. 34.298 metre (app.) 15. 44.785 metre (app.) 16. (b) 259.808 metre.

Exercise 11-1

2ab

1. & : b2 Jn :2,3.45,60,4.20%, 5. 18 : 25, 6. 13:7,8.(i)%,(ii)m,
+

(i) x =+v2ab—b" , (iv) 10, (v) 2”[0+1j, (vi) % 2,22.3
a C

Exercise 11-2
l.a 2.¢c 3.¢ 4.b 5.b6.24%,7.70%, 8. 70%, 9. a Tk. 40, b Tk.60, ¢ Tk.
120, d Tk. 80, 10. 200, 240, 250, 11. 9 cm. 15cm., 21cm., 12. Tk. 315, Tk.
336, Tk. 360, 13. 140, 14. 81 runs 54 runs, 36 runs, 15. Officer Tk. 24000,
Clark Tk. 12000 bearer Tk. 6000 16. 70, 17. 44%, 18. 1% 19. 532 quintal,
20.8:9,21. 1440 sq.metre, 22. 13 : 12.

Exercise 12.1
1. Consistent, not dependent, single solution 2. Consistent, dependent,
innumerable solution 3. inconsistent not dependent, has no solution 4.
consistent, dependent, innumerable solution 5. consistent, not dependent,
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single solution 6. inconsistent, not dependent, has no solution 7. Consistent,
dependent, innumerable solution 8. Consistent, dependent, innumerable
solution 9. Consistent, dependent, single solution 10. Consistent, not
dependent, single solution .

Exercise 12.2

1. (4, -1) 2.(%,%) 3.@a,b) 4. (4,-1) 5.(1,2) 6. zg:g , EE‘I’)'_?)
17 5

T34 8.23) 9.3,2) 10.(5.-3) 11.(L2) 12.2.-1) 13.(ab)

14.(2,4) 15.(4,5)
Exercise 12.3

1.(2,2) 2.(2,3) 3.(-7,3) 4.(4,5) 5.(2,3) 6.(1.5,1.5) 7. (1,%) 8. (2, 6)

9.-2 10.2

Exercise 12.4
l.L.a. 2c 3 b 4b 5b 6.b 1) .c  7Q2).d
73) d 8. % 9.;% 10.27  11. 370r73 12.30 years 13.

length 17 m. breadth 9 metre  14. spread of boat 10 km. per hour, spead of
corrent 5 km. per hour 15. starting salary Tk. 4000, yearly increment Tk. 25

3
=1, b. (3,9, =
2 3.5) 5

x+7=2, X

y Y-

16. a. one b.(4,6) c.sq.unit 17.a.

Exercise 13.1
1. =7 Ges—75,2. 129 Zg, 3.100Zg, 4. p* + pq+4°,5. 0,6. n*,7. 360, 8. 320,
9. 42 ,10.1771,11. 620, 12.18, 13.50, 14. 2+4+6+........ ,15.110, 16.0,
17. —(m+n), 20. 50.
Exercise 13.2
1

,9.9" term, 10. x=15, y =45,
NG y

5.=, 2.36.(3"-1),7. 9" term, 8.

1
2
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11. x=9, y=27, z=81, 12. 86, 13. 1, 14. 55log2, 15. 650log2, 16. n="7,
17. 0, 18. n=6,S=21,19 n=5, S=165, 20. 399 2120, 22. 24.47mm

512
épp.)
Exercise 16-1
1. 20 m., 15 m. 2.12m. 3.12sq. m. 4.327-26 sq. m. gpp.) 5. 5Sm.
6. 30° 7.36 or 12 cm. 8. 12 0or 16 m. 9 44.44 km. épp.)

10. 24-249 cm. pp.) 254-611 sq. cm. épp.)

Exercise 16-2
1.6 m. 2. 1056 sq. m. 3.30 m. and 20 m. 4. 400 m.
5.6400 6. 16 m.and 10m. 7.16-5m. and 22 m.8. 35-35 m. @pp.)
9 48.66 cm. @pp.) 10. 72 cm., 194 sq.cm. 11. 17 cm. and 9 cm.
12.9 -75sq. cm. @pp.)  13. 6:36 sq. m. épp.)

Exercise 16.3
1.32-87 cm. épp.) 2. 31-513 m. gpp.) 3. 20-008 @pp.) 4. 128-282 sq.
cm. @pp.) 5. 7-003 m. épp.) 6. 175-9 m.app.)7. 20 times

8.49.517 m.app.) 9 3\3:m

Exercise 16-4
8. 636 sq. m., 20-5 m., 864 cubic metre. 9 14040 sq. m. 10. 12 m., 4 m.
11. 1cm. 12. 300000 13. 34-641 sq. cm. 14. 534-071 sq. cm. @pp.)
92 -48 cubic cm. épp.)15. 5-305 sq. cm. 3 cm.. 16. 6111-8 sq. cm.
17. 147-027 kg. épp.)

Exercise 17
1.¢)2.0) 3.0 40 5¢ 6.0) 7.6) 8.b) 9
10. €0 11.€6) 12.€) 13.€) 14.b) 15.b) 16.6) 20. Median
60 21. )2 K , b)62.8K



2013

Academic Year
9-10 Math

Y7 AE 2T (SIAR ) (@9(7S] e 9
— N LE <12 I

For free distribution from academic year 2010 by the Government of Bangladesh

Printed by :



